arXiv:0802.4226v1l [math.OA] 28 Feb 2008

LIMITS LAWS FOR GEOMETRIC MEANS OF FREE POSITIVE
RANDOM VARIABLES

GABRIEL H. TUCCI

ABSTRACT. Let {a;}72, be free identically distributed positive non-commuting
random variables with probability measure distribution x. In this paper we proved
a multiplicative version of the Free Central Limit Theorem. More precisely, let b,, =
ai/zai/z cellpy . .ai/zai/z then b, is a positive operator with the same moments

as r, = aiaz...a, and b}/Z" converges in distribution to positive operator A.
We completely determined the probability measure distribution v of A from the
distribution . This gives us a natural map G : M+ — M4 with p — G(u) =
v. We study how this map behaves with respect to additive and multiplicative
free convolution. As an interesting consequence of our results, we illustrate the
relation between the probability distribution v and the distribution of the Lyapunov
exponents for the sequence {ax} 72, introduced in [13].

1. INTRODUCTION

Denote by M the family of all compactly supported probability measures defined in
the real line R. We denote by M, the set of all measures in M which are supported
on [0, 00). On the set M there are defined two associative composition laws denoted
by « and [_The measure px*v is the classical convolution of ;4 and v. In probabilistic
terms, p x v is the probability distribution of X + Y, where X and Y are commuting
independent random variables with distributions x and v, respectively. The measure
1 C23s the free additive convolution of 1 and v introduced by Voiculescu [19]. Thus,
w1 [dis the probability distribution of X + Y, where X and Y are free random
variables with distribution x and v, respectively.

There is a free analogue of multiplicative convolution also. More precisely, if u
and v are measures in M, we can define . [z the multiplicative free convolution by
the probability distribution of X'/2Y X/2 where X and Y are free random variables
with distribution x and v, respectively.

In this paper we proved a multiplicative version of the Free Central Limit The-
orem. To be more precise, let {ax}y>, be free positive identically distributed non-
commutative random variables with distribution p. Let us define x, := aqas ... an
and b, == a\?a)? .. .an...a)?al’®. Then z, and b, have the same moments and
there exists a positive operator A such that

b/" — A% in distribution.
Moreover, if v is the distribution of A, then

v=035+0 with do=f(t) 1(”‘,;1/2
1

1/2”2} (t) dt (1-1)
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where 3 = p({0}), f@®) = (FJ—1>)'(t) and Fyu(t) = Su(t — 1)~2 (F7'> is the
inverse with respect to composition of F,).

This gives us, naturally, a map

The measure G(u) is a compactly supported positive measure with at most one atom
at zero and G(u)({0}) = u({0}).

We would like to mention that Vladislav Kargin in Theorem 1 of [12] proved an
estimate in the norm of the positive operators b,. More precisely, he proved that if
7(ay) = 1 there exists a positive constant K > 0 such that

vnoa(a) < o]l < Knla|

where o2(a;) = 7(a?) — 7(a1)%.

It is interesting to compare this result with the analogous result in the classical case.
Let {ax}r>, be independent positive identically distributed commutative random
variables with distribution . Applying the Law of the Large Numbers to the random
variables log(ak), in case log(ak) is integrable, or applying Theorem 5.4 in [6] in the
general case, we obtain that

1/n
<a1a2 . an) — T los(a1)) 10, 0)

where the convergence is pointwise.

The Lyapunov exponents of a sequence of random matrices was investigated in the
pioneering paper of Furstenberg and Kesten [8] and by Oseledec in [17]. Ruelle [18]
developed the theory of Lyapunov exponents for random compact linear operators
acting on a Hilbert space. Newman in [14] and [15] and later Isopi and Newman in
[11] studied Lyapunov exponents for random N x N matrices as N — oo. Later on,
Vladislav Kargin [13] investigated how the concept of Lyapunov exponents can be
extended to free linear operators (see [13] for a more detailed exposition).

In our case, given {ax }>, be free positive identically distributed non-commutative
random variables. Let x be the spectral probability distribution of a and assume
that 1({0}) = 0. Then

9 1/2n
(alag...an...a2a1> — N\

where A is a positive operator. The probability distribution of the Lyapunov expo-
nents associated to the sequence {ax}g>;, is the spectral probability distribution ~
of the selfadjoint operator L := In(/\). Moreover, ~ is absolutely continuous with
respect to Lebesgue measure and has Radon-Nikodym derivative given by

dy(t) = etf(eh) 1 ( } (t) dt

—1—1
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where the function f(¢) is as in equation (L.1).

Now we will describe the content of this paper. In section §2, we recall some
preliminaries as well as some known results and fix the notation. In section §3, we
prove our main Theorem and study how the map G behaves with respect to additive
and multiplicative free convolution. In section §4, we present some examples. Finally,
in section §5, we derive the probability distribution of the Lyapunov exponents of
the sequence {ax}e2 ;.

2. PRELIMINARIES AND NOTATION

We begin with an analytic method for the calculation of multiplicative free con-
volution discovered by Voiculescu. Denote C the complex plane and set C* = {z €
C : Im(z) >0}, C- = —C*. For a measure v € M \ {dy} one defines the analytic
function v, by

Y A1
W= [ i

for z € C\ [0,00). The measure v is completely determined by . The function
1y is univalent in the half-plane i{C™*, and 1, (iC") is a region contained in the circle
with center at —1/2 and radius 1/2. Moreover, 1, (i(CT)N(—o0, 0] = (5 —1,0), where
B =v({0}). If we set Q, = ¢, (:C"), the function ¢, has an inverse with respect to
composition

v . Q, — iCT.
Finally, define the S—transform of v to be

1+ 2
z

Sy(2) = xv(2) , z € Q.

See [2] for a more detailed exposition. The following is a classical Theorem originally
proved by Voiculescu and generalized by Bercovici and Voiculescu in [4] for measures
with unbounded support.

Theorem 2.1. Let u,v € M. Then

Surule) = Su(2)Sv(2)

for every z in the connected component of the common domain of S, and S,.

It was shown by Hari Bercovici in [3] that the additive free convolution of proba-
bility measures on the real line tend to have a lot fewer atoms. To be more precise.

Theorem 2.2. Let . and v be two probability measures supported in R. The number
a is an atom for the free additive convolution of 1 and v if and only if a can be written

as a = b+c where u({b})+v({c}) > 1. In this case, u [v®a}) = n({o})+v({c})—1.
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For measures supported on the positive half-line, an analogous result holds, with
a dilerknce when zero is an atom. The following Theorem was proved by Serban
Belinschi in [1].

Theorem 2.3. Let i and v be two probability measures supported in [0, co).
(1) The following are equivalent

(@) p Crhas an atomat a > 0

(b) there exists v and v so that uv = a and p({u}) + v({v}) > 1.
Moreover, p({u}) + v({v}) — 1 = p Cf{a}).

(2) 1 Ct{0}) = max{u({0}), »({0})}.

In [16] Nica and Speicher introduced the class of R—diagonal operators in a non-
commutative C*-probability space. An operator 7" is R—diagonal if 7" has the same
«—distribution as a product U H where U and H are «—free, U is a Haar unitary, and
H is positive.

The next Theorem and Corollary were proved by Ul[e Haagerup and Flemming
Larsen in [9] where they completely characterized the Brown measure of an R-
diagonal element.

Theorem 2.4. Let (M, 1) be a non—commutative finite von Neumann algebra with
a faithful trace =. Let v and h be *—free random variables in M, u a Haar unitary,
h > 0 and assume that the distribution py, for A is not a Dirac measure. Denote ut
the Brown measure for 7' = uh. Then

(1) pt is rotation invariant and
supp(r) =[R2, [|All2] % [0, 27).

(2) The S-transform S). of h? has an analytic continuation to neighborhood of
(,uh({O}) - 170]1 ShQ((Mh({O}) - 170]) = [HhH2_27 Hh_lH%) and Sh2 < 0 on

(3) 1 ({0}) = un({0}) and u1 (B(O, Spa(t — 1)~2) =t for t € (un({0}), 1].
(4) pt is the only rotation symmetric probability measure satisfying (3).

Corollary 2.5. With the notation as in the last Theorem we have
(1) the function F() = Sp(t — )7 @ (un({0}),1] — ([27"]17", |hll2] has
an analytic continuation to a neighboorhood of its domain and #' > 0 on

(1n({0}), 1).
(2) pt has a radial density function f on (0, co) defined by

1 L
g(s) = 2—7rs(F< ) (8) LE (ua o) F (1] (9)-

Therefore, ur = un({0})dp + o with do = g(|A])dma(N).
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3. MAIN RESULTS

Let {ax}r>, be a sequence of free positive equally distributed non-commuting op-
erators. Let us define the operators z, and b, by

/2 172 172 172
Tn = aiay...an and bn:=a; "ay " ...an...ay ay . 3.1

It is easy to see that b, is positive for all n > 1. In the next Lemma we will show
that b, and z, have the same moments.
Lemma 3.1. For all » > 1 and for all & we have that 7(zK) = 7(bX).

Proof. The case n = 1 it is clear. For n = 2 we have that zo = a,a, and b, =

/2 172
a;"“asa;" " then

() = 7(ay as(ara2)< ay”?) = T(araz(ara2)* ) = 7(2).

Now we proceed by induction. Assume that 7(zK) = 7(bX) for all £ > 1. Let

— — 172 1/2
xn+1 - alyn and bn+1 - CLl Cnal

where yn = as ... ans1 and cn = ayay? . ans . .. ay* a3, We know by the induc-

tion hypothesis that 7(y") = 7(c") for all m > 1. Now we observe that

T(@h41) = T((a1yn)") (3.2)
and

T8, = 7((ay % cna®)<) = 7(ayen(arcn)1ay?) = T((aren)<).  (3.3)

Finally, using the fact that a, is free from ¢, and y, and equations (3.2) and (3.3)
we conclude the proof.
L1

Now we are ready to prove our main result.

Theorem 3.2. Let {ax}k be a sequence of free, positive, equally distributed non-
commuting operators with distribution x in M, . Let b, be as in (3.1)). The sequence
of positive operators bi>" converges in distribution to a positive operator A with

distribution v in M. Moreover,
v=_[»30+0c with do = f(t) 1(|\a;1/2|\51,||a}/2||2] (t) dt

where 3 = ({0}), f(t) = (F7~'>)'(t) and Fy(t) = Su(t — 1)~/2.

Proof. Let v a Haar unitary —free with respect to the family {ay}x and let h = a,”*.
Let T be the R—diagonal operator defined by 7" = uh. It is easy to see, by the free-

ness assumptions, that (7*)"7T" and b, have the same distribution. Moreover, by [10]
the sequence [(T*)”T”]m" converges in the strong operator topology to a positive
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operator A. Let v be the probability measure distribution of A.
If the distribution of a is a Dirac delta, 1 = 6, then h = /X and

[(T*)nTn} 1/2n — [)\n(u*)nun} 1/2n — \/X

/20 has the Dirac delta distribution distribution Syx and v =3 .

Therefore, bn

If the distribution of ay is not a Dirac delta, let ut the Brown measure of the operator
T. By Theorem 2.5 in [10] we know that

§=|i£m<[(T*)”T”]%) = 7(\°) = / TP, (34)

/ |APdpr (A) = lim || T
C n 0

We know by Theorem [2.4] and Corollary [2.5] that

: 1
pr = Bdo +p with dp(r,0) = Ef(r) 1, (p).F. () (r) drdd (3.5)

where f() = (F77'>)'(t) and Fu(t) = Su(t — 1)~/2.

Hence, using equation (3.4) we see that

o Rl g Fu(l)
/ P dv(r) = / / —7rPf(r)drdf = / P f(r)dr
0 o Jr.@) 27 Fu(®)

for all p > 1. Using the fact that if two compactly supported probability measures
in M have the same moments then they are equal, we see that

v=_[0+0c with do= f(t) LE.)F.1) (t) dt.
By Corollary [Z5, we know that

/ . —1/2 -
Fu@) =l and — fim Fu(t) = flay "

concluding the proof.
L1

Note that the last Theorem givesusa map G : M, — M, with u+— G(u) =v. The
measure G(u) is a compactly supported positive measure with at most one atom at

zero and G(1)({0}) = u({0}).

Since

G() = Boo+o  with  do = f(£) L, @), (0) dt

and f(t) = (E5'>)'(t) where Fy(t) = Su(t —1)~/2 for ¢ € (3,1]. The function
Su(t — 1) for t € (8,1] is analytic and completely determined by p. If py, o € My
and Sy, (t —1) = Sy, (t — 1) in some open interval (a,b) C (0, 1] implies that 1, = po.
Therefore, the map G is an injection.
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Remark 3.3. A measure ;. in M is said [-iffinitely divisible if for each n > 1
there exists a measure u, in M such that

w=pn Cud. .. Cpd  (n times).

We would like to observe that the image of the map G is not contained in the set of
C-infinitely divisible laws since an [-idfinitely divisible law cannot have an atom at
zero (see Lemma 6.10 in [4]).

The next Theorem investigates how the map G behaves with respect to additive
and multiplicative free convolution.

Theorem 3.4. Let i be a measure in M, and n > 1. If G(u) = [y + o with
do = f(t) 1(':#([3)":#(1)} (t) dt then

G(un @ = Bndo + on  With  do, = \/ﬁf(t/\/ﬁ) 1(\5;:“(7%2"*1) AFL(1)] (t) dt
where 3, = max{0,n5 — (n — 1)} and

- 1 —n
G(u"™)'= 8o + pn With  dpy = Etln FE™) L@y Fuym (2) di.

Proof. Recall the relation between the R, and S, transform (see [9]),

(zRu(z)) R 25u(2).

By the fundamental property of the R-transform we have R, =(2) = nRu(z). There-
fore,

(anu(z)) R 28, ral2).

Hence

%Su(z/n) = 29, 1(2)
thus

Sya(2) = %Su(z/n). (3.6)
Then

Fuyra(t) = Syeaft — 1)1 = (15u<t_1>>1/2 _ \/EFH<M>

n n

it is a direct computation to see that
Fray ) =nF7 7 (t/v/n) —n+ 1. (3.7)

By iterating Theorem we see that 1 ™2¢{0}) = max{0,n83 — (n — 1)} = .
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Now using Theorem 3.2 we obtain

Now let us prove the multiplicative free convolution part, let ;. ™then

Sym{(z) = S](2).
Then F ca(t) = F}(t) and therefore,

F=7(0) = B> (). (3.8)

By Theorem [Z3 we now that 1, "™¢{0}) = n({0}) = 3. Therefore, using Theorem
again we obtain

- 1 —n
G(u"™'= 860 + pn With  dp, = Etln FE™) L, @),y (8) di.

4. EXAMPLES
In this section we present some examples of the image of the map G.
Example 4.1. (Projection) Let p be a projection with 7(p) = «. Then the spectral

probability measure of p is pp, = (1 — a)dy + ad;. We would like to compute G(up).
Recall that

z+1
5p(2) = 2+
Therefore,
_t—14 a2 T o'
O
Hence,
B i _2t(1 — @)
G(p) = (L —a)dp+o with do = m L0,y (?) dt.

Example 4.2. Let h be a quarter—circular distributed positive operator,

1
dﬂh = ;\/ 4 — 2 1[0’2] (t) dt.

A simple computation shows that

Sh2 (Z) = L

z+1
hence by Theorem we see that

G () = 2t 1,4 (t) dt.
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Example 4.3. (Marchenko — Pastur distribution)

Let ¢ > 0 and let x. be the Marchenko Pastur or Free Poisson distribution given by

VE—a)b—t
dpe = max{1l — ¢,0}d, + ( 27T)t( ) liap) (t) dt

where a = (/¢ — 1)2 and b = (c+ 1)2.

It can be shown (see for example [9]) that

1
S = i
e (Z) JRSrIpS
Therefore,
F.@)=vt—1+c and F 2@ =t"+1-c
Hence,

g(uc) = maX{l —C, O}(S(] +o0 with do =2t 1(\/m,\/5](t) dt.

5. LYAPUNOV EXPONENTS OF FREE OPERATORS

Let {ax }2, be free positive identically distributed operators. Let . be the spectral
probability measure of a2 and assume that ;({0}) = 0. Using Theorem 3.2 we know
that the sequence of positive operators

9 1/2n
<a1a2 Qe a2a1)

converges in distribution to a positive operator A with distribution v in M. Since
1({0}) = 0, this distribution is absolutely continuous with respect to the Lebesgue
measure and has Radon—-Nikodym derivative

dv(t) = f() Lja;ry; 2 a2 () At

where f() = (F7'>)'(t) and Fu(t) = Su(t — 1)~"/2.

Let L be the selfadjoint, possibly unbounded operator, defined by L := In(/\),
and let v be the spectral probability distribution of L. It is a direct calculation
to see that ~ is absolutely continuous with respect to Lebesgue measure and has
Radon-Nikodym derivative

dy(t) = €' f(€") Lu jart 52 1 ar o () -

The probability distribution ~ of L is what is called the distribution of the Lya-
punov exponents (see [14], [15] and [18] and [13] for a more detailed exposition on
Lyapunov exponents in the classical and non—classical case).
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Theorem 5.1. Let {ak}2, be free positive identically distributed invertible operators.
Let 1 be the spectral probability measure of a?. Let ~ be probability distribution of the
Lyapunov exponents associated to the sequence. Then ~ is absolutely continuous with
respect to Lebesgue measure and has Radon-Nikodym derivative

dy(t) = ' F(€) Lnpar gy i ) (1) -

where f(t) = (F5'>)'(t) and Fy(t) = Su(t — 1)7'/2.

Remark 5.2. Note that if the operators ay are not invertibles in the || - ||, then the
selfadjoint operator L is unbounded. See in the next example the case \ = 1.

The following is an example done previously in [13] using di[Lerknt techniques.

Example 5.3. (Marchenko — Pastur distribution) Let {ax}z2, be free positive iden-
tically distributed operators such that a} has the Marchenko—Pastur distribution y of
parameter A > 1. Then as we saw in the Example [4.3], in the last section

Therefore, we see that the probability measure of the Lyapunov exponents is ~ with

dy(t) = 2e* 1( (t) dt.

LIn(A-1),3 ()|

If A =1, this law is the exponential law discovered by C.M.Newman as a scaling limit
of Lyapunov exponents of large random matrices. (See [14], [15] and [11]). This law
is often called the “triangle” law since it implies that the exponentials of Lyapunov
exponents converge to the law whose density is in the form of a triangle.

REFERENCES

[1] Belinschi S., The Atoms of the Free Multiplicative Convolution of Two Probability Distributions,
Integr. equ. oper. theory 46, 377-386, 2003.

[2] Bercovici H. and Pata V., Limit laws for products of free and independent random variables,
Studia Math. 141 (1), 43-52, 2000.

[3] Bercovici H. and Voiculescu D., Regularity Questions for Free Convolution, Operator Theory:
Advances and Applications 104, 37-47, 1998.

[4] Bercovici H. and Voiculescu D., Free Convolution of Measures with Unbounded Support, Indiana
Univ. Math. Journal, Vol. 42, No.3, 733-773, 1993.

[5] Brown L., Lidskii’s Theorem in the Type II Case, Geometric methods in operator algebras
(Kyoto 1983), 1-35, Pitman Res. notes in Math. Ser. 123, Longman Sci. Tech., Harlow, 1986.

[6] Dykema K. and Schultz H., Brown measure and iterates of the Aluthge transform for some
operators arising from measurable actions, to appear in Trans. Amer. Math. Soc.

[7] Gnedengko B. and Kolmogorov A., Multiplication of certain non-commuting random variables,
J. Operator Theory 18, 223-235, 1987.

[8] Furstenberg H. and Kesten H., Products of random matrices. Annals of Mathematical Statistics,
31, 457-469, 1960.



LIMITS LAWS FOR GEOMETRIC MEANS OF FREE POSITIVE RANDOM VARIABLES 11

[9] Haagerup U. and Larsen F., Brown’s Spectral Distribution Measure for R-diagonal Elements
in Finite von Neumann Algebras, Journal of Functional Analysis 176, 331-367, 2000.

[10] Haagerup U. and Schultz H., Invariant Subspaces for Operators in a General II1—factor,
preprint arXiv:math/0611256.

[11] Isopi M. and Newman C.M., The triangle law for Lyapunov exponents of large random matrices.,
Communications in Mathematical Physics, 143, 591-598, 1992.

[12] Kargin V., The norm of products of free random variables, Probab. Theory Relat. Fields 139,
397-413, 2007.

[13] Kargin V., Lyapunov Exponents of Free Operators, preprintlarXiv:0712.1378v1, 2007.

[14] Newman C.M., Lyapunov exponents for some products of random matrices: Ezxact expressions
and asymptotic distributions., In J. E. Cohen, H. Kesten, and C. M. Newman, editors, Random
Matrices and Their Applications, volume 50 of Contemporary Mathematics, pages 183-195.
American Mathematical Society, 1986a.

[15] Newman C.M., The distribution of Lyapunov exponents: Ezact results for random matrices.
Communications in Mathematical Physics, 103, 121-126, 1986b.

[16] Nica A. and Speicher R., R-diagonal pairs — A common approach to Haar unitaries and circu-
lar elements, in “Free Probability Theory”, Fields Institute Communications, Vol.12, 149-188,
Amer. Math. Soc., Providence, 1997.

[17] Oseledec V., A multiplicative ergodic theorem. Lyapunov characteristic numbers for dynamical
systems., Transactions of the Moscow Mathematical Society, 19, 197-231, 1968.

[18] Ruelle D., Characteristic exponents and invariant manifolds in Hilbert space, The Annals of
Mathematics, 115, 243-290, 1982.

[19] Voiculescu D., Addition of certain noncommuting random variables, J. Funct. Anal. 66, 323-346,
1986.

DEPARTMENT OF MATHEMATICS, TEXAS A&M UNIVERSITY, COLLEGE STATION, TX 77843-
3368, USA
E-mail address: gtucci@math.tamu.edu


http://arXiv.org/abs/math/0611256
http://arXiv.org/abs/0712.1378

	1. Introduction
	2. Preliminaries and Notation
	3. Main Results
	4. Examples
	5. Lyapunov exponents of free operators

