NUMERICAL ANALYSIS QUALIFIER
January, 2023

Problem 1. Let P; be the space of polynomials in two variables spanned by {1,z1, %2, 2, 2122, 23},
let T be the reference unit triangle, 4 one side of 7', and # the standard Lagrange interpolant
in 7" with values in Ps.

Recall that there exists a constant C only depending on the geometry of T' such that

3 /rf f
Vo € BY(T), inf [[v+pllasqry < Clolzscry-

. State a trace theorem relating L?(4) and H(T).

Prove that there exists a constant ¢ only depending on the geometry of 7' and 4 such that
va € HY(T), |6~ #(@)l|z2) < Cldlgaesy-

Let Q be a bounded polygon in R2, 7}, be a triangulation of  and
Xy = {vy, € CO(Q); VT € T, vg|r € Pa}.

Let T be a triangle of T, with diameter Az and diameter of inscribed disc gr, and let «y be
one side of T'. Let Fr be the affine mapping from 7" onto T and let 2, denote the standard
Lagrange interpolant on X;. Prove that there exists a constant C only depending on the
geometry of T' and 4 such that

Vu € HYT), [lu — wan(u)l|zagy) < Corhat ™ [ulmsery,

where or = hr/or.

Problem 2. For f € L?(0,£), consider the following weak formulation: Seek (u,v) € V :=
HL(0,€) x H}(0,£) satisfying for all (¢,9) € V

£ 4 £ 1
(2.1) (s @)= [ wd+ [ v = [vo= [ fo=Lw)
1. What is the corresponding strong form satisfied by u (eliminate v)?

2,

Show that for all w € H(0,)

(1))

. Show that a(-;-) coerces the natural norm on V:

1/2
g, lll = (I8l 0 + Il o))

and explicitly find a coercivity constant.

. Let V, be a finite dimensional subspace of V. Show that there is a unique (up,vs) € Vi

satisfying for all (¢n, %) € Vi,
a((un, vn); (6n, ¥n)) = L(¥n)-

. Prove the estimate

u—upv—-n|l]<C inf uw— v —
llu= v, v =oull[ < O, ot lfu—nv— il

where C is a constant independent of h (find C; explicitly).
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6. You may assume that u,v € H3(0,£) N H?(0,£). Propose a discrete space V5, such that
Il = un, v ~ walll < Cohlllullzao,e) + vl a2(0.0))

for a constant C» independent of h. Justify your suggestion (you can assume the standard
interpolation estimates hold).

Problem 3. Let b be a strictly positive constant and consider the problem: find u(z,t) such
that

ou du
U pE =g, 1,
8t+b6m 0<z<l, 0<t

u(z,0) = up(z), 0<z <1,
u(0,t) = u(1,¢), t >0

where ug is a smooth periodic function. Let J and N be positive integers, z; = thfori =0, ..., J
where h = 1/J and ¢, = n7 for n > 0 where 7 = 1/N. Also denote by u} the approximation
of u(z;,tn).

Set u? = up(x;) and define reccursively u} by the following Laz scheme

1 Th n ,
= 5(";'?1 +uly) - '2—h(u?+1 —uia)y §=0.00

U
with the convention that 4”; = u?%_; and u%,; = uf. Show that for all j =0,..,J andn >0
min(uf) < v < max(u})

k4 3

Y b
provided 32 < 1.



