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STABILITY ANALYSIS OF EXPLICIT ENTROPY VISCOSITY
METHODS FOR NON-LINEAR SCALAR
CONSERVATION EQUATIONS

ANDREA BONITO, JEAN-LUC GUERMOND, AND BOJAN POPOV

ABSTRACT. We establish the L2-stability of an entropy viscosity technique
applied to nonlinear scalar conservation equations. First- and second-order
explicit time-stepping techniques using continuous finite elements in space are
considered. The method is shown to be stable independently of the polynomial
degree of the space approximation under the standard CFL condition.

1. INTRODUCTION

Owing to a classical theorem by Godunov, it is now well understood that non-
linear approximation is required to approximate solutions of first-order hyperbolic
equations with higher-order accuracy (i.e., larger than first-order). One can roughly
distinguish two categories of nonlinear methods; the first one uses limiters and
nonoscillatory reconstructions; see for example [12H14.[20] and the second one uses
nonlinear viscosities [4[I5L[18,22]24]. (This categorization is fuzzy as observed in
Remark 4.1 of [4].) The purpose of this paper is to analyze the stability properties
of a method of the second category which we call entropy viscosity. This method
has been introduced in [9L[TT] and is based on a research program exposed in [§].

The entropy viscosity technique is a new class of high-order numerical methods
for approximating conservation equations. This approach does not use any flux
or slope limiters, applies to equations or systems supplemented with one or more
entropy inequalities and is easy to implement on a large variety of meshes and poly-
nomial approximations. The use of limiters and nonoscillatory reconstructions is
avoided by adding a degenerate nonlinear dissipation to the numerical discretization
of the equation or system at hand. The numerical viscosity is set to be proportional
to the local size of an entropy production. Scalar conservation equations have many
entropy pairs and most physical systems have at least one entropy function satisfy-
ing an auxiliary entropy inequality. The entropy satisfies a conservation equation in
the regions where the solution is smooth and satisfies an inequality in shocks; this
inequality then becomes a selection principle for the physically relevant solution.
The amount of violation of the entropy equation is called entropy production. By
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making the numerical diffusion proportional to the entropy production, the numer-
ical dissipation becomes large in the regions of shock and small in the regions where
the solution remains smooth.

The method has been implemented with Fourier approximation in [9], with spec-
tral finite elements in [I0], with continuous finite elements in [I1], with discontin-
uous finite elements in [26] and various entropy functionals. The method seems to
perform well on various benchmarks for a large class of approximation techniques
but no theoretical result has yet been produced so far to justify the performance of
the method. The present paper is our very first attempt in this direction.

The convergence analysis of nonlinear schemes for conservation equations is com-
plicated even for the one-dimensional linear transport equation. For instance, it
was only recently that the convergence rate of the second-order Nessyahu-Tadmor
scheme [20] was shown to be better than that of a first-order monotone scheme for
the linear transport equation in one space dimension [21I]. In the present paper
we restrict ourselves to the L2-stability of the entropy viscosity method applied to
scalar nonlinear conservation equations with various explicit time-stepping tech-
niques using continuous finite elements in space of any degree.

The paper is organized as follows. The problem and the discrete setting at hand
are described in §21 The stability of the first-order forward Euler method using
a formally second-order viscosity based on the quadratic entropy F(u) = %uQ is
investigated in §8l Two second-order Runge-Kutta (RK2) time stepping techniques
are analyzed in @ and §5l In §4 we focus on the Heun method which is an example
of a strong-stability preserving scheme (SSP). Stability is obtained upon adding
an entropy viscosity at each step of this two-step method. The viscosity used in
the first step depends on the solution from the previous time interval. We prove
L?-stability using the linear entropy E(u) = wu, i.e., the entropy equation is the
residual of the conservation equation. In §5l we analyze the midpoint scheme using
again the linear entropy E(u) = wu to construct the viscosity. The particularity
of this two-step method is that the entropy viscosity is built on the fly; i.e., it is
added only at the second step and uses the solution from the first step. This feature
could be useful when adaptive refinement is performed. Concluding remarks and
numerical illustrations are reported in 6l The three key results from this paper
are Theorem [B.1] Theorem [£.1] and Theorem [5.11

2. PRELIMINARIES

We describe in this section the functional setting used in this paper and we
establish preliminary results.

2.1. The scalar conservation equation. Let Q C R? d > 1, be an open con-
nected domain with Lipschitz boundary. The outward unit normal of €2 is denoted
by n. We consider the scalar-valued conservation equation

(2.1) Oyu + V£ (u) =0, u(z,0) = uo(x), (x,t) € QxR

where f € C1(R;R?). The uniform Lipschitz condition on the flux might seem to
be restrictive. For instance, to be useful this condition requires uniform a priori
bounds on the discrete solution when f(v) = %1)2. However, since the solution u of
[21) satisfies such uniform bounds, say

(2.2) m:=essinfug(y) < u(z,t) < esssupug(y) =: M, Y(z,t) € Qx(0,T),
yeN yeN
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a standard way to bypass the unlformly Lipschitz condition at the discrete level
consists of replacing f by f so that f(v) = £(v) for all v € [m, M] and f'(v) = £'(m)
when v € (=00, m] and f(v) = /(M) when v € [M, cc).

To avoid boundary condition issues that can be very difficult to handle, we
assume that there exists some time 7" > 0 so that

(2.3) /Qu(x,t)Vf(u(x,t)) dx > 0, Vi € [0,T).

Note that provided f € CH(R;R?), @3) is just the requirement that [, V-G (u)dx >
0 where G(u fo vf’(v) dv is the entropy flux associated with the entropy E(u) =
%uQ (see below) This condltlon holds with 7" = +o0 if the boundary conditions
are periodic. It also holds if the initial data is compactly supported, and in this
case T is the time at which the domain of dependence of ug reaches the boundary
of . Dealing with the general case can be done by enforcing entropy compatible
boundary conditions & la Bardos, Leroux, and Nédélec [I], instead of condition
[23). We choose not to take this path to avoid additional technicalities.

It is known that the scalar-valued Cauchy problem (ZI) may have infinitely
many weak solutions, but only one of them is physical and satisfies the additional

inequalities
(2.4) OE(u) + VF(u) <0,
for all strictly convex functions E € C!(R;R), where F(u) := [ E'(v)f'(v) dv; see

[19]. This physical solution is henceforth called the entropy solutlon The functlon
E(u) is called entropy and F(u) is the associated entropy flux. The most well-
known entropy pairs are the Kruzkov pairs generated by {E(u) = |[u—c¢|,c € R}. Tt
is also known for strictly convex fluxes in one space dimension that if the entropy
inequality ([2:4) holds for one entropy pair and one weak solution u (provided the
entropy F is strictly convex), then it also holds for all possible pairs and « is the
unique entropy solution.

The objective of this paper is to perform the L?-stability analysis of the entropy
viscosity method applied to the nonlinear conservation equation ([2.I)) with forward
Euler time stepping and with RK2 time stepping using continuous finite elements
in space.

2.2. Functional spaces. We call a mesh 7 a subdivision of 2 into disjoint and
closed elements K such that Q = (Jxer K; Q is the closure of . The mesh is
assumed to be affine to avoid unnecessary technicalities, i.e., 2 is assumed to be a
polygon in two space dimensions or a polyhedron in three space dimensions. For any
K € T, we denote by hx = diam(K) the diameter of K and by px the diameter of
the largest ball inscribed in K. Also, we denote A1 : 2 — R the meshsize function
defined by

hT|K = hg, KeT.
The subscript T is omitted when no confusion is possible. We suppose that we have
at hand a family of meshes {7;}5°, and that this family is shape-regular, meaning
that the quantity
(2.5) Cs 1= §1>1;1) Iax hi/pK
is finite, i.e., the elements are not too flat. For all K € 7;, the collection of elements
in 7; that touch K is denoted Ag. We assume also that the mesh family is locally
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quasi-uniform in the sense that the quantity

2. = i ’

(2.6) Cu i SUD Ihask (hK/(Kl,gng hic ))

is finite, i.e., all the elements that touch K have diameters of order h.
Given a mesh T, we define V(7)) the space of piecewise polynomials by

(2.7) V(T):={Vec’Q): Vg e P(K), VK €T},

where the local finite-dimensional space P(K) is assumed to contain the multivari-
ate polynomials of total degree at most k > 1 over K, where k is a fixed integer.
As a general rule, we will use capital letters to denote discrete functions. Finally,
the L2?-scalar product over a domain S C 7T is denoted by (-,-)s, and we abuse the
notation by using (-, -)q instead of (-,-)7. We often use the shorter notation || - || .2
for || - [ L2(o) whenever it is unambiguous to do so.

We denote Hg- the L2-projection onto constants, i.e., Hg-ga\K = ﬁ ngo for
K € T, and I17 the L2-projection onto V(7). We will frequently use the following
inverse inequality

_1
(2.8) h [IVlL2ok) + IVV L2 x) < cihit IV |2k, YW eV(T), VK €T,
(2.9) IV ey < cool K172 [Vlz2iey, YV € V(T), VK €T,
and approximation estimate

(210) H’U — Hg”UHLQ(Q) < Co”hTV’UHLz(Q), Yv € Hl(Q)

The above constants c¢;, ¢, Co solely depend on the polynomial degree k, the
domain Q and the mesh shape regularity constant ¢, and cs defined in (2.3)-(2.86]).
In the rest of this manuscript, ¢, c’,c” denote generic constants that may depend
solely on the above constants if not stated otherwise. In order to simplify the
presentation, we shall explicitly mention the specific constants only after the step
invoking the corresponding estimate. When confusion is not possible, we omit the
dependency in 7 using the abbreviation II := HZ’ I° = Hg— and h := hy.
For any subset S C T we define the two sets S and S as

(2.11) S:i=|J Ak ={K'eT:3K €5, K'nK #0},
KeS
(2.12) S :=T\(T\S).

The set S is composed of S plus the layer of elements surrounding S (not to be
confused with the closure of S). The set S is the complement in 7 of ¢, where
S¢:=T\S (not to be confused with the interior of S).

For all subsets S C T, we define the restriction operator Rg : V(T) — V(T)
as follows. Let {¢1,...,9¥r} be the global shape functions spanning V(7). Let I
be the set of indices, i, so that the support of 1; has a nonempty intersection with
S for all i € I. Then for all V := "M, Vith; € V(T), we set RsV = ;s Vithi.
This definition implies that

(213) RsVeV(T), and RgV(x):= {0 ifx € 5%:=T\5,

V(x) ifxes.
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Lemma 2.1. There is a uniform constant cr depending on cs and the polynomial
degree k so that the following holds:

@19 IRsViass S crVises, W EV(T), vSCT.

Proof. Let K € S\S. Using 23) and the definition of R7V we infer that
IRsV lz2(x) < K" |RsV | poe (1) < e[ K2V oo (1) < € ooV p2(x6)-
The desired result follows readily. ([l

3. FORWARD EULER STABILITY

We approximate in time the nonlinear conservation equation (21 using the
first-order forward Euler method and we establish the L?-stability of the method.

3.1. The algorithm. Let 7 be a mesh and let U° € V(7)) be an approximation
of ug. Let us set §t_; = +o00 and tg = 0. The forward Euler discretization of the
equation (2] is constructed as follows. Let U™ € V(T) be the approximation of u
at time ¢,,, n > 0. To avoid boundary condition issues we assume that the following
conservation property holds

(3.1) (VE(U™), U > 0.
As mentioned in §2.1] this property is known to hold if ug is compactly supported
and t,, is small; it also holds if the boundary conditions are periodic.

Let ¢ > 1 be a number and let A > 0 be another positive number that we
henceforth call the CFL number; we select the time step dt,, so that

h
(3.2) 0ty < min(A min K

———— ¢, 0lp_1).
RO om0 )

Note that the quantity min g7 I

(Un%ﬁmo(m > ”f/”Lolc(R;Rd) minge7 hx is bounded
away from zero since f is assumed to be uniformly Lipschitz; as a result, it is always
possible to select dt, > 0 satisfying (8:2) and to advance in time. The condition
Oty < ¢;0t,—1 ensures the time stepping is quasi-uniform. Let ¢,,41 = t,, + dt,, and

let U™ € V(T) be such that
(3.3) (U™ —U" +6t,V£(U™), V), + 6t (v"VU™,VV), =0, YV e V(T),

where v" is the entropy viscosity that we now define. Three different residuals are
used to construct the entropy viscosity v™. We define the residual of the equation
R",
Uur — Unfl
(3.4) R" = —— + V{(U"),
5tn71
and we define two entropy residuals R, R,

E(U") - EWU")
5tn—1
where E(v) = %vz is the quadratic entropy. Let R} be the total entropy residual

defined as follows:

(35) Ry, :=R"U", and Rp,:= +£/(U™)-VEU™).

(3.6) Blr = | RE | o (k) + | RE2 | o (k) + 5tn||RnH2Loo(K)~
We then define the entropy viscosity over each cell K as follows:
(37) I/n‘K = hK min(cMHf'(U")HLoo(K), CER%|K),
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where ¢pr > 0 and c¢g > 0 are user-defined constants.

Remark 3.1 (Choice of Parameters). Usually we take cpr = ﬁ in one space dimen-
sion and cp; = ﬁ in two space dimensions (recall that k is the polynomial degree
used in the local approximation space P). The constant cg is dimensional and is
also user-defined; for instance, it can be defined as follows:

D
(3.8) CE = C(p—T—F——
T T [E@)
or, equivalently, cp := cE|Q|||VE(U0)||le(Q), or cg = cED||E(U0)||Z;(Q), where
|| := meas(Q?), D := diam(2) and c¢g is a nondimensional constant of order one.

Remark 3.2 (Consistency of the entropy residual). Note that Rg is formally first-
order, O(dt, + h’;(), in the region where u is smooth. That is, the entropic viscosity
is formally second-order, i.e., O(hx (t, + h%)), which is greater than the overall
consistency order of the first-order Euler method. As a result, we expect the method
to be as accurate as the first-order Euler method for smooth solutions, i.e., the error
should be formally O(6t + h¥) in LP-norms, 1 < p < oo, provided some stability is
established.

The entropic viscosity naturally splits the mesh 7T into a viscous and a smooth
set as follows:
T‘;} = {K eT: I/n‘K = C]V[hKHf,(Un)HLoo(K)} s
7-57} = T\T‘;} = {K eT: I/n‘K = CEhKRE|K}-
This decomposition will arise in the stability analysis below. For the moment, note
that no stability issue should arise on 7y} due to the presence of the first-order
viscosity 1"k = cprhi||f'(U)|| L~ (k), YK € Ty}. Establishing stability on 7¢" will
turn out to be the more technical part of the proof; it will be essential to observe
that the discrete time derivative satisfies

U”—U”1)2 i1~ RBis _ | R + [ R
1 —_—) =2 <2
(8.10) ( oty oty - oty ’

which justifies the introduction on the two entropy residuals R%; and R%,.

(39) T=TyuTd, {

3.2. Stability analysis of forward Euler. We are now in position to prove the
stability estimate for the forward Euler scheme (B3)).

Theorem 3.1 (Stability of the Forward-Euler Scheme). Assume that the conditions
BI)-B2) are satisfied. There is Ag > 0 that depends only on the user-defined
parameters ¢y, ¢g, the Lipschitz constant of the flux, and on the mesh family
constants cqg, c;, and there is a constant ¢ that additionally depends linearly on the
final time T so that the solution to [B.3) satisfies the following L?-stability estimate
for all A < Ag:

n
(B11)  (U™F2 ) + D IVVIVU 32y S IU°132 (L + ), Vt, <T.
i=0

Proof. Step 1. Using V = 2U" in (B3) together with the conservation property

@I, we obtain
(3.12) U™ HZ2(q) = IUM1Z2 () + 20talVim VU 22 (q) < U™ = U |[22(q)-
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We now estimate the right-hand side of ([8.12). Defining B := {V € V(T) | |[V||12(q)
=1}, and using v" |k < e[| (U™) || oo ()i, B3) yields

(U7 = 0" g2y = sup (U™ = U™, Ve

< 26t} sup ((VE(U™), V), + (V"VU,VV)g)
vEB

< 20t V(U)o () + 20tuerr EAIVYTVU" 22 q).
Therefore we can rewrite ([B12]) as follows:
(3.13) U™ 220 = IUI72() + 20ta(1 = earE NIV VU 12
< 26t [ VE(U™) |72 0.

The remainder of the proof consists of estimating a bound on || V-f (U”)||2L2(Q)7 and
we are going to invoke the partition 7 = 77 U 7§ for that purpose.

Step 2 (Control over 7y}). The viscosity is large enough to control 8t || V-£(U™)|| 12(q)
on the viscous set 7}, and we have:

(3.14) 5ti/ \Vf(U”)|2§||h_1f'(U”)||Lm(Q)6ticX41/ VIV Un 2
T T

< cpf St AIVEPVU" (|72
Step 3 (Control over Tg"). Recalling the bound BI0), we infer that
St 1 |VE(U™)| = |0t,_1R" — (U™ — U™ 1)
1
< Otn_a[R"| + V2017 (R |® + | Rl ).
With this estimate in hand we infer that the following estimate holds on the smooth
set T&,
st | ivswnp
T

3 1 1 1
sm/ VU IEU")] (04| R + VIstiot, 2 (1R | + Rl )

T3

3

<and [ vUTIEn] (),
TS

where we have used the quasi-uniformity assumption (B32]) of the time stepping.

Hence, we obtain

St VEU™) L 7g) < e Aotal TSI (U™l 1<(0)
1
+§5ti>\_1cE/ VU™ PIE(U™) | R,
7

which after using that f is uniformly Lipschitz together with the expression of the
viscosity v = cghx R on T, leads to

n 1 n
(3.15) 5ty | VE(U )||2L2(7’S") < At U320y + §5tn\|VV"VU 1720

where we set gg 1= Hf/HLoo(R)‘Q|CE~1HUO||222(Q).
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Step 4. Setting Ay := W and inserting (314) and B.I3) into BI3), we
finally obtain that the following holds for all A < Ag,

1T 22 () = U™ 220y + Stn VYU [ 0) < € Agmdtn,

which immediately leads to

HUn”%?(Q) + Z ||\/EVUi|‘2L2(sz) < HUOH%%Q)(l + ¢ AgEtn), VneN.
i=0

Observe that Aggt, is a dimensionless constant. This completes the proof. O

4. RUNGE-KUTTA 2 (HEUN)

We now turn our attention to the second-order RK2/Heun time discretization to
approximate (2.1)). This time stepping is known to be a Strong-Stability-Preserving
method [7]. The viscosity considered in this section is mainly based on the the
linear entropy F(u), i.e., the residual of the equation at the previous time step. We
analyze another second-order method with the viscosity computed on the fly in §5l
The present scheme and that in §5 do not require the quasi-uniformity assumption
that had to be invoked for the forward Euler scheme; see ([B.2]).

4.1. The algorithm. Let us set tg = 0 and let U° € V(T be an approximation of
up. Let A > 0 be a CFL number. Let U™ € V(T) be the approximation of v at time
tn, n > 0. Let dt,, be a given time step possibly restricted later by the CFL number
(see @A) and set t,41 = t,, + 0t,. The fully discrete RK2/Heun algorithm that
we consider is formulated as follows: Find W™ € V(T) and U™ € V(T) satisfying

(4.1) (W™ V) — (U™, V) + 0t, (VEU™), V) + 6t, (7'VU",VV), =0,

tr t
62L (VEW™),V)g + 57" (VyVW",VV), =0,

for all V' € V(T), where the viscosities v}, v5 are defined below. To avoid issues
induced by the boundary condition we assume that both U™ and W" satisfy the
following conservation properties:

(4.3) (VEU™), U™ >0, (VEW™), W), > 0.

(4.2) (UM —3(W"+U"), V), +

We refer to §2.0] for a discussion on the validity of this assumption. We assume
that dt,, satisfies the additional condition
hk

(4.4) 6t < A min 7 '
keT max(|[f/(U™)]| oo k), £ (W) L (k)

If this condition is not satisfied at the end of the time step, the computation
of W™ and U™*! is redone with a smaller time step, say 0t, is divided by 1.5.
Note that due to the uniform Lipschitz assumption on f, picking ét,, smaller than
m mingc7 hx always guarantees that (£4) holds.
Let us now construct the viscosities v, v&'. Let U~! = U, and consider the
residual R™, n > 0, defined by
Ur — Unfl

4. "= £(U™).
(4.5) R s VAT

Licensed to Texas A & M Univ. Prepared on Fri Feb 21 19:02:36 EST 2014 for download from IP 165.91.114.141.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



STABILITY ANALYSIS OF EXPLICIT ENTROPY VISCOSITY METHODS 1047

Let cpr > 0, cg > 0, a > 0 be three real numbers and let us consider the partition
of T defined at time step t,, as follows:
(4.6)
T =K €T :cgh%||R"||pe(x) < e[ (U™)|| oo ,
Vo= Ta\Tg'-
We now define the viscosities v, V5, n > 0, to be piecewise constant functions on
the mesh cells. For any K € T we set 1|k = carhi ||/ (U°)|| L (k) and for n > 1,

(4.7)
vk = {CMhKHf/(Un)'LﬂK) it K € Ty,
1 hie max (cghl || R™ | = (x), enroscr (£, U™)) i K € T2 == T\TF,
where
VE£(U™) — TIY(V-E(U™))|12
(4.8) osci (£,U") := IvEU™) (VEU™))IIT, (K)

T e a0 VU B

Note that oscx (f,U™) < [|[f'(U")[| (k). The second sub-step viscosity vg is de-
fined as follows for all n > 0:

(49) V;|K = CMhKDIK(f, VV",U”)7

LR — E 0 2
4.10 Nl (£, W™, U™) = = .
(4.10) ( VS e+ O ey

Several comments are in order regarding the definition of the viscosities.

Remark 4.1 (Oscillation of V-f(U™)). The oscillation of V-f(U™), denoted
osci (f,U™), and the nonlinear variation of f, denoted nlg (f, W™, U™), are both
zero for the linear transport equation, f(u) := Bu, B € R?. The purpose of these
two terms is to help control the nonlinearity of the flux. To the best of our knowl-
edge, stability under the usual CFL condition of the Heun discretization of the
linear transport equation with continuous finite elements is known so far only for
the piecewise linear approximation [5]. This issue with the piecewise linear approxi-
mation does not seem to arise for higher-order time stepping [5,[25]. The oscillation
term osci (f,U™) in the definition of v]* seems to be necessary to handle finite
elements of polynomial degrees larger than one.

Remark 4.2 (Alternative Expression of vf'). The viscosity v}" can be rewritten in
the alternative form

V' |k i= hi min (epr||[£(U™)]| Lo k), max(cphf || R || Lo k), cmrosex (£,U™)))

for all K € TP UTE, n > 1, and v}|g = cyhg||f'(U)| (k). for K € L,

where we have defined £ := T& \ T&*. The viscosity saturates to first-order in
the so-called viscous set 7y U L™ and is small in the so-called smooth set 7g'; see
Figure [l

Remark 4.3 (Consistency of viscosities). Note that the terms cprhgosck (f,U™)
and cprhi|R"| are formally O(h3) and O(hiF*(t, + h%)), respectively. This
mean that the viscosity v1|x is O(h%®) under the CFL condition. The viscosity
Vol = emhgnlg (£, W™, U") is formally O(6t2hk), i.e., it is third-order in the
smooth region 7:9” Overall the consistency order of the artificial viscosities is higher
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Ty TE

A

ﬁn

FIGURE 1. Schematic representation of the partition 7 = 7;” U
LMUTH

than the overall O(6t2) consistency of the Heun method under the CFL condition.
The accuracy order of the method is expected to be at least O(§t% 4+ p™in(2+ak))

Remark 4.4 (Constants cps and cg). The constant cjs is user-defined, nondimen-
sional and of order one. The constant cg is also user-defined but dimensional; for
instance, it can be defined as

lea
4.11 Cp ‘= Cg
- Q2T 20
or cp = cgD'=*||U|| L, where D := diam(Q) and ¢ is a user-defined non-

dimensional constant of order one; see also Remark 3.1

4.2. Stability analysis of RK2/Heun. We establish in this section the L2-
stability of the RK2/Heun time discretization of ([21]).

Theorem 4.1 (Stability of the RK2/Heun). There is Ag > 0 that depends only on
the user-defined parameters cyy, ¢g, the Lipschitz constant of the flux, and on the
mesh family constants cy, c¢;, and there is a constant ¢ that additionally depends
linearly on T>1=) so that the solution to [@EI)-@2) satisfies the following L>-
stability estimate for all A < Ay:

(4.12) HUnHH%?(Q) + Z5tn (||\/ VfVUiH%?(Q) + Iy Viﬁvwi”%?(m)
1=0
< VollFaqy (14 eX2CT(5t/T)' ), e, < T,

where 0t := max;—, .. n Ot,. In particular, @I)-E2) is stable provided o < %
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STABILITY ANALYSIS OF EXPLICIT ENTROPY VISCOSITY METHODS 1049

Proof. Step 1. Choosing V = U" in ([@]), V = 2W™ in ([@.2), using the conservation
property ([3]), and adding the two results we obtain that

(4.13)  [|U™ 2200y = U [72(q) + Otn (||\/ VIVU™ 720y + v VSVWnHsz(Q))
<NU™H = WP[L2 -

The rest of the proof consists of deriving a bound on the time increment ||[U™! —
w3, Q)" Note that this time increment is formally second-order as can be ob-

served by constructing (£2]) — 5

(4.14) (UM =W V) = == (VEW™) = £(U™),V)q
Sty
— S VW VU V),

Step 2. We set Z™ := W™ — U™ and test ({LI4) with V = U"T! — W". The first
term in the right-hand side is handled as follows:

O (g (W) — £(UM)). V) = — 2 (@ (W) — £ U)W V),

2 2
6t7l n n n
—T(f/(U ) VW =U"),V)q

1 1 " 1 n
< e StRAE [V 2y [V I z2@) + 5 MRV Z |2y [V 220
where we used the definition of 3 to deduce that
IE"(W™) = £ (UL (1) < W5 achi e max([/(U) oo ) 1€ (W) [0 1))

The second term in (lmb is estimated as follows:

St
- S AVWT = VU YY),

Cigi3\4 .2 n n
< Zatiated; (IVBYW" i + IV VU 122) IV -
Combining the above estimates gives
(4.15) U™ =W |3, < N2|RVZ"32
+ (cear + dex )Nty (IIEVW™|3a + [P VU132 .

The two viscous terms in the right-hand side can be absorbed in the left-hand
side of @I3]) provided Ag is small enough. The remaining term [[hVZ"|p2 is
critical. To control this term we borrow an argument from [5] and adapt it to make
it work for any polynomial degree (see Remark [£5]). The argument is based on the
properties

(4.16) IRV Z"|2(x) < el| 2" —T°Z™ || 12(ry, VK €T,

(4.17) /KHO(V-f(U"))(Z" —11°Z")dx =0, VKT,

where TI? is the L2-projection onto piecewise constants, i.e., II% is defined on each
mesh cell by II%|x = |[K|™! [ vdx, for all v € L?(2). Using inequality (@I6) in
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1050 ANDREA BONITO, JEAN-LUC GUERMOND, AND BOJAN POPOV

({I5) implies that
(4.18) U™ = W72 < A% 2" —T10Z7 |72
+ (cZear + 4y )Nt (H\/V2 VW22 + IWVVEVU" (|72 Q))

Step 3. We now focus our attention on the first term in the right-hand side of ([@IS)
and we denote X” := Z" — I1°Z™. The defining properties of II° and II imply

(4.19) N[X 30 = N (X7, Z")g = A (X", 27),
Note that from (I we have
(Z",V)q = =0t (VE(U"), V) — 0ty (17 VU",VV)q,, YV e V(7).
Hence, by choosing the test function V' = IIX™ in this equation, we obtain
N[X7 32 = X (X", 27),
= =\t (VE£(U™),IIX ™), — 5t N2 (v VU™, VIIX ™),

The L2-stability of II and the boundedness of v}* imply that the last term above
can be bounded as follows:

—6t, A (VVU", VIIX ™) < 6t N[\ /vEVU" || 200 | /v7 VIIX | 2
< i Ot AR [T VU™ oy [TIX 2
1 1l s
< Cic?\/[&%)‘g IvVvE VU™ |2 I X" 22

Gathering the above estimates, we can recast ([@I19)) into
2
- 1
A2(1— %A?)nxnug < SOtV () = A8t (VEU™),TIX")g

If Ag is chosen so that Ay < c{lc]_w%, then for all A < Ag,
(4.20) NIX ™72 < Stp M|/ rP VU [Ty — 2226t (VE(U™), TIX ™), .
The last term in the right-hand side of the above expression is the most complicated

to estimate, and this is done by invoking the decomposition 7 = Ty U T&.

Step 4 (Control over 7y}). We use the fact that v7'|x = carhi ||/ (U™)| Lo (k) over
T# and the L?-stability of II to obtain
(4.21)

—2X%6t, (£'(U")- VU™ TIX") 1 < A0t |/ 07 VU |20 + et XMX 72 -

Step 5 (Control over T&'). We handle the term I := —2\24t,, (V-£(U™), HX")TS,L as
follows:

11 = —\%6t, (IO(VE(U™)), HX”) — \*6t, (VE(U™) — HO(V-f(U”)),HX”)Tn :

We now need to control —A26t,, (HOV-f(U"), HX”)Tm
is here. Let us first recall that X™ := Z" —I1°Z™ and ([@IT) holds since II°V-f(U™)
is piecewise constant; this property in turn implies that

—\20t, (II°VE(U™), 1IX™) ., = —\?6t, (IIOV£(U™), TIX" — X™)

the key to the whole proof

Tn Tsn .
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STABILITY ANALYSIS OF EXPLICIT ENTROPY VISCOSITY METHODS 1051

It is at this point that we use the fact that we are testing with IIX™ — X™. In
particular, we are going to use the key property

(Rya(U" = U™ 1), IX" = X™) 7 =0,

where the restriction operator Ry is defined in (2.I3). The above orthogonality
property allows us to construct a residual R" := 6t 1, (U™ — U"~) + V-£(U") so
that

11 = —=22t, (IO(VE(U™)) + 0t Ry (U™ — U"1), TIX™ — X)

T
— N6t ((VE(U™) = TIO(V£(U™)), TX™). 1,
S
= =Xty (R, IIX™ = X™) 30 = N0t (I (VE(U™)) = VE(U™), TIX" — X7) 5.,
g S
— \26t,, (TIO(VE(U™)) + 6t Ry (U™ — U™1), TIX™ — X”)m
= Nty (VE(U™) = IO(VE(U™)), TIX") 1,

where £" is the layer of elements in T¢ that is between 74 and 772, i.e., T# UL™ =
T&. We reorganize the above identity as follows:

31 = =A%t (R, IIX" — X") 0 + N6t (I°(VE(U™)) = VE(U™), X")
. /\25tn (vf(Un) + (St;ilRT;(U" Un— 1) X" — Xn)[:n ]

Let us denote I, I and I3 the three terms in the right-hand side. We know that
ceh%||R™ || Lo (k) < e ||[f'(U™)| Lo k), for all K € Tg; this implies that

I i= =\%dt,, (R, IIX™ — Xn)7"" < 2)\%6t,, |‘Rn|‘L2(T“’)||Xn||L2(£z)
< NIy + At 245200 /20
< N[ X T2 () + %)\2(1+a)5ti(17&)||UO||%2(Q)>
where we set
(4.22) gp = [IF |75 1902100 12 ),
and € > 0 is a constant yet to be chosen. To control I, we first observe that

if VU"|g = 0 or f/(U™)|x = 0, then 6t,||V-£(U™) — HO(Vf(U"))H%OO(K) = 0,
otherwise,

3tn | VE(U™) = IO (VEU™) ] (1) < Marcdoserc (£, UM)[VU™ |1 (1)
A
<AV K IVU™ 1300 (1) -
=% vkl Iz (K)
Since the mesh is affine (Z9)) also holds for VU™, i.e

IVU™ [ (1) < Bl KITHIVU™ 122 (1)
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1052 ANDREA BONITO, JEAN-LUC GUERMOND, AND BOJAN POPOV

Upon using this inequality and the L2-stability of II we infer that
I := =\%6t,, (VE(U™) = I(VAE(U™)), X" — X™) .,
S
15 1
< desocrf MBS N VU" |2y | X" 130 < X[ X732
4 2
+ 2 N5t |V U 220
€EC\r
We proceed as follows to control I3,
Iy i= =N°5t, (VE(U™) + 0,1 Ry (U" = U™ 1), X" = X7)
< /\2(5tn (HVf(Un)HL’z(ﬁn) + CRH(Stnll(Un — Un71)||L2(£n)) ||HXn — XnHLz(l:n)
< X5ty (IFEU™)lp2(2my + erIFEU™) 2oy
+ crlIR™ |22 (2my) TIX™ = X ™| L2(q)

_1 5 1
< 2(1+ er)eps A26ta [\ VU" || 2o 1 X" L2 (0)
+ 2eR A2 6tn | R™ | 2 (2 | X | L2(02)»

where we used that v{'|x = carhe||f (U™)| Lo (k) for all K € L™ together with the
L?-stability of IT°, IT and Ry (Lemma ). Using again that cgh%||R"|| Lo (x) <
em ||[f'(U™) | Lo (k) for all K € L™ C T we infer that

St/ PP VU |12,

where gg is given by ([@22]). Gathering the estimates on Iy, I, and I3 we finally
deduce the following estimate:

2(| yn C’QRC%\/IQE 2(1+a) 5,2(1—) 17702
Iy < AT X" |2 + === ot~ VNU L

(4.23)  —2X\20t, (f(U™)- VU™, TIX ") < 66)\2||X"||L2
CCQ JE « —a n
+%>\2(1+ 6120 >||U0\|L2(Q)+ >\35t IVVEVU™ 1320

Step 6 (Conclusion). Combining @2Z1]) and [23), and setting e = 15 we can finally
rewrite ([20) as follows:
S
+ A1+ N2y )t/ VU 720
We now combine the above estimate with (18] to obtain
07 = W7 < ccbana gt
+ (1 +enmc + (44 X2 ey )Nt (| VY VU™ 32 + |V/va VIV 32).

Provided Ay is chosen so that ¢/Ag(1 + care? + (4 + A3)cy)) < 2, the above bound

together with ([@I3)) implies that the following energy estimate holds for A < Ay,

U3 = U™ s + 8t (IV/ITVU™ 32 + VIEVW"52)
< ek gpN2ita)§2i-a) HUO”%%Q)'
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Summing this inequality from n = 0 to N gives

n
I3 + > 8t (VU 132 + /Y2
=0
< ||U0H%2 (1 +CC?VIQET2(1—O¢))\2(1+(¥)(5t/T)1—20()

which is the desired estimate. Note that gpT>(!~%) is a dimensionless constant. [

Remark 4.5 (No restriction on the polynomial order). We emphasize that one of
the key steps in the above stability proof is the control of the term ||AVZ" || 12 (k).
The two key arguments consist of the following: (i) subtracting the projection onto
constants of Z", i.e., [|AV(Z"™ — 1I°Z™)| 12(k), so as to be able to use the inverse
estimate (£.16); (ii) forming a residual relying on the orthogonality property (£I17]).
This argument is borrowed from [5], where it was restricted to piecewise linear finite
elements. We have extended it to any polynomial degree k > 1 by taking advantage
of the nonlinear viscosity v{* which satisfies

evhiosck (£,U") < vi|k, VK € ’7'5”

Remark 4.6 (Restriction on «). The restriction o < % for stability in Theorem [£1]
seems to be purely technical. Thorough numerical experiments have shown that the
method is stable and convergent with o = 1. We then conjecture that Theorem [£.1]
should hold in the range « € [0, 1].

5. MIDPOINT RK?2

The algorithm presented in §4.1] relies on a viscosity that is built from the pre-
vious time step (see ([@A)-(.1)). This may seem a little odd since we are solving
a Cauchy problem. We propose in this section an alternative technique that con-
sists of constructing the viscosity on the fly. The method is implemented with the
midpoint RK2 technique.

5.1. The algorithm. Let to = 0 and let U € V(7)) be an approximation of wu.
Let A > 0 be a CFL number. Let U™ € V(7)) be the approximation of v at time ¢,,
n > 0. Let dt, be a given time step possibly restricted later by the CFL number
(see (B3)) and set t, 1 = t,, + dt,,. The midpoint RK2 algorithm is formulated as
follows: Seek W™ € V(T) and U™ € V(T) satisfying

Sty .
(5.1) (W™, V)q—(U",V)q+ 7(V'f(U ), V)a =0,
(5.2) (U™, V)q — (U™, V)q + 6t,(VE(W™), V)q + 6t, (V" VW™, VV)q = 0,

for all V' € V(T), where the viscosity v™ is defined below. We assume that the time
step satisfies the condition

hi
(5.3) 5t < A min -
KeT max([|[£'(U™)| Lo () £/ (W™)[ Lo (k)

Note that the above condition can only be verified a posteriori. If the condition (5.3)
is not satisfied, the computation of W and U™*! is redone with a smaller time step,
say Oty is divided by 1.5. This procedure always terminates due to the uniform Lip-
schitz assumption on the flux f; i.e., picking 0t,, smaller than m minge7 hi
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1054 ANDREA BONITO, JEAN-LUC GUERMOND, AND BOJAN POPOV

always guarantees that (53] holds. To avoid issues induced by the boundary con-
dition we assume that W™ satisfy the following conservation properties:

(5.4) (VEW™), ™), > 0.
We refer to §2.1] for a discussion on the validity of this assumption.

Let ¢cpr > 0, ¢cg > 0 and o > 0 be three real numbers, and we introduce the
following time-dependent partition of 7 = T UTZ, L™ := T\TZ,

(5.5) Tg":={K €T :cpl|h"R"||1=(rc) < em ' (U)o (i)} v i=T\TS,
where the residual R™ is defined by

wnr —-un
(5.6) R" := ZT + VE(W™).

We define the viscosity v™ : 2 — R at time t,, n > 1, as

(5.7) Vil = min(vy |k, Vi k), ifKGT‘?UTS",
Vi i if K e L™,

where

(5.8)  viirlx := earhre max([['(U")]| Lo o), 1€/ (W) o (x6))
(5.9) V'K = hg max(cg||h®R"|| L~ k), carosck (£, W), eanlge (£, W™, U™)).

The oscillation oscg (f, W™) is defined in (@8) and the nonlinear variation
nlg (£, W™, U™) is defined in ([@I0).

Remark 5.1 (Consistency of viscosities). The set 77 U L™ is composed of the ele-
ments where the viscosity saturates to first-order, v™ = cp max(||h £'(U™)|| Lo (k)
|h £'/(W")||Le(k)), and Tg is composed of the elements where the viscosity is
formally higher-order, v & cp||h***R™|| L (k). Note that [[h't*R"|| Lo (g is for-
mally of order O(h}*dt,,), whereas hxoscr (f, W") and hgnlg (f, W",U™) are of
order O(h3,) and O(hgdt2), respectively. We refer to Remarks ILIHAJ for dis-
cussions on the viscosities. Note again that the consistency error induced by the
entropy viscosity is of higher order than that of the second-order RK2 method.

Remark 5.2 (Definition of ¢ps and cg). The constants cp; and cg are user-defined;
cpr is nondimensional and of order one, whereas cg is dimensional. For instance,
just like in Remark .4 one can set

lea
5.10 CE ‘= (g
1) DT
or cg = cEDl_aHu()HZalC(Q), where D := diam(f2) and cg is a user-defined non-

dimensional constant of order one; see also Remark 3.1

We mention two useful bounds that we will use repeatedly. On one hand,
(5.11) Stallf' (V) Vlla(r < exf AIVP™ Vol
holds for V.= U" or V.= W™ and for any subset 7 C T{# UL" and any ¢ € H'(7).
On the other hand,
(5.12) vk < ey max([|h £/(U")] e ), [ £/ (W) e (5)) VK €T,
(5.13)  max(cprhgoscx (£, W), earhgnlg (£, W™, U™)) < vk, VK eT.
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5.2. Stability analysis of RK2/midpoint. We now analyze the L2-stability of
the Midpoint time discretization of (21I).

Theorem 5.1 (Stability of RK2/midpoint). Let (U")?}, (W), be the sequences
produced by the algorithm (&I)-B2)-EX). There is Ag > 0 that depends only on
the user-defined parameters cpy, ¢g, the Lipschitz constant of the flux, and on the
mesh family constants cy, c¢;, and there is a constant ¢ that additionally depends
linearly on T2~ so that the following L?-stability estimate holds for all t,, < T
and all A € (0, Ay],

n
[ 20y + S StV AT 2y < (U030 (1 4+ X240 (3t/T) 20,
1=0

where 6t := max;—q..., 6t;. Moreover, the algorithm is L?-stable if o < %

,,,,,

Proof. The proof is similar to that provided in §lfor the Heun method and we only
outline the main steps.

Step 1. Testing (B2)) with W™ gives
(5.14) U™ H[Z20) = 1U™172q) + 20tn [VVIVW(|T2 () < (Y™, U™ = UM)q,
where we used the conservation property (5.4]) and the notation

Y =U"tt 4 U - 2w

In view of (514, we need to establish a bound on [[Y™||z2(q). The linear combi-
nation (.2)—2x EI) gives us a way to control Y:

(5.15) (Y™, V)q = =dt,(f'(W") —£'(U™)) - VW, V)q
St (B (UMW — U™, Vg — 8ty (0" VW™, VV g, ¥V € V(T).
Owing to the definition of the viscosity v™ (see ({I0) and (@I3])), we have
Ot [/ (W) = £(U™)[Fw (1) < 4" A

which in turn gives
(5.16)

=0t ((F'(W™) —£/(U™)) - VW™, V) < 261\74%)\%6152 IV W™ | 20y | V] £2(6)-
The second term in the right-hand side of (515 is handled as follows:
=0ty (F'(UMV(W" =U"), V)a < A[AV(W" = U") || 12(0) |V || 22(0)-
For the third term in the right-hand side of (5I5]), we use the bound (B.I2) on
V™| i and an inverse estimate
St (VYW YV )g < cicd AE O VI W 2oy |V | 2 -

Gathering the above three estimates we arrive at
(5.17)
Y™ 7200 < A2[Ih V(W™ = U™)||72(q) + ¢ (Genmr + e YAt [V VW (|72 g

Then upon introducing the notation Z" := W" — U™, we now realize that we must
find a bound on A||h VZ™||12(q).
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1056 ANDREA BONITO, JEAN-LUC GUERMOND, AND BOJAN POPOV

Step 2. Recalling that II° is the L?-projection over constants and that II is the
L2-projection onto V(T), we set X" := Z" —[I'Z™ and we observe that

(5.18)
¢’ X" 2 < IRV 272 = D IAVX 2y < X" 72 = 2 (ILX™, 2")q.
KeT

Then, (5.0)) together with (5I8) and the stability of the L?-projection yields
1
N(AV Z™ ([ 2(q) < —§c§5tnAQ(HX",v-f(U"))Q

1 1
< —chétn/\Q(HX”, £(U™)-VIW™)q + 5c2<5tnA2(r1)(", £'(U™)VZ™)q

K2

1 1
< —chétnz\Q(HX", £(U™). VW) + 5c2cOA3||hvzn\|§2(m.

4

1 we deduce that

Restricting Ag < ¢; 200_
(5.19) NV ZM[72(q) < =5t PAIX, £/ (U)-VIW ™).

We are now going to use different techniques to deduce a bound from above on the
quantity §t, \2|(ILX™, £'(U™)-VW™)q| in the smooth and in the viscous regions.

Step 3 (Control over Ty ). Invoking (BII) with V' = U™ and the stability of the
L?-projection, we write
11
Stn N2|(TIX ™ £/ (U™)- VW™ )| < 0 SEANZ | X" | Loy VY™ VIV 207y,
which, owing to (5I8), gives
Stp N|(IX" £/(U™)- YW )7 | <MDV 27720
(520 TR —
+T/\ (Sth l/nVWnHLz(Q),
where € is a constant yet to be chosen.

Step 4 (Control over Tg). We now focus our attention on the smooth region, and
we use the property that the residual (5.6]) is small in the smooth region. We have
Stp A (ILX" £/ (U™)- VW) = St (X", (£/(U™) — £/(W"))- VW™ )
+ 5t AP (IIX", VE(W™)) 70
Note that the first term in the right-hand side of the above expression is directly

absorbed in the viscosity using (5.I6]). Indeed, the stability of II and (5I8]) imply
that

St NA(IIX™, (£/(U™) — £/ (W) VW) 7 < ey coNEStE [N W |2 [V 27| 12
2 —1
ANt [V 0.

where € > 0 is yet to be chosen. The remaining term, &, \*(ILX™, VEW™)) 7z, is
the most critical one. We start by writing

St A2(IIX™, VEW")) 70 = St A2(IIX™, Hov'f(Wn))TS"
01N (ILX", VEW™) — IOV ™) 7.

<N’ ||h V2 |[faq) +
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Taking advantage of the orthogonality of X™ := Z™ — [I°Z™ with respect to piece-
wise constants and of the orthogonality of X™ — IIX™ with respect to elements in
V(T), we infer that
St A (X", VE(W™)) 70 = 0, A2 (IMX" — X TIOVAE(W™)) 70

+ 5t AP (IIX ™, VE(W™) = IOVE(W™)) 70,

= 6t N (IIX" — X7, (0t) "' Ryn (W™ = U") + VE(W")) 70
+ 5t A2 (IX" — X IOV (W™) — VE(W™)) 7
+ 5t AP (IX", VE(W™) = TIOVE(W™)) 72,
where Rz is defined by @I3) and is the identity operator over 7;” The direct
decomposition of the domain partition into 7 = T UL" U T} (see Figure[I)) yields

St A (X", VE(W™)) 70 = 0, A2 (X" — X7, R")
2 n n 0 n
+ 5t A2 (X7, VE(W™) = TIOVAE(W™)) 70

+ 5t AP (IIX™ — X7, (6tn) 'Ry (W' = U™) + VE(W"™)) 2n
= Il —|— IQ + Ig.

Proceeding as in the proof of Theorem [£.I] we obtain the following bounds for each
term:

2
c —a
L <N X120 + MT%’\2(1+Q)&$L(1 0010

I < X[ X" 72 + EA%%IIW"VW 122 ()

cc? — c /n
I §6)\2||Xn||L2 +MTgE>‘2(1+a)6ti(l 0‘)||U0||%2(Q)—|— M>\3(5th V”VW"II%z(Q),

ec
where gg is defined in ([£22). Gathering the above estimates and using (518)) yields
(5.21) St N (IX"™, VE(W™)) 70 < 3cgeA®||h V27|
2 /
+ UIE N2 0| U022 ) + —— N5t [ VU 320,
€ €ECMm

Step 5 (Control of |AVZ™||12(qy and |[Y™||12(q)). Combining (520) and (5.21)),
and setting € = we can finally rewrite (0.19) as follows:

1
SCS’
(5:22) NhVZ" 32 < ccdrgeA2 52|02z g

+ (e + ey )Nt ||V V"VW"H%z(Q).

We now combine the above estimate with (5I7) to arrive at

(523) V"2 < ccdgpA 0520 002, 0
+ A1+ N (cZenr + ¢y )t ||V V"VW"H%Q(Q).
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Step 6. We now conclude. Upon observing that
(", U = U)ol = [V [[Z2(q) + 2, W™ = U)al
< ||Yn||%2(sz) Y 2 12" |2 () -
and by using the estimates (0.22) and (5.23) in (5.14), we infer that
U220y = U 72 () + 208l VR VW22,
< CC%QE)\%HO‘)&?}PQ)||U0||%2(sz)
+ A1+ N2)(Fen + e )otn [V VIV 220

Upon further restricting Ag so that ¢/Ag(1 + A2)(cZear + ¢;;) < 1, we conclude by
using the usual telescoping argument. (Il

Remark 5.3 (Restriction on «). The stability restriction o < % in Theorem [5.1]
seems to be technical. We conjecture again that Theorem [5.] should hold in the
range « € [0, 1].

6. DISCUSSION ON ENTROPIES

The method discussed above bears some resemblance to the residual-based shock
capturing techniques from [I5l23] when E(u) = u. The present method is, however,
significantly different from that in [I5,23] in the sense that the viscosity is scaled
differently, it is not allowed to exceed the first-order viscosity cas||hB| Lo (k), the
time stepping is explicit, and our analysis does not require any sort of additional
linear stabilization to work properly (Galerkin-Least-Squares, streamline diffusion
[16], SUPG [3], Discontinuous Galerkin [I7] or edge stabilization [6]). Our analysis
is similar in spirit to that of [4], where convergence of a class of nonlinear viscosity
methods for the one-dimensional Burgers equation is performed without using any
type of linear stabilization. This idea was later applied to viscoelastic systems in
[2]. However, our work differs from [4] in that the viscosity is built differently and
the time is kept continuous in [4].

We illustrate the method on the inviscid Burgers equation in Figure 2l The do-
main is periodic, = (0, 1), the initial data is ug(z) = sin(27z). The computation
is done with continuous piecewise linear finite elements and RK2 time stepping
(the Heun and the midpoint method give similar results). The solution is shown
at T = 0.25. The displayed results have been obtained with the residual viscosity,
E(u) = u, and the square entropy E(u) = %uz. We observe that the method per-
forms very well in both cases and the viscosity focuses in the shock (note that the
viscosity field in displayed in log scale).

In some cases it may be beneficial to use nonlinear entropies like E(u) = |u—¢|?,
~ > 1. Although we have numerically observed that the method performs well with
these entropies, we have not yet been able to prove stability. To motivate the
use of higher-order entropies even for the linear transport equation, f(u) = Bu,
we show in Figure [3] numerical tests on the transport equation in the unit disk
Q= {(z,y) € R? /22 + y? < 1} using the entropy viscosity method with three
different entropies: E(u) = u — 3 (Figure B(a)), E(u) = (u — £)? (Figure B(b)),
and E(u) = (u—1)3° (FigureBlc)). The velocity field is a solid rotation of angular
velocity 2m, i.e., B3 = 2w(—y,x). The initial field is ug(x) = 1 if x is in the disk of
radius 0.5 centered at (0.6,0) and ug(x) = 0 otherwise. The space approximation
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STABILITY ANALYSIS OF EXPLICIT ENTROPY VISCOSITY METHODS 1059

is done on a mesh composed of 25901 Py nodes (h & 0.025). The time stepping is
done with the SSP RK3 method. The solution is computed at T" = 10, i.e., after
10 revolutions. This example shows that the higher the nonlinearity in the entropy
the better the performance of the method when applied to the linear transport
equation with piecewise constant data (at least in the eyeball-norm).

Finally, we would like to emphasis once again that the choice of entropy viscosity
to be used is problem-dependent. It may happen that for problems with nonconvex
fluxes more than one entropy may have to be used to construct the viscosity.

J . J —1
-1.1 -1.1

0 1
(a) E(u) =u
1.0x10 72 1.0x1072
1.0x10 7> 1.0x10 7
1.0x10 4] 1.0x10 4]
1ox10™ 1ox107™
0 1 0 1
(c) E(u) =u (d) B(u) = ju?

FIGURE 2. Burgers equation, P; continuous finite elements, RK3,
50 elements.

Licensed to Texas A & M Univ. Prepared on Fri Feb 21 19:02:36 EST 2014 for download from IP 165.91.114.141.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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(a) B(u) = 2u — 1 (b) E(u) = (2u — 1)2

(c) B(u) = (2u — 1)*

FIGURE 3. Tests on the linear transport equation with three dif-
ferent entropies.
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