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Abstra ct. We nd the microstates free entropy dimension of a large class of
L! [0; 1{circular operators, in the presenceof a generator of the diagonal subalge-
bra.

1. Intr oduction

Let M be avon Neumannalgebrawith a speci ed normal faithful tracial state
The free entropy dimension
o(Xq1;::0;X0) (1.1)

quartity is sometimescalled the microstates free ertropy dimensionto distinquish
it from another versionintroduced by Voiculescuand becauseits de nition utilizes

and it is of interestto nd the free ertropy dimensionof various operators. See,for
example[22], [24][7], [8], [6], [10], [11], [12], [14] for somesud results.

In [6], Dykema, Jung and Shlyakhtenko computed o(T) = 2 for the quasinilpotent
DT-operator T. This operator was introduced by Dykema and Haagerupin [4]. It
canberealizedasalimit in  momerts of strictly upper-triangular random matrices
with i.i.d. complexGaussianertries above the diagonal. Alternativ ely, aswas seenin
[4], T canbe obtainedin the free group factor L (F,) from a semicircularelemen X
and a freecopy of L ([0; 1]) by using projections from the latter to cut out the upper
triangular part of X. (Note that X may bereplacedby a circular elemen Z for this
procedure.) Then we can visualize T asin Figure 1, where the shadedregion has
weight 1, the unshadedregion hasweigh 0, and theseweights are usedto multiply
ertries of a Gaussianrandom matrix. It was proved in [5] that the von Neumann
algebrageneratedby T cortains all of L* ([0; 1]), and is, thus, the free group factor
L(F2).

In this paper we consider more generaloperators than T, de ned also as limits
of random matrices or, equivalertly, in the approad was taken in [3], by cutting
a circular operator Z using projections in a {free copy of L* ([0;1]). The classof
operators consideredthere consistedof thoseL! ([0; 1])-circular operators descriked
as follows. Let be an absolutely cortinuous measurewith respect to Lebesgue
measureon [0; 1 with Radon{Nikodym derivative H 2 L*([0; 1]?) and assumethe
push{forward measures ; under the coordinate projections 1; ,:[0;1F! [0;1]
are absolutely cortinuous with respect to Lebesguemeasureand have essetially
bounded Radon{Nikodym derivatives. For ead sucd measure with the assaiated

*Researd supported in part by NSF grant DMS{0300336.
1



2 KEN DYKEMA AND GABRIEL TUCCI

Figure 1. The upper trangle, represeting the quasinilpotent DT-
operator T

function H 2 L1([0; 1) we have the operator Zy; descrited in [3]; (howewer, this
operator wasdenotedz in [3]). When is Lebesguemeasureon [0; 1%, then H = 1
and Zy, is the usual circular operator. When is the restriction of Lebesguemeasure
to the upper triangle pictured in Figure 1, then H is the characteristic function of
this triangle and Zy is the quasinilpotent DT-operator T.

Let D 2 L! ([0;1]) be the idertity map from [0; 1] to itself; thus, D generates
L1 ([0;1]). In this paper, with H as above, we compute the free ertropy dimension
o(Zy : D) of Zy in the presenceof D, in the caseH satis es certain additional
hypothesis,showving that then

o(Zp : D) = 1+ 2aregsupp(H)); (1.2)

where supp(H) is the measurablesupport of H and where the areais Lebesgue
measure. We prove the upper bound in (1.2) for generalH, (see Theorem 3.3)
using basicestimatesinspired by [26]. We prove the lower bound in (1.2) for all H
that are supported in the upper triangle asdrawn in Figure 1 and whoserestrictions
to someband asdrawn in Figure 2 are nonzeroconstar. (Actually, somewhatweaker
conditionssu ce | seeTheorem3.2.) Our proof of the lower bound usestechniques
similar to thoseusedin [6].

The organization of the rest of this paper is asfollows. In x2, we discusssomedef-
initions and resultsthat we needfor the calculation. Theseinclude (x2.1) basicfacts
about the classof L ([0; 1]){circular operators that we consider,their construction
in L(F,) and alemmaabout them; (x2.2) a result about certain matrix approximants
to the quasinilpotent DT{op erator which waslifted from [6] but that follows directly
from work of Aagaard and Haagerup[1] and Sniady [17]; (x2.3) Jung's equivalert
approad to free entropy dimensionin terms of padking numbers [9]; (x2.4) Dyson's
formula for the volumesof setsof matrices that are invariant under unitary conju-
gation. In x3, we prove the main result, namely the equation (1.2). Finally, in x4,
we consideran examplewhen o(Zy : D) < o(Zy) and we ask a natural question.
Acknowledgement: The rst namedauthor thanks Kenley Jung for helpful commers.

2. Definitions  and preliminaries

2.1. L ([0; 1])-circular operators in free group factors. In this sectionwe recall
how L* ([0; 1])-circular operators in a certain classwere constructedin [3], and we
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Figure 2. A band above the diagonal

prove a lemma. We work in W {noncommutativ e probability space(M ; ), with
a faithful trace, and we x acopy A = L1[0;1] M, sud that the restriction
of to A is given by integration with respect to Lebesguemeasureon [0; 1]. Let
D 2 A bethe operator corresmpndingthe function in L* [0; 1] that is the idertit y map
from [0;1] to itself. Let E : M ! A bethe {preserving conditional expectation.
Let H 2 LY([0;1P), H 0, and assumeH has essehally bounded coordinate
expectations CE (H) andZCEz(H), given by .
1 1
CEi(H)(x)=  H(xy)dy, CExH)Y)=  H(xy)dx: (2.1)
0 0
By Zy, we will denotean A{circular operator in (M ;E) with covariance( n; H)
where 4; y :L! [O;lZ]! L! [O; 1] are given by
1 1
H(F)(X) = H(GX)f (H)dt; H(F)(X) = HHf (Hdt: (2.2)
0 0
SupposeZ 2 M is a (0; 1){circular elemem, namely a circular elemen satisfying
(Zz)=0and (Z Z)= 1,andsupposeA andfzZgare {free. We will construct our
operator Zy from A and Z asin Theorem6.5 of [3]. (Note that our notation di ers
slightly from that usedin [3].)

De nition  2.1. Let! 2 L! ([0;1]?). We say that ! is in regular block form if ! is
constart on all blocks in the regularn n lattice superimposedon [0; 1%, for somen,
ie. if therearen2 Nand!; 2 C, (1 i;j n)sudthat! (s;t) = ! wheneer
% S r'1—and’T1 t L forallintegersl i;j n.(Wethensag ! isinn n
regular block form.) Then we set

X

M(:Z)=  lipZp

i;j =1

wherep; = 1;i 1.i; 2 A. Note that wehave M (! ;Z) 2 W (A [ fZg) = L(Fa).
RecallingLemma 6.4 and Theorem 6.5 of [3] we can state the following theorem.

Theorem 2.2. Let! = pﬁ. Then there exists a sequene f! Mg, in L ([0; 1)
suchthat

(i) for eachn, ! ™ is in regular block form,
(i) limg k! 1 ™Mk, =
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(iii) letting H™ = (1 (M2 poth kKCE,(H ™M)k, andkCE,(H™M)k; remainboundel
asn geesto 1 :
Moreover, there is an an L?! [0; 1}{cir cular operator Z,; with covariance ( y; n)
as descriled in equations (2.2) suchthat wheneverf! (Mg, is a seuene satisfying
conditions (i){(iii) alove,the operators M (! (M:Z) asgivenin De nition 2.1 converge
in the strong{operator{topologyasn! 1 to Zy.

Remark 2.3. Of particular interest is the operator Zg when R = ¢ (s.)js<t g IS the
characteristic function in the upper triangle in [0; 1]?. This Zy is an instance of the
DT( o; 1)-operator, also called the quasinilpotent DT{op erator, and alsodenotedT.
The construction of Zr in Theorem 2.2 above is approximately what was donein x4
of [4].

The following lemmawill be usedin x3 to prove the upper bound on free ertropy
dimension. For emphasis,we will denoteby :L![0;1]! M the identi cation of
L1 [0; 1] (with its trace given by Lebesguemeasure)and A = (L1 [0;1]) M.

Lemma 2.4. LetT = Zr 2 W (fZg[ A) be the quasinilptent DT{operator asde-
scribed in Remark2.3. Let N be aninteger, N 2. Assumefor all i;j 2 f1;:::;Ng
withi 6 j, Yi; 2 M is a (0; 1){cir cular elementsuchthat the family

A; fZg (FYi9)1 5 niisj
is {free. Let ()1 ij n bea systemof matrix units for My (C). Considerthe {
noncommutative probability space (M Mn (C); try), and let ~ : L1 [0;1] !
M My(C) bethe {homomorphismgiven by

X
~(f) = t ) e

j=1

whee  :[0;1]! [0;1]is j(t) = &+ Tl Let £= ~(L! [0;1]). Then the tran{

preservingoconditional expectation E : Mn(C)! Ais givenby
X X
E( a &)= E(g) e

10 N j=1
Letc; 2[0;1) (1 i;j N,i6])andlet

1 X X

¥=p= T et G Yi &
N k=1 1§ N;igj

Then ¥ is &{cir cular with covariance ( y; H) asgivenin (2.2), whee

. K k.
H(s;t) = - oo et
’ )% W os ot ot 1o Njiej
Proof. Let
1 X X
2=pﬁ Z ext Yi &
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Haar unitary elemens sud that the family
(fuou@i «k i Ay fZg (FY0)1 i nsisj
is {free (after enlarging(M ; ) if necessary).Let

X
U= Ue ke
k=1

It will suce to show that U 2ZU is (0; 1){circular and is {free from U £U. For
this, by results following directly from Voiculescu'smatrix model [20] (see[19]), it
will su ce to shaw that ead u,Zuy, and ead u; Yj u; is circular and that the family

(fuZuk@s « Ny (FU YU Q)1 5 niisjs (UAUDL k N (2.3)

is {freein (M; ). Let Z = VjZjandY; = V;jY;| bethe polar decommsitions.
Then (see[19]), V and V; are Haar unitaries, jZj and jY; j are quarter{circular
elements, V and jZj are {free and, for eah i and j, V; and jY;| are {free in
(M ; ). We have the polar decompsitions

UeZ U = (UV U (U Z )
u; Y u = (u; Vi Uj)(uijii jui):

Therefore, in order to shov that {freenessof the family (2.3) and circularity of
u.Zu, and u; Yj u;, it will suce to shov {freenessof the family

(fugZjwg)i « n;  (FuVu®i « n;
FuiYiiuig)a i niieis (P ViU i nisis (WAUK)L « N

Let B be a Haar unitary generatingW (jZj), let B; be a Haar unitary generating
W (jY;]), andlet C be a Haar unitary generatingA. It will suce to shawv {freeness
of the family

(uBu)1 k Ny (WU « N;
(UBju)1 i niisjs (WViu)1 iy niisjs (UCUK1 k N
of Haar unitaries. This follows from the {freenessof the family
B:C Vi (U1 k Ny (Bij)r iy nsisjs (Vi) iy niisj:

by an argumert involving words in a free group. This shavs that 2 is (0; 1){circular
and {free from £.

Now we usethe method of Theorem 6.5 of [3], described in Theorem 2.2 above,
but taking ! ™ in n n regular block form with n always a multiple of N, and
with ead such ! (M constart equalto ¢; on ead o {diagonal block of the form

L] [t &lforl i) N, i 6 j,whereprojectionsfrom & areusedto cut 2
and make eath M (! (W; 2). It is then clearthat the operatorsM (! (M: 2) corvergeto
¢ asn! 1, and, from Theorem2.2, they also corvergeto an &{circular operator

having the desiredcovariance( +; R).
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2.2. Microstates for the quasinilp otent DT-op erator. Let T = Zg be the
guasinilpotent DT{op erator as descriked in Remark 2.3 and let D be the corre-
sponding operator descrited in x2.1. It wasproved by Aagard and Haagerup[1] that
if we considerT aDT( o;1)-operator and Y a circular operator that is {free from T
(and D), then the Brown measureof T + Y is equalto the uniform distribution on
the closeddisk certered at 0 and of radiusr = log(1+ ?2) 2. Note how slowly this
disk shrinks as approatesto 0. Moreover, they also shoved that the spectrum of
T+ Y is equalto the disk.

The next lemmais an immediate consequencef the above descriked Brown mea-
sure result of Aagaard and Haagerupand a result of Sniady [17]. A detailed proof
can be formulated exactly aswasdonefor Lemma2.2in [6]. In the following lemma
and throughout this paper, for a matrix A 2 M (C) welet jAj, = tr (A A)*2, where
try is the normalizedtrace of M (C). Also, by the glgen/alue distribution of a ma-
trix A 2 M (C) we meanthe probability measure 1, where 1;::1;  arethe
eigervaluesof A listed accordingto generalmultlpI|C|t y.

Lemma 2.5. Let c> 0. Then there existssequenesf gygx and fyxgx suchthat for
any > 0, there existsa sequene f z,. gx suchthat

O Y Z; 2 My(C),

kakk, kykk and kz,. k remain boundel ask ! +1 ,

limsupjyx 2z j2 ¢,

the pair (g;Yk) convegesin {momentsask! +1 to the pair (D;T),

the eigenvaludistribution of z,. convemgesweaklyask! +1 tothe measure

<, Which s the uniformly distributed measure in the disk of center at 0 and

radiusr . = clog(1+ ?) 2 in the complexplane.

2.3. Packing number form ulation of the free entrop y dimension. In this
sectionwe will reviewthe padking number formulation of Voiculecu'smicrostatesfree
ertropy dimensiondueto K. Jung [9]. If X = (Xg;:::;Xp) and Z = (z;;:::;2zy) are
tuples of selfadjoirt elemerts in a tracial von Neumannalgebra,then the microstates
free entropy dimension(as de ned by Voiculescu[22]) is given by the formula

. (Xg+ S1;::5;Xn+ SpiS1;iiiiSn)
X)=n+limsu - -
o(X) ! p ilog |
and the microstatesfree ertropy dimensionin the presenceof Z is de ned by
. X1+ S1;iii;Xnt SpiZ1;iiiiZm:S1 S
o(X:Z):n+I|msup (X k ch;‘gjl m» 21 n)

wherefs;;:::;s,gis asemicircularfamily freefrom X and Z. The pading formula-
tion foundin [9]is

. P (X) (X 'Z)
X) = lim sup- e X:Z —Ilmsu _— 2.4
where
P (X) = inf lim supk 2logP (( X;m;k; ))
m; k
and

P (X :Z) = inflimsupk %logP (( X :Z;m;k; ))
m; k
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Here, ( X : Z;m;k; ) (Mg (C)sa)" is the microstates spaceof Voiculescu,and
P is the padking number with respect to the metric arising from the normalized

non-selfadjoints elemens in a tracial von Neumann algebra. Now the de nition of
P makesperfect sensefor the setY if we replacethe microstatesspacein (2.4) with
the non-selfadjoin microstatesspace (Y : W;m;k; ) (My(C))", which is the
setof all n tuplesof k k matriceswhose momerts up to order m appraximate
thoseof Y within toleranceof in the presenceof W. It is alsotrue that

(Y : W)
jlog |

see[6] for details.
Finally, we reviewthe standard volume comparisoninequality for padking numbers.
Recallthat for a metric spaceA we have

Ps(A) Kz (A) P(A);

whereP (A) is the {packing number, i.e.the maximal number of disjoint open balls
of radius in A, and K (A) is the minimal number of elemens in a cover of A
consistingof open balls of radius . If A is a subspaceof a Euclidean space,then we
have

vol(N (A)) K (A) vol(B,);

whereN (A) isthe {neighborhood, B, is a ball of radiusr and vol is the volume, all
in the ambient Euclidean space.We thus have the volume comparisontest,

VoI(N2 (A)) .

P(A) Kz (A) vol(Ba)

(2.5)

2.4. Dyson's form ula. Every matrix of M (C) has an upper-triangular matrix in
its unitary orbit. Thus, letting T, (C) denotethe set of upper-triangular matricesin
M (C), there is a probability measure ¢ on T, (C) sud that

k(0O) = «(O\ Ty)

for elery O M (C) that is invariant under unitary conjugation. FreemanDyson
identied sud a measurg[15], and shaved that if we view Ty (C) asa Euclideanspace
of real dimensionk(k + 1) with coordinates correspnding to the real and imaginary
part of the matrix ertries lying on and above the diagonal, then | is absolutely
cortinuous with respect to Lebesguemeasureon T,(C) and has density given at

A= (aj)1 i k2 Tk(C) by

Y _ _ k(k+1) =2
Cx jagp agi® where Cy = O (2.6)
1 p<q k j=1 )

We will useDyson'sformula in our main resultto nd lower bound on the volume of
unitary orbits of an  neighborhood of the microstatesspace.
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3. Free entr opy dimension comput ations

Lemma 3.1. Let( ; ) a nite measumblespace. Letf 2 L}() andf 0. Then

. log(max(f (t); ))d (t) _ .
lim ilog | = (supp(f)) () ;

whee supp(f) = f 1((0;+1)).

Proof. It is clear that we have log(max(f (t); ))  log(f (t) + 1)+ log( ) 1t 1(o; ),
and this yli?elds

jim sup_cIMXE WO N O e ¢ 10 ) = supp) ()
% jlog ] e

On the other hand, given > 0,let > 0besud that (f ((0; ))) < . Taking

0< < ,wehavel; 1.y log +1f 1q.+1 log logmax(f (t); ) andintegrating
on both sideswe obtain 7

(f ([0; )) log + (f *([;+1)) log log(max(f (t); ))d (t):

Now dividing by jlog j and taking lim inf on both sideswe get
R log(max(f (t); ))d (t)
jlog j '
Using the fact that (f ([0; ))) < (f (0)) + andthat is arbitrary we obtain
: log(max(f (t); ))d (t)
jlog j ’

(f *([0; ) liminf

(supp(f)) ()  liminf
proving the claim.

As in x2.1, we work in (M ; ) and we have A = L! [0;1] and a (0;1) circular
elemen Z sud that A and Z are free, and with H as descrited there. We
construct asin x2.1 an L?! [0; 1}{circular operator Z, 2 W (A [ fZg) = L(F3). We
alsotakeD = D 2 A to correspnd to the idertit y function from [0; 1] to itself. The
following is our main result.

Theorem 3.2. Let H 0, H 2 L([0;1P) have essentialy boundel coordinate
expectations CE,(H) and CE,(H), asin equations (2.1). AssumeH has suport
contained in the upper-triangle U of [0; 1] and assumethere existsr 2 N suchthat

[f i1 i
= U7 suppH) UV =f(y):i = x<y g
i=1
and that H restricted to  is constantequalto ¢> 0. Then
olZy : D) 1+ 2 area(suppf)):
In particular, o(Zy) 1+ 2 area(supgH)).

Proof. Without loss of generality we can assumec = 1. Fix > 0. By hypothesis
we may chooseN arbitrarily large and so that iN:l Ui(N) . LetR>1,m2N
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Figure 3. CaseN = 2andp=4

and > 0. Thereis > O sud that kZy Yk, < implies gr(Y;m;k; =2)
rR(Zn;m;k; ). Making useof Theorem2.2, there exist M = Np and

X X
I = 1Ui(M) + i 1Ei§M)
i=1 1 M
where EM = fxy) Tt ox oty Fgwith > 0, sud that
kZy, Z k, < and, therefore,we have r(Z,;m;k; =2) R(Zu;m;k; ). We
de ne the setsof indices

=f(@;)):1 i<] p; p+1 i<j 2p;: (N Dp+1 i< N pg
and
=f(i;j):1 i<j Npgn

For example,in the caseN = 2 and p = 4 the squarescorrespnding to elemens of

are shadedin Figure 3. Note that by the hypothesisof H we may insist, j; = 1
wheneer (i;j)2 . Let °= =(MR)™ 1

Consider(Ci1;:::;Cum); (Cij)1 i m a  freefamily in (M ; ), whereead C;
is DT( o; p1-), and eadr C; with i < | is circular with  (jCfj) = . Let fgc
and fy.gc the sequencesonstructed in Lemma 2.5 with ¢ = 1= M. There are
aj (k) 2 My(C) for (i;j) 2 sud that for eat (i;j) 2 asbeforeg; (k) corverge
in distribution ask! +1 to a(0; 3)-circular elemen and suc that the family

fa(k);y(k)g: (fay (K)9); )2

of setsof random variablesis asymptotically {free ask! 1 . By an application of
Corollary 2.140f[23], for k largeenoughthereexistsaset «  (( Cij)(ij)2 ;m;k; 9
sud that for any ( i )(i;j )2 2

fy; 9(k)g; (& (K)@ijyz 5 (i i)z
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isan (m; 9{ {free family of setsof random variablesand
!

-log(k)

((Re Cij)gjyz s(mGCj)lijy2 )> 1 (3.1

2
iminf K 2 log(vol( ) + M

wherethe volumeis computedwith respect to the Euclideannorm k*?j j,. For eat
(i)ijz 2 « wedene amatrix R(k) 2 My (C) by

2 rua(k) riz(k) rim (K) 3 gyk. i =
R(K) = § : r2.2.(.k) rZME(k) Z : (k)= _ &y (?; J:) 2
0 :x 0 rym(k Caas )2

Let

As a consequencef Lemma 2.4,
(R(k);G(k)) 2 (Z,;D;m;Mk; =2):

Set ~; = max( j; ) andlet

2 () rak) () S i
Rbg=§ o 20 L L= a Gh2 @2
0 0 rum(k) Co s (5)) 2

Then R(k) liesin an -neighborhood of ( Z, : D;m;Mk; =2). Let A(k) 2 My,(C)
forl1 2 f1,2;:::;Ng bede ned by

yk af+l;f+2 e af+1;f+p
O .
A(k) = § . .yk
. L . af +p l;f +p
0 o 0 Yk
with f = (I 1)p. Note that we have
2 3
A1(K) Yio(k) i Yin(k)
mm=§ O Al (3.9
: L YN 1N
0 ::: 0 Anx(k)

where the Yj (k) 2 My (C) are determined by equations (3.2) and (3.3). Then,
by again making use of Lemma 2.4, we have A,(k) 2 sz(p%T;m; pk; ) for all
| 2 1;2;:::;Ng, whereT is the the DT( o;1){operator. Let > O andlet z.. beas
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in Lemma2.5. Let

3
Zy; S+1f+2 o-n af+1:f +p
B (k)=§ 0 2o : ZZMkp(C):
: T civ Sf4p 1f+p
0 o 0 Z.

Note that the eigervalue distribution of B;. (k) corvergeweakly ask! +1 to the
measure ., of Lemmaz2.5.

Since everNy complex matrix can be put into an upper-triangular form with re-
spect to an orthonormal basis,we can nd a k k unitary matrix v(k) sud that
v(k)z. v(k) is upper triangular. Sincemicrostate spacesare invariant under conju-
gation by unitaries, also (v(k) 1v)R(k)(v(k) 1y) liesin an -neighborhood of
(Z :D;m;Mk; =2).

Foreahil | N, wehave

jov(k) - Tp)Bi (k) (v(k)  1p)  (v(k)  Tp)AIK)(V(K)  Tp) j2 = JAi(k) By, (K)j2:

Sincelim sup, jB;. (k)  Ai(K)j2 P and taking N > 4, for k su ciently large we
have

Jv(k) - 1p)Bi; (K)(v(k)  Tp)  (v(k)  Tp)A(K)(V(K)  Tp) Jo =2

SetBi(k) = (v(k) 1p)By; (K)(v(k) 1p) and ¥ (K) = (v(k) 15)Y; (K)(v(K) 1p)
and denoteby G, the sezt ofall Mk Mk matrices of the:];orm

Bi(k) Pwa(k) i (k)
0 B, (k) Dl % ]
;o % (k) 5
0 o 0 By (K)

over all choicesof ( j)ij)2 2 «. Notethat the matricesin G, are upper triangular

and their eigervalue distributions are exactly the sameasz,. . For k su cien tly large,

the set G liesin a2 neighborhood of ( Z, : D;m;Mk; =2) and, therefore,in a

2 neighborhood of ( Zy : D;m;MKk; ). Let (G) denotethe unitary orbit of G

in My k(C). We will now nd lower boundsfor the volumesof (G;) and thus, via

the estimate (2.5), lower boundsfor paking number of ( Zy : D;m;MKk; ).
Denoteby Hy My «(C) the set of all matrices of the form

2
0 ?12(k) . ¢1N (k)
0 0 ' L .
: : v (K)
0 ::: 0 0

over all choicesof ( j)ij)2 2 «. Notice that Hy is isometric to the spaceof all
matrices of the form (w; )1 ij w 2(MMk(C) with w; 2 M (C) and
0; (i;))

W.. = . |
! 5 iis (3])2



12 KEN DYKEMA AND GABRIEL TUCCI

It followsthat Hy must alsohave the samevolume asthe above subspacecomputed
in the ambient Hilbert spaceof block upper-triangular matrices with the indicated
ertries setto zero. Therefore,

Y
Vol(Hy) = vol( ) (MK D i~ 1

(i )2
Let T, the setof upper triangular matricesin M, (C); let T,.« denotethe matricesin
T, that have zerodiagonal,i.e. the strictly upper triangular matrices. Denoteby W\
the set of Ty .« consistingof all matricesx sud that jxj, < andx; = 0 whenewer
1 r<s Nand(r 1)pk<i rpk (s 1)pk< | spk Thus, Wy consistsof
N N diagonalmatriceswhosediagonalertries are strictly upper triangular pk  pk
matrices. Denote by Dy the subsetof diagonal matrices x of My «(C) sudt that
jXj2 < . It followsthat if fy is the matrix

2 3
B(k) O ::: O
f_g 0 Byk -. é

k_ .
L. 0
0 o 0 By(k)

thenfy+ D+ W, +Hy N3 (&), wherethe 3 neighborhood is takenin the ambient
spaceTy k with respect to the metric inducedby j j,. Now obsene that the spaceof
diagonalMk Mk and Ty .« are orthogonal subspaces.Let 3 (G) denotethe 3
neighborhood of the unitary orbit of (G) of G.. Let dX denotelLebesguemeasure
on Ty correspnding to the Euclidean norm (M k)*j j,, which is coordinatized

by the complexertries X = fx; g1 i j mk Of the matrix. Using Dyson'sformula we
have
Z Y
vol( 3 (&) Cwmx i Xjjj%dX
fk+Dk+Wk+Hk 1Z-<j M k
Y . .2
= Cmk V0|(Wk + Hk) X Xjil dxi1 dxym k:M k

D(fk+Dk) 1 i Mk
Cmk Vol(Wi + Hy) E (fi)

(3.4)
wherethe constart Cy« is asin [6] and wherevol( 3 (&)) is computedin My «(C)
and W\ + Hy is computedin Tyk.<, both being Euclidean volumes corresmpnding
to the norms (Mk)*?j j,, wherethe integral over D (f, + D) is over the diagonal
parts of thesematrices, and whereE (fy) is the integral de ned on p. 252 of [6]. It
is clearthat 3 (&) Ni((Zy : D;m;Mk; )), so(3.4) givesa lower bound on
VOI(N4 (( Zn : D;m;MKk; ).

Using (3.4) and the standard volume comparisontest (2.5), we have

VOI(N4 (( Zw;m;MK; )
vol(Bg )

P, ((Zn :D;m;Mk; ))

(( MKk)2+ 1)

Cuik Vol(Wi + Hi) E (fi) — K2 (B(M k)12 )2M 12
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whereBg is a ball in My «(C) of radius 8 with respectto j j,, and we are taking
volumes correspnding to the Euclidean norm (M k)¥?j j,. SinceW, and H, are
orthogonal, we have that vol(Wy + Hy) = vol(Wy) vol(Hg), where ead volume is
taken in the subspaceof appropriate dimension. But W is a ball of radius (M k)
in a spaceof real dimensionN pk(pk 1), so

N pk(pk 1)

f((M k)1=2 )N pk(pk 1)

vol(Wy + Hy) = (MR D, )

vol(Hy)

wherevol(Hy) = vol( ) (M2)k*MM D) Q(i;j )2 1~]%: Using Stirling's formula
andM = Np, we nd

P(Zy:D;m; ) Iimkinf(Mk) 2logP (( Zy : D;m;MKk; ))
Iimkinf (Mk) 2log(E (fy))

+ liminf (Mk) 21og(Cmk) + (MK) Zlog(vol( ) +

1 . : 1
+ 2 leogj+ 1 Wlogk!

M 1

2 X .
(W) logM + M2 logj 5j + L1
()2

= Iimkinf(M k) Zlog(E (fk))

+ Iimkinf (MK) 2logCuyy + %IogM K
!

1 1
- - 2 - s
+ I|mk|nf (Mk) “log(vol( )) + 5 3N logk

1 .. . 2 X o
+ 2 ﬁ]'OQJ"‘W“ logj j+ L»
(i )2
wherelL; and L, are constarts independent of ;mand . As ! Oandm! +1,
we have corvergence
s X 27
— logj 5j ! 2 log(max(H (s;t); ))dsdt
M2 K
(i )2 N
where
T j+1
Ky = — 1
N N X N y
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Note that we have areaKn) = “N2. Now by (3.1), we have
|

Iimkinf (Mk) 2log(vol( )) + % % :log(k)

M 2 fReC;gflmCjg:(i;j)2
Then
P(Zy : D) IimkiZn;(M k) 2log(E (fy)) + 2 Ni jlog j
+ 2 log(max(H (s;t); ))dsdt+ L3

Kn

The eigervalue distribution of f¢ equalsthat of z,. and corvergesask! +1 to the
measure ., , we may apply Lemma2.3 of [6] concerningthe asymptoticsof E (f)

ask! 1 . UsingalsoLemma3.1, we get

P(Zy :D)
jlog |

Taking N arbitrarily large completesthe proof.

o(Zy : D) = lim sup 1+ 2 area(supgH)\ Ky):
1o

The following Theorem givesus an upper bound on o(Zy : D) without any con-
ditions on the support of H.

Theorem 3.3. Let H 0, H 2 LY([0;1P) have essentialy boundel coordinate
expectations CE;(H) and CE,(H), asin equations (2.1). Then

olZy : D) minf 2; 1+ 2area(supgH))g:

Proof. First of all it is clearthat o(Zy : D) oZy) 2.

By standardargumeris wecan nd ! in regularblock form sud that both kZy,  Z, k;
and aregsupp(H)4 supp(w)) are arbitrarily small. Using this, given > 0 we can
nd projections py; tu; P2; B;:::;Pn; Gh INW (D) suh that if i 8 j, thenp g is
orthogonaltop, ¢ in W (D) W (D) and sud that

X
(p) (g)>1 area(supgH)) =3 (3.5)

i=1
X
kpiZpngks, < =4 (3.6)
i=1
Take R > maxtk Z ky; kDkyg. Using Lemma 2.9 of [13], given > 0 there exist
Mo; o; Ko sud that form mg, < o, kK Ko and for every (A;B) and (A: B) 2
rR(Zy;D;m;k; ) there existsa unitary U 2 M (C) sud that

KUBU Bky< : (3.7)

For m and k su ciently big and su ciently smallwe can nd spectral projections
of B

P1;Q1;:::;Pn;Qn 2 M(C)
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and spectral projections of B
P1; Q1011 Pn; Qn 2 M (C)
sudhthat if i 6 j thenP;  Q; isorthogonalto P;  Q; in My (C) My(C)andP; Qi
is orthogonalto P;  Q; satisfying
- - - . X]
jre(Pi)  (m)j < an’ jr(Qi)  (9)j< an’ kPiAQik; < >

i=1

X
kPIAQike <

i=1

jre®) ()< g k(@) (@) < 5
Taking su ciently small and using (3.7) together with the fact that we can always
approximate theseprojections with polynomialsin B and B in the j j,, we canalso
guarartee that

kP, UPU k, < ﬁ; kQi UQU k< R @a i n):
Therefore, |
xXn X KAk '
kP (UAU )Qik, < 36nR + KPAGK, < (3.8)
i=1 i=1

Let gr(H;k) = fX 2 Mi(C) : kXk, R; PiXQ; =0 fOII_C,i = 1;:::;ng, this is a
ball of radius R in a spaceof real dimensiond(k) = 2k?(1 L tr(Ptr(Qi)). By
(3.8) it is clearthat

R(Znw :D;m;k; ) (N ( r(H;K)) (3.9)

where (N ( r(H;K))) isthe unitary orbit ofthe  neighborhood of g(H;k). Tak-
ing the P padking number on both sidesof (3.9), we get

P(r(Zu:Dimik; ) P ((N( r(HK)) P (U(C) P (N ( r(H;K)):

Using Theorem 7 of [18], there existsa constart K ; independen of k sud that
!

P (Uk(C)) Kao (3.10)

On the other hand, standard padcking number estimations givesus
!

d(k)
Koy(R+ )

P (N ( r(H:K)) P ( r+ (H;K) (3.11)

whereK ; is a constant independen of k. It follows that
I 2 !

k .
K1 Ko(R+ )

d(k)
P( r(Zu :D;m;k; ) — :
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Now using (3.5) yields

X X
W=21 " P 21 () @+2=3

i=1 i=1

2 area(supgH)) +

Therefore,
i sup & 0g(P ( a2 :Dimik; ) loglKy) + jlog( )i +
+ 2(area(supgH)) + ) log(Ko(R+ ))
+ 2(area(supgH)) + ) jlog( )j:
When ! Oandm! +1 we obtain

P(Zy:D) (1+ 2 area(supgH))+2) jlog j+ C

whereC is a constart. It follows that

P (Zy : D)
jlog j

o(Zy : D) = lim sup—; 1+ 2 area(supgH)):
10 0g |

4. Concluding remarks and questions

Sincethe free ertropy dimensionof Zy in the presenceof D is a lower bound for
the free entropy dimensionof Z,, from Theorems3.2 and 3.3 we have that for any
H asin Theorem3.2,

1+ 2aregqsupp(H)) = o(Zn : D) o(Zp): (4.1)

Howewer, 1 + 2aregsupp(H)) is not the actual value of ¢(Zy) in all cases. For
example, if n 2 and if H is the characteristic function of [ L; T;, where T, =

f(x;y) 2 [0;1]: % X<y ri]—g, then the momerts of Z,; agreewith the momerts
of a nonzeromultiple of the quasinilpotent DT{op erator T. Therefore,in this case
we have

1
olZn :D) = 1+ n < o(Zn) = o(T)=2 (4.2)
Of course,if D belongsto the von Neumannalgebrageneratedby Zy , then equality
holdsin (4.1). It is an interesting question,whendo we have D 2 W (f Z,;g)? More
generally what is the von Neumannalgebrageneratedby Zy ? When is it a factor?

Is it then an interpolated free group factor? A particular caseof interest is when H
is the characteristic function of the band

f(;y)jO x<y<min(lx+ )g;
for 2 (0;1), asis drawn in Figure 2 (on page3).
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