DIFFERENTIAL GEOMETR Y OF SUBMANIF OLDS OF
PR OJECTIVE SPACE

J.M. LANDSBER GY

Abstract. These are lecture notes on the rigidit y of submanifolds of projective
space \resembling" compact Hermitian symmetric spacesin their homogeneous embed-
dings. The results of [16, 20, 29, 18, 19, 10, 31] are surveyed, along with their classical
predecessors. The notes include an intro duction to moving frames in projective geome-
try, an exposition of the Hwang-Yamaguchi ridgidit y theorem and a new variant of the
Hwang-Yamaguchi theorem.

1. Overview.

Intro duction to the local di erential geometry of submanifolds of
projective space.

Intro duction to moving frames for projective geometry.

How much must a submanifold X PN resenble a given subman-
ifold Z PM innitesimally beforewe can concludeX ' Z?

To what order must a line eld on a submanifold X PN have
contact with X before we can concludethe lines are contained in
X?

Applications to algebraic geometry.

A new variant of the Hwang-Yamagudi rigidit y theorem.

An exposition of the Hwang-Yamagudi rigidity theorem in the
languageof moving frames.

Represenation theory and algebraic geometry are natural tools for
studying submanifolds of projective space. Recerly there has also been
progressthe other way, using projective di erential geometry to prove re-
sults in algebraic geometry and represeration theory. These talks will
focus on the basics of submanifolds of projective space, and give a few
applications to algebraic geometry For further applications to algebraic
geometry the reader is invited to consult chapter 3 of [11] and the refer-
encestherein.

Due to constraints of time and space,applications to represeration
theory will not be given here, but the interested reader can consult [23] for
an overview. Entertaining applications include new proofs of the classi -
cation of compact Hermitian symmetric spaces,and of complex simple Lie
algebras,basedon the geometry of rational homogeneouwarieties (instead
of root systems), see[22]. The applications are not limited to classical
represeration theory. There are applications to Deligne's conjectured cat-
egorical generalization of the exceptional series[25], to Vogel's proposed
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Universal Lie algeba [27], and to the study of the intermediate Lie algebra
e [26].

Notations, conventions. | mostly work over the complex numbers
in the complex analytic category, although most of the results are valid in
the C! category and over other elds, even characteristic p, aslong asthe
usual precautions are taken. When working over R, someresults become
more complicated asthere are more possiblenormal forms. | usenotations
and the ordering of roots asin [2] and label maximal parabolic subgroups
accordingly, e.g., P refersto the maximal parabolic obtained by omitting
the spacescorresponding to the simple root . hvy; i wi denotesthe
linear span of the vectorsvy; i vi. If X PV isasubset,X V denotes
the corresponding conein V nO, the inverseimageof X under the projection
Vn0! PV. and X PV denotesthe Zariski closure of X, the zero set
of all the homogeneouspolynomials vanishing on X . When we write X ",
we mean dim (X ) = n. We often usel d to denote the identit y matrix or
identit y map. Repeated indicies are to be summedover.

Acknowledgemen ts. These notes are based on lectures given at
Seoul National University in June 2006, the IMA workshop Symmetries
and overdetermined systemsof partial di er ential equations July 2006and
at CIMAT (Guanajuato) August 2006. It is a pleasureto thank Professors
Han, Eastwood and Hernandezfor inviting meto give theserespective lec-
ture series. | would also like to thank ProfessorYamagudi for carefully
explaining his results with Hwang to me at the workshop and Professor
Robles for reading a draft of this article and providing corrections and
suggestionsfor improvemert.

2. Submanifolds of pro jectiv e space.

2.1. Pro jectiv e geometry . Let V be a vector spaceand let PV de-
note the assaiated projective space. We think of PV asthe quotient of
GL(V), the generallinear group of invertible endomorphismsof V, by the
subgroup P; preservinga line. For exampleif we take the line

i

then
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where, if dimV = N + 1 the blocking is (1;N) (1;N), soP; is the group
of invertible matrices with zerosin the lower left hand block.

In the spirit of Klein, we considertwo submanifoldsM;M, PV to
be equivalent if there exists someg 2 GL(V) sud that g:M; = M, and
de ne the corresponding notion of local equivalence.

Just asin the geometry of submanifolds of Euclidean space,we will
look for di er ential invariants that will enableus to determine if a neigh-
borhood (germ) of a point of M ; is equivalent to a neighborhood (germ) of
a point of M,. Theseinvariants will be obtained by taking derivativesat
a point in a geometrically meaningful way. Recall that secondderivatives
furnish a complete set of di erential invariants for surfacesin Euclidean
three space-the vector-bundle valued Euclidean rst and secondfunda-
mental forms, and two surfacesare locally equivalert i there existsa local
di eomorphism f : M; ! Mj preservingthe rst and secondfundamertal
forms.

The group of admissiblemotions in projective spaceis larger than the
corresponding Euclidean group so we expect to have to take more deriva-
tivesto determine equivalencein the projective casethan the Euclidean.
For example,it waslong known that for hypersurfacesx”  P"*! that one
needsat leastthree derivatives,and Jensenand Musso[12] shoved that for
most hypersurfaceswhenn > 1, three derivativesare su cien t. For curves
in the plane, by a classicalresult of Monge, one needssix derivatives!

In order to take derivativesin a way that will facilitate extracting
geometric information from them, we will use the moving frame Before
dewveloping the moving frame in x3, we discussa few coarseinvariants with-
out machinery and state seweral rigidit y results.

2.2. Asymptotic directions. Fix x 2 X"  PV. After taking one
derivative, we have the tangent space Ty X T« PV, which is the set of
tangent directions to lines in PV having contact with X at x to order at
leastone. Sincewe arediscussingdirections, it is better to considerPTy X
PTxPV. Inside PTxX is G:x «x PT, X, the set of tangent directions
to lines having contact at least two with X at x, these are called the
asymptotic directions in Euclidean geometry, and we cortinue to usethe
sameterminology in the projective setting. Continuing, we de ne G.x x
for all k, and nally , G .x x, which, in the analytic category, equalsCx  ,
the lines on (the completion of) X through x. When X is understood we
sometimeswrite Gcx for Gix «x .

What does Gx ., or more geneally G.x x tell us alout the geometry
of X?

That is, what canwe learn of the macroscopicgeometry of X from the
microscopicgeometry at a point? To increasethe chancesof getting mean-
ingful information, from now on, when we are in the analytic or algebraic
category, we will work at a geneal point. Loosely speaking, after taking k
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derivativesthere will be both discrete and cortin uousinvariants. A general
point is one where all the discrete invariants are locally constart.

(To bemoreprecise,if oneis in the analytic category, oneshould really
speak of k-generalpoints (those that are generalto order k), to insure there
is just a nite number of discreteinvariants. In everything that follows we
will be taking just a nite number of derivatives and we should say we
are working at a k-general point where k is larger than the number of
derivativeswe are taking.)

When we are in the C! category, we will work in open subsetsand
require whatever property we are studying at a point holds at all points in
the open subset.

For example, if X" is a hypersurface, then G.x x is a degreetwo
hypersurfacein PTx X (wewill provethis below), and thusits only invariant
is its rank r. In particular, if X is a smooth algebraic variety and x 2
Xgenera the rank is n (seee.g., [6, 11]) and thus we do not get much
information. (In cortrast, if r < n, then the Gaussmap of X is degenerate
and X is (locally) ruled by P" "'s.)

More generally, if X" P"*a then G.x x is the intersection of at
most min (a; ”;1 ) quadric hypersurfaces,and one generally expectsthat
equality holds. In particular, if the codimensionis su cien tly large we ex-
pect G« to be empty and otherwise it should have codimensiona. When
this fails to happen, there are often interesting consequencefor the macro-
scopicgeometry of X .

2.3. The Segre variety and Griths-Harris conjecture. Let
A; B bevector spacesandlet V = A B. Let

X = P(rank onetensor§ PV:

Recall that every rank one matrix (i.e., rank onetensor expressedn terms
of bases)is the matrix product of a column vector with a row vector,
and that this represenation is unique up to a choice of scale,so when we
projectivize (and thus intro duce another choice of scale)we obtain

X' PA PB:

X is called the Segre variety and is often written X = Seg(PA PB)
P(A B).

We calculate G« for the Segre.We rst must calculate Ty X  TxPV.
Weidentify TxPV with V mod R andlocate T, X asasubspaceofV mod %.

Let x = [ag In] 2 Seg(PA PB). A curve x(t) in X with x(0) = x
is given by curvesa(t) A, b(t) B, with a(0) = ag;b(0) = ky by taking
x(t) = [a(t)  b(t)].

0

d.
qilea b=a +a o
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and thus
TxX = (A=a) b a B=kymoday h:
Write A°= (A=ag) Iy, B%= a, (B=ky) so
X' A° B

We now take secondderivativesmodulo the tangent spaceto seewhich
tangent directions have lines osculating to order two (these will be the
derivativesthat are zeromodulo the tangent space).

d? .
Wk:o a h=a +ay B+a K’mod 2 (2.1)

ad B mod TyX: (2.2)
Thus we get zeroi either ad = Oor b = 0, i.e.,
Gx x = PA°t PB? P(A° B9

i.e., Gx x is the disjoint union of two linear spaces,of dimensionsdim A
2;dimB 2. Note that dim G is much larger than expected.

For example, considerthe caseSeg(P? P?) P8, Here Gy is de ned
by four quadratic polynomials on P® = P(T,X ), soonewould have expected
G.x to be empty. This rather extreme pathology led Griths and Harris
to conjecture:

Conjecture 2.1 (Griths-Harris, 1979[6]). LetY* P® be a vari-
ety not contained in a hyperplaneandlety 2 Ygenerai - If Gy = Pt P!
P3 = P(T,Y), thenY is isomorphic to Seg(P?> P?).

(The original statemert of the conjecturewasin terms of the projective
secondfundamenal form de ned below.) Twenty years later, in [16] |
showed the conjecture was true, and moreover in [16, 20] | showed:

Theorem 2.1. Let X" = G=P PV be a rank two compact Her-
mitian symmetric space (CHSS) in its minimal homageneus emtedding,
other than a quadric hypersurface. Let Y" PV be a variety not con-
tained in a hyperplane and let y 2 Ygenera- If Gy ' Gxix thenY is
projectively isomorphic to X .

An analogousresult is true in the C! category, namely

Theorem 2.2. Let X" = G=P PV be a rank two compact Her-
mitian symmetric space (CHSS) in its minimal homayen®us emtedding,
other than a quadric hypersurface. Let Y" PW be a smath submanifold
not contained in a hyperplane. If Gy, ' Guxx forally 2 Y, thenY is
projectively isomorphic to an open subsetof X .

The situation of the quadric hypersurfaceis explained below (Fubini's
theorem) - to characterizeit, one must have G,y = G.qx -

The rank two CHSS are Seg(PA PB), the Grassmaniansof two-
planes G(2; V), the quadric hypersurfaces,the complexi ed Cayley plane
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OP? = Eg=Ps, and the spinor variety Ds=Ps (essetially the isotropic 5-
planesthrough the origin in C*° equipped with a quadratic form - the set
of such planesis disconnectedand the spinor variety is one (of the two)
isormorphic componerts. The minimal homogenousembedding is also in
a smaller linear spacethan the Plucker embedding of the Grassmannian.)
The only rank one CHSS s projective spaceP". The rank two CHSS and
projective spaceare examplesof rational homaeneus varieties.

2.4. Homogeneous varieties. LetG GL(V) beareductive group
acting irreducibly on a vector spaceV. Then there exists a unique closed
orbit X = G=P PV, which is called a rational homagyeneus variety.
(Equivalently, X may be characterizedasthe orbit of a highestweight line,
or asthe minimal orbit.)

Note that if X = G=P PV is homogenous,Tx X inherits additional
structure beyond that of a vector space. Namely, considerx = [l d] asthe
classof the identity elemen for the projection G! G=P. Then P acts
on Ty X and, asa P-module T, X ' g=p. For example, in the caseof the
Segre, Ty X wasthe direct sum of two vector spaces.

A homogeneousvariety X = G=P is a compact Hermitian symmetric
space, or CHSS for short, if P acts irreducibly on T4xX. The rank of a
CHSS s the number of its last nonzero fundamertal form in its minimal
homogeneousnmbedding. (This de nition agresswith the standard one.)
Fundamertal forms are de ned in x3.4.

Exer cise 2.1. The Grassmannian of k-planes through the origin in
V, which we denote G(k; V), is homayenousfor GL(V) (we have already
seen the special case G(1;V) = PV).

Determine the group Px ~ GL (V) that stabilizesa point. Show that
TeG(k;V) "' E  V=E in two di er ent ways- by an argument as in the
Sgyre case above and by determining the structure of g=p.

While all homogeneouwarieties have many special properties, the rank
at most two CHSS (other than the quadric hypersurface)are distinguished
by the following property:

Pr oposition 2.1. [21] Theorem 2.1 is sharpin the sensethat no other
homaen®us variety is completely determined by its asymptotic directions
at a geneal point other than a linearly emtedded projective space.

Nevertheless,there are signi cant generalizationsof Theorem 2.1 due
to Hwang-Yamagudi and Robles discussedbelow in x3.5. To state these
results we will needde nitions of the fundamenrtal forms and Fubini cubic
forms, which are given in the next section.

However, with an additional hypothesis - namely that the unknown
variety hasthe correct codimension, we obtain the following result (which
appearshere for the rst time):

Theorem 2.3. Let X" CP"*2 be a complex submanifold not con-
tained in a hyperplane. Let x 2 X be a geneal point. Let Z" P"*2 pe
an irr educible compact Hermitian symmetric space in its minimal homo-
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gen®us emtedding, other than a quadric hypersurface. If G.x x = Gz
then X = Z.

Remark 2.1. The Segre variety has G = G = PA’t PB°
P(A° BY = PT,X. To see this, note that a matrix has rank one i
all its 2 2 minors are zem, and theseminors provide de ning equations
for the Segre. In geneanl, if a variety is de ned by equations of degree
at most d, then any line having contact to order d at any point must be
contained in the variety. In fact, by an unpublishel result of Kostant, all
homayen®usly emtedded rational homageneus varieties G=P are cut out
by quadmtic equations s0 G.g=p x = Cs=p x -

3. Moving frames and dieren tial invariants. For more details
regarding this section, seechapter 3 of [11].

Onceand for all x indexrangesl ; ; n,n+1 n+ a,
0 AB;C n+a=N.

3.1. The Maurer-Cartan form of GL(V). Let dmV = N + 1,
denote an element f 2 GL(V) by f = (ep;:::;en) where we may think of
the ea as column vectors providing a basisof V. (Once a referencebasis
of V is xed, GL (V) is isomorphicto the spaceof all basesof V.) Each ea
is a V-valued function on GL(V), ea : GL(V) ! V. For any di erentiable
map between manifolds we can compute the induced di eren tial

deajr : TrGL(V)! Te, V
but now sinceV is a vector space,we may identify Te, V' V and consider
den : Tt GL(V) IV

i.e., des is a V-valued one-formon GL (V). As suc, we may expressit as

den = e! 2 +el 5+ +ey!h

where! & 2 1(GL(V)) are ordinary one-forms(This is becauseey; :::; ey
is a basisof V so any V-valued one form is a linear combination of these
with scalar valued one forms as coe cien ts.) Collect the forms ! & into a
matrix = (! 8). Write & = (dep;::;;dey), sod = f or

=f d

is called the Maurer-Cartan form for GL(V). Note that ! § measures
the in nitesimal motion of eg towards e, .
Amazing fact: we can compute the exterior derivative of  algebraically!
We haved = d(f 1)~ d sowe needto calculate d(f ). Hereis where
an extremely useful fact comesin:

The derivative of a constant function is zero.
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We calculate 0 = d(ld) = d(f f) = d(f Y)f + f d, and thus
d = f df !~ d but we can move the scalar valued-matrix f 1!
acrossthe wedgeproduct to conclude

d =~

which is called the Maurer-Cartan equation. The notation is suc that
(~)A=1A71G,

3.2. Moving frames for X  PV. Now let X" P""28 = PV be
a submanifold. We are ready to take derivatives. Were we working in
coordinates, to take derivativesat x 2 X, we might want to choose coor-
dinates such that x is the origin. We will make the analoguousadaptation
using moving frames, but the advantage of moving framesis that all points
will be as if they were the origin of a coordinate system. To do this, let

:FQ := GL(V)jx ! X bethe restriction of :GL(V)! PV.

Similarly, we might want to choose local coordinates (x1;::;;x"*2)
about x = (0;::;0) such that T,X is spannedby 2&;;::; 5%, Again,
using moving framesthe e ect will be asif we had chosensud coordinates
about ead point simultaneously. To do this, let : F!! X denote the
sub-bundle of F{ preservingthe ag

2 X v

Recall# V denotesthe line corresponding to x and T, X denotesthe
ane tangent spaceT,X V, where[v] = x. Let (ep;:::;en+a) be a basis
of V with dual basis (e°;::;;€"*2) adapted such that ey 2 ® and feg;e g
span‘fxx. Write T = Ty X and N = Ny X = T,PV=T,X.

Remark 3.1. (Aside for the experts) | am slightly abusingnotation in
this section by identifying T\ X=% with T,X := (f}\X=%) 2 and similarly
for Ny X.

The berof :F'! X overa point is isomorphicto the group

8 0 1 9
< g o o =
Gi=, g=@0 g gA g2GL(V),
: 0 0 g '

While F! is not in generala Lie group, sinceF!  GL(V), we may
pull back the Maurer-Cartan from on GL(V) to F1. Write the pullback of
the Maurer-Cartan form to F! as

0 0
|
‘0

|
=@, !
!

0 -01
A
!0

|
!
!
The de nition of F! implies that ! , = 0 because

_ +1 +
deO—!geO"' +!8en+!8 €h+1 T +!8aen+1
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but we have required that ey only move towards e;;:::;;e, to rst order.
Similarly, becausedim X = n, the adaptation implies that the forms! ,
are all linearly independert.

At this point you should know what to do - seeingsomething equalto
zero, we di erentiate it. Thanks to the Maurer-Cartan equation, we may
calculate the derivative algebraically. We obtain

0=d(l,)= ! ~l,8:

Sincethe one-forms! , are all linearly independert, it is clear that the !
must be linear combinations of the ! ;, and in fact the Cartan lemma (see
e.g.,[17], p 314) implies that the dependenceis symmetric. More precisely
(exercise!) there exist functions

q :F't C
with ! =g !, and moreoverqg = q . One way to understand the
equation! = q !, isthat the in nitesimal motion of the embeddedtan-

gert space(the in nitesimal motion of the e 's in the direction of the e 's)
is determined by the motion of ey towards the e 's and the coe encients
g encde this dependence.

Now :F!'! X wasde ned geometrically (i.e., without making any
arbitrary choices)so any function on F ! invariant under the action of G;
descendsto be a well de ned function on X, and will be a dier ential
invariant. Our functions q are not invariant under the action of Gy,
but we can form a tensor from them that is invariant, which will lead to
a vector-bundle valued di er ential invariant for X (the samephenomenon
happensin the Euclidean geometry of submanifolds).

Consider

1T = Fay =151 (e modTeX)=q !o!, (e mod T,X)

IT2 (FY; (S?T X NX))isconstart onthe b er andinducesatensor
Il 2 ( X;S?T X NX). called the projective second fundamental form.

Thinking of 11, : N, X I S2T, X, we may now properly de ne the
asymptotic directions by

G = P(Zeros(I 1x(N, X)) PTyX:

3.3. Higher order dieren tial invariants: the Fubini forms.
We cortinue di eren tiating constant functions:

0=d(! q !y

yields functions r :F11 C, symmetric in their lower indices, that in-
duceatensorFz 2 ( F'; (S®T X NX)) calledthe Fubini cubic form.



10 J.M. LANDSBER G

Unlike the secondfundamertal form, it does not descendto be a tensor
over X becauseit variesin the b er. We discussthis variation in x6. Such
tensors provide relative di er ential invariants and by sucessie di eren tia-
tions, one obtains a seriesof invariants F, 2 (FY; (SKT  N)). For
example,

Fa=r lglgl, e
wherethe functionsr ;r are given by
r l!y,= dq qa !9 g! +q ! +q! (3.1)
r lg= dr 2r 19 r
° ° (3.2)
+S (r ! +q !9 gqq!):

Wede ne Gx := Zeros(Fai ;i Fes)  PTxX, which is independert
of our choiceof f 2 (x).

If one chooseslocal ane coordinates (x!;::;;x"*2) such that x =
(0;:::;0) and Ty X = h@(ﬂi, and writes X asa graph

X =0 XX r X X X +7r X X X X +

then there exists a local section of F 1 such that

Fojx = q dx dx @Q
Fsjx = r dx dx dx @Q
Fajx = 1 dx dx dx dx @Q

and similarly for higher orders.
n+1

(3.1) isasystemofa ", equationswith one-formsas coe cien ts for
the a ”gz coe cien ts of F3 and is overdetermined if we assumedq =
0, as we do in the rigidity problems. One can calculate directly in the
SegreSeg(P™ P"), m;r > 1 casethat the only possible solutions are
normalizable to zeroby a b er motion asdescribed in (6.4). The situation
is the samefor F4; F5 in this case.

In general,onceFy;:::; Fox 1 arenormalizedto zeroat a generalpoint,
it is automatic that all higher F; are zero, see[15]. Thus one hasthe ertire
Taylor seriesand hascompletelyidenti ed the variety. This wasthe method
of proof usedin [16], as the rank two CHSS have all Fx normalizable to
zerowhenk > 2.

Another perspective, for those familiar with G-structures, is that one
obtains rigidit y by reducing F* to a smaller bundle which is isomorphic to
G, where the homogeneousnodel is G=P.
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Yet another perspective, for those familiar with exterior di eren tial
systems,isthat after three prolongations,the EDSde ned by | = f! ;!
g !yg90nGL(V) becomesinvolutive, in fact Frobenius.

3.4. The higher fundamen tal forms. A componert of F3 doesde-
scendto a well de ned tensoron X . Namely, consideringFz : N | S3T |
if we restrict Fajkerr,, We obtain atensor F3 = 111 2 S3T N3 where
N3 = TyPV=f T, X + |1 (S?T«X)g. One cortinuesin this manner to get a
seriesof tensors Fy called the fundamental forms.

Geometrically, I1 measureshow X is leaving its embedded tangent
spaceat x to rst order, | 11 measureshow X is leaving its secondosculating
spaceat x to rst orderwhile F3 mod | |1 measureshow X is moving away
from its embeddedtangent spaceto secondorder.

3.5. More rigidit y theorems. Now that we have de ned fundamen-
tal forms, we may state:

Theorem 3.1 (Hwang-Yamagudi). [10] Let X" CP"2 pe a
complex submanifold. Let x 2 X be a geneal point. Let Z be an ir-
reducible rank r compact Hermitian symmetric space in its natural em-
bedding, other than a quadric hypersurface. If there exists linear maps
foo TX ! T,Z, ok : NkxX ! Ng.zZ such that the induced maps
SKT, X NyX ! SKT,Z N,Z take Fyx x to Fy:z; for 2k r, then
X =2Z.

In [22] we calculated the di erential invariants of the adjoint varieties,
the closedorbits in the projectivization of the adjoint represeration of a
simple Lie algebra. (Theseare the homogeneousomplex contact manifolds
in their natural homogeneougnmbedding.) The adjoint varietieshavel I | =
0, but, in all casesbut vo(P?" 1) = C,=P; P(c,) = P(S?C?") which we
exclude from discussionin the remainder of this paragraph, the invariants
F3; F4 are not normalizable to zero, even though Gx = Gx = Gx = G.
In a normalized frame G, is contained in a hyperplane H and F4 is the
equation of the tangential variety of G, in H, where the tangential variety

(X) PV of an algebraic manifold X PV is the union of the points
on the embedded tangert lines (P''s) to the manifold. In this casethe
tangertial variety is a hypersurfacein H, exceptfor g= a, = sly+1 which
is discussedbelow. Moreover, F3 consistsof the de ning equationsfor the
singular locus of (GC). In [22] we speculated that the varieties X 5q, With
the exception of vo(P?" 1) (which is rigid to order three, see[16]) would
be rigid to order four, but not three, due to the nonvanishing of F4. Thus
the following result cameas a supriseto us:

Theorem 3.2 (Robles,[31]). Let X2M 2 CP™ 2 pe a complex
submanifold. Let x 2 X be a geneal point. Let Z Psl, be the ad-
joint variety. If there exist linear mapsf : TxX ! T,Z, g:NyX ! N;Z
such that the induced maps SKT, X NyX ! SKT,Z N,Z take Fy:x x
to Fy.z, for k= 2;3,then X = Z.

Again, the corresponding result holds in the C* category.
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The adjoint variety of sl,, = sl(W) has the geometric interpretation
of the variety of ags of lines inside hyperplanesinside W, or equivalently
as the traceless,rank one matrices. It has G, the union of two disjoint
linear spacesin a hyperplanein PT,Z. The quartic F, is the squareof a
guadratic equation (whosezero set cortains the two linear spaces),and the
cubicsin F3 are the derivativesof this quartic, see[22], x6.

3.6. The prolongation prop erty and pro of of Theorem 2.3.
The precise restrictions |1 placeson the F¢ in generalis not known at
this time. However, there is a strong restriction |1 placeson the higher
fundamenrtal forms that datesbadk to Cartan. We recall a de nition from
exterior di erential systems:

Let U;W be vector spaces. Given a linear subspaceA SkU W,
de ne the j -th prolongationof A to be A1) := (A SIU )\ (SK*IU W),
Thinking of A as a collection of W-valued homogeneouspolynomials on
U, the j-th prolongation of A is the set of all homogeneousW -valued
polynomials of degreek + j on U with the property that all their j-th order
partial derivativeslie in A.

Pr oposition 3.1 (Cartan [3] p 377). Let X" P"2 andlet x 2 X
be a geneal point. Then Fyx (N,)  Fax(N,)k 2. (Here W is taken to
be the trivial vector sppce C and U = T4 X .)

Pr oposition 3.2. [21] LetX = G=P PV be a CHSSIin its minimal
homayeneus emtedding. Then Fix (N, ) = Fax (N,) 2. Moreover, the
only nonzero components of the Fy are the fundamental forms.

The only homayeneus varieties having the property that the only
nonzeto components of the Fy are the fundamental forms are the CHSS.

Proof. [Proof of Theorem 2.3] The strict prolongation property for
CHSS in their minimal homogenousembedding implies that any variety
with the samesecondfundamental form at a general point as a CHSSin
its minimal homogeneousmbedding can have codimensionat most that of
the corresponding CHSS, and equality holdsi all the other fundamertal
forms are the prolongations of the second. a

4. Bertini typetheorems and applications. The resultsdiscussed
so far dealt with homogeneousvarieties. We now broaden our study to
various pathologiesof the G .

Let T be a vector space. The classical Bertini theorem implies that
for a linear subspaceA  S?T , if g2 A is suc that rank(g) rank (9
for all g2 A, then u 2 qing = fv 2 T jg(v;w) = 08w 2 Tg implies
u2 Zeros(A) := fv2 TjQ(v;v) = 08Q 2 Ag.

Theorem 4.1 (Mobile Bertini). Let X" PV be a complexmanifold
and let x 2 X be a geneal point. Letg2 Il (N, X) be a generic quadric.
Then gsing is tangent to a linear space on X.

For generalizationsand variations, see[20].

The result holdsin the C! categoryif onereplacesa generalpoint by
all points and that the linear spaceis contained in X aslongasX cortinues



GEOMETR Y OF SUBMANIF OLDS OF PROJECTIVE SPACE 13

(e.g.,it is corntained in X if X is complete).

Proof. Assumev = e; 2 Gsing and q = qtt o!o. Our hypotheses
imply q?” = Ofor all . Formula (3.1) reducesto
it = ! "

If qis genericwe are working on a reduction of F! wherethe !  are inde-
pendert of eat other and independert of the semi-basicforms (although
the ! will no longer be independert of the ! ;! ); thus the coe cien ts
on both sidesof the equality are zero, proving both the classical Bertini
theorem and v 2 rging Wherer is a generic cubic in F3(N ). Then using
the formula for F4 one obtains v 2 Zeros(F3) and v 2 sging Wheres is a
genericelemen of F4(N ). Onethen concludesby induction. a

Remark 4.1. The mobile Bertini theorem essentialy datesbackto B.
Sayre [35], and was rediscovered in various forms in [6, 4]. Its primarary
use is in the study of varieties X" PV with defective dual varieties
X PV , wher the dual variety of a smaoth variety is the set of tangent
hyperplanes to X, which is usually a hypersurface. The point is that a
generic quadric in 11 (N, ) (with X 2 Xgeneral) is singular of rank r i
codmX =n r+ 1.

Example 1. Taking X = Seg(PA PB) and keeping the notations
of alove, let Y havethe same second fundamental form of X at a geneal
point y 2 Y so we inherit an identi c ation T,Y ' A% BOC If dmB =
b> a = dimA, then mobile Bertini implies that PB? is actually tangent
to a linear space on Y, becausethe maximum rank of a quadricis a 1.
So at any point [b] 2 PB? there is evena generic quadric singular at [b).
(Of course the directions of PA° are also tangent to lines on Y becausethe
Sare is rigid.)

While in [16] | did not calculate the rigidity of Seg(P* P")
P(C2 C"*), the rigidity follows from the samecalculations, howeverone
must take additional derivatives to getthe appropriate vanishing of the Fu-
bini forms. However there is also an elementary proof of rigidity in this
case using the mobile Bertini theorem [20]. Given a variety Y"*! pN
suchthat at a generl point y 2 Y, G., contains a P" 1, by 4.1 the result-
ing n-plane eld on TY is integrable and thus Y is ruled by P"'s. Sucha
variety arises necessarily from a curve in the GrassmannianG(n+ 1; N + 1)
(as the union of the points on the P"'s in the curve). But in order to also
havethe PP factor in Gy, sucha curve must be a line and thus Y must be
the Segre.

The mobile Bertini theorem describes consequencesof G,.x being
pathological. Here are someresults when G« is pathological for k > 2.

Theorem 4.2 (Darboux). Let X2 P2?*2 pe an analytic submanifold
and let x 2 Xgeneral- If there exists a line | having contact to order three
with X at x, thenl X. In other words, for surfacesin projective space,

Gx =G 8x2 X gener al -
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The C! analogueholds replacing generalpoints by all points and lines by
line segmetts contained in X .

There are se\eral generalizationsof this result in [18, 19]. Here is one
of them:

Theorem 4.3. [19] LetX" P"*! bean analytic submanifoldand let
X 2 Xgeneral - If Gcx Is an irr educible component with dim > n Kk,
then .

The C! analogholds with the by now obvious modi cations.

The proof is similar to that of the mobile Bertini theorem.

Exer cise 4.1. One of my favorite problemsto put on an undergrad-
uate di er ential geometry examis: Provethat a surface in Euclidean three
space that has more than two lines passing through each point is a plane
(i.e., hasanin nite number of lines passingthrough). In [30], Mezzettiand
Portelli showel that a 3-fold having more than six lines passingthrougha
geneal point must have an in nite  number. Showthat an n-fold having
more than n! lines passing through a geneal point must have an in nite
number passingthrough each point. (See [19] if you need help.)

The rigidit y of the quadric hypersurfaceis a classicalresult:

Theorem 4.4 (Fubini). LetX" P"*! bean analytic submanifoldor
algebeic variety and let X 2 Xgenerai- Say Gx = Gy . Letr = rankGy.
Then

If r > 1, then X is a quadric hypersurface of rank r.
If r = 1, then X hasa one-dimensional Gaussimage. In particu-
lar, it is ruled by P" !'s.

In all situations, the dimension of the Gaussimage of X isr, see[1]],
x3.4.

One way to prove Fubini's theorem (assumingr > 1) isto rst use
mobile Bertini to seethat X contains large linear spacesthen to note that
degreeis invariant under linear section, so one can reduceto the caseof a
surface. But then it is elemenary to show that the only analytic surface
that is doubly ruled by lines is the quadric surface.

Another way to prove Fubini's theorem (assumingr > 1) is to use
moving framesto reducethe frame bundle to O(n + 2).

What can we say in higher codimension? Consider codimension two.
What are the varieties X"  P"*2 suchthat for geneal x 2 X we have
G = Gx?

Note that there are two principal di culties in codimensiontwo. First,
in codimension one, having Gs.x = G.x implies that F3 is normalizable to
zero - this is no longer true in codimension greater than one. Second,in
codimensionone, there is just onequadratic form in | I, soits only invariant
is its rank. In larger codimension there are moduli spaces,although for
pencils at least there are normal forms, corvienently givenin [9].

For examples,we have inherited from Fubini's theorem:
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0. P" P"*2 asa linear subspace

0. Q" P"™ P2 gquadric

0". A variety with a one-dimensionalGaussimage.
To theseit is easyto seethe following are also possible:

1. The (local) product of a curve with a variety with a onedimensional
Gaussimage.

2. The intersection of two quadric hypersurfaces.

3. A (local) product of a curve with a quadric hypersurface.

There is one more example we have already seenseeral times in these
lectures:

4. The SegreSeg(P* P?) P® or a coneover it.

Theorem 4.5 (Codimensiontwo Fubini). [29] Let X" P"*2 be an
analytic submanifold and let X 2 Xgenera- If Gx = Gx then X is (an
open subsetof) one of 0;0%0°°1 4 alove.

Here if one were to work over R, the corresponding result would be
more complicated as there are more normal forms for pencils of quadrics.

5. Applications to algebraic geometry . One nice aspect of alge-
braic geometryis that spacesparametrizing algebraicvarieties tend to also
be algebraic varieties (or at least stacks which is the algebraic geometer's
versionof an orbifold). For example,let Z" P"*! bea hypersurface. The
study of the imagesof holomorphic mapsf : P* ! Z, calledrational curves
on Z is of interest to algebraicgeometersand physicists. One can break this
into a seriesof problems basedon the degreeof f (P!) (that is, the number
of points in the intersection f (P*)\ H where H = P" is a general hyper-
plane). When the degreeis one, theseare just the lines on Z, and already
herethere are many open questions. Let F(Z) G(P;P"*1) = G(2;C"*?)
denote the variety of lines (i.e. linear P''s) on Z.

Note that if the linesare distributed evenlyonZ andz 2 Z gener al , then
dmF(Z)=dmGz +n 1. WealwayshavedimF(Z) dimGCz+n 1
(exercise!),sothe microscopicgeometry boundsthe macroscopicgeometry.

Example 2. Let Z = P", then F(Z) = G(2;n + 1). In particular,
dimF(Z) = 2n 2 and this is the largestpossibledimension, and P" is the
only variety with dimF(Z) = 2n 2.

Which arethe varieties X" PV with dimF(X) = 2n 3? A classical
theorem states that in this caseX must be a quadric hypersurface.

Rogora, in [32], classied all X" P"*a with dimF(X) = 2n 4,
with the extra hypothesis codim X > 2. The only \new" exampleis the
GrassmannianG(2;5). (A classi cation in codimensiononewould be quite
dicult) A corollary of the codimensiontwo Fubini theorem is that Ro-
gora's theorem in codimension two is nearly proved - nearly and not com-
pletely becauseone needsto add the extra hypothesisthat G.x has only
one componert or that Gx = Gx.

If one has extra information about X, one can say more. Say X is a
hypersurfaceof degreed. Theniit iseasyto show that dimF(X) 2n 1 d.
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Conjecture 5.1 (Debarre, de Jong). If X" P"*1 is smaoth and
n>d=degy(X), thendimF(X)=2n 1 d.

Without lossof generality it would be su cien t to provethe conjecture
when n = d (slice by linear sectionsto reduce the dimension). The con-
jecture is easyto show whenn = 2, it was proven by Collino whenn = 3,
by Debarre when n = 4, and the proof of the n = 5 casewaswasthe PhD
thesis of R. Behesthi [1]. Beheshi's thesis had three ingredients, a general
lemma (that F(X) could not be uniruled by rational curves), Theorem 4.3
above, and a caseby caseargumert. As a corollary of the codimensiontwo
Fubini theorem one obtains a new proof of BehesHi's theorem eliminating
the caseby caseargumert (but there is a di erent caseby caseargumen
buried in the proof of the codimension two Fubini theorem). More impor-
tantly, the techniques should be useful in either proving the theorem, or
pointing to whereoneshould look for potential counter-examplesfor n > 5.

6. Moving frames pro of of the Hw ang-Y amaguchi theorem.
The principle of calculation in [20] was to use mobile Bertini theorems
and the decomposition of the spacesSYT N into irreducible R-modules,
where R GL(T) GL(N) is the subgroup preservingll 2 S?T  N.
One can isolate where eath F¢ can\liv e" asthe intersection of two vector
spaces(one of which is SKT N, the other is (g°)x 3 de ned below).
Then, since R acts on b ers, we can decommseS*T N and (g7 )« s
into R-modules and in order for a module to appear, it most be in both
the vector spaces. This combined with mobile Bertini theorems reduces
the calculations to almost nothing.

Hwang and Yamagudi use represetation theory in a more sophisti-
cated way via a theory developed by Se-ashi[34]. What follows is a proof
of their result in the languageof moving frames.

Let Z = G=P PW be a CHSS in its minimal homogeneousem-
bedding. For the momernt we restrict to the casewherelll; = 0 (i.e.,
rankZ = 2). Let X PV be an analytic submanifold, let x 2 X be a gen-
eral point and assumel lx.x ' |lz;. We determine su cien t conditions
that imply X is projectively isomorphicto Z.

We have a ltraton of V, Vo = 2 V. = TiX V = V,. Write
L = Vo;T = Vi=\p;N = V=V, We have an induced grading of gl(V)
where

gl(V)o=gl(L) gl(T) dgl(N);

g(v) 1=L T T N;
g(V);=L T T N ;
gl(V) 2=L N;
gl(V)2=L N :
In what follows we can no longer ignore the twist in de ning 11, that

is, wehavell 2 S2T N L.
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Letg 1 gl(V) 1 denotethe image of
TI'L T+T N

e77e® e +q e e:

Let go gl(V)o denotethe subalgebraannhilating 11. More precisely

0, 1
X0
u:@ X A2gI(V)0
X
isin go i
wlh:==(xqg +xqg +x4q¢ x3g )e e e =0 (6.1)

Letg; dl(V)1 denotethe maximal subspacesuc that [g1;9 1] = Jo.
Note that g= g 1 go 01 coincideswith the Z-graded semi-simpleLie
algebragiving riseto Z = G=P and that the inclusiong gl(V) coincides
with the embeddingg! gl(W). The grading on ginducedfrom the grading
of gl(V) agreeswith the grading induced by P. In particular, g » = 0.

We let g = gl(V)=g and note that g’ is naturally a g-module. Al-
ternativ ely, one can work with sl(V) instead of gl(V) and de ne g° asthe
Killing-orthogonal complemeri to go in sl(V) (Working with sl(V)-frames
does not e ect projective geometry since the actual group of projective
transformations is PGL (V)).

Recall that F3 arisesby applying the Cartan lemmato the equations

0= | A LAl +q (TonI8+! A1) 8; (6.2)
i.e., the tensor

(aga! +gq ! +qg ! q!)"rl, e e (6.3)

must vanish. All forms appearing in the term in parenthesisin (6.3) are
gl(V)o-valued. Comparing with (6.1), we seethat the go-valued part will
be zeroand (g’ ), bijects to the image in parenthesis.

Thuswe may think of obtaining the coe cien ts of F3 at x in two stages,
rst we write the (g° )o componert of the Maurer-Cartan form of GL (V)
as an arbitrary linear combination of semi-basicforms, i.e., we choosea
map T ! (g’ )o. Oncewe have chosensuch a map, substituting the image
into (6.3) yieldsa ( 2T  gl(V) 1)-valued tensor. But by the de nition
of g, it isactually ( 2T  (g”) 1)-valued. Then we require moreover that
that this tensor is zero. In other words, pointwise we have a map

@':T (@)! T (d°):

and the (at this stage) admissible coe cien ts of F3 are determined by a
choiceof map T! (g’ )o which is in the kernel of @*.
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Now the variation of F3 as one movesin the b er is given by a map
T! (9°)o induced from the action of (g”); on (g7 )o. We may express
it as:

xX¢p e +xe e 7'x% e €+,

+x! ) e e (6.4)
+x | e e
where
0 1
0 x2 0
@ o0 xA
0O 0 O

is a generalelemen of gl(V)1. The kernel of this map is g; soit induces
a linear map with source(g”);. Similarly, the image automatically takes
valuesin T (g?)o. In summary, (6.4) may be expressedas a map

@°:(@n! T (9 )

Let CPd:= 9T (g’)p 1. Consideringg’ asa T-module (via the
embedding T ! @) we have the Lie algebra cohomologygroups

ker@?l:cPl1 cp 12

p;1 s = .
HP (Mg Image@*1:0: CpP+1:01 Cpl’

We summarize the above discussion:

Pr oposition 6.1. Let X PV be an analytic submanifold, let x 2
Xgenera @and supmsellx.x ' 1lz; wher Z PW is a rank two CHSS
in its minimal homaen®us emledding. The choices of Fz.x .x imposel
by (6.2), modulo motions in the ber, is isomorphic to the Lie algeba
cohomolay group H*(T; ¢”).

Now if F3 is normalizable and normalizedto zero, di erentiating again,
we obtain the equation

(@ '°+gqg ! )y, e e e=0
which determinesthe possiblecoe cien ts of F,.
We concludeany choice of F4 must be in the kernel of the map

@ T (@)n! T (9 )

The variation of of F4 in the b er of F! is given by the image of
the map

x%¢ e 7! x% e e
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asv” w rangesover the decomposableelemerts of 2T. Without indicies,
the variation of F, is the image of the map

@°:(@’)! T (¢ )

We conclude that if F3 has beennormalized to zero, then F4 is nor-
malizable to zeroif H%(T;g?) = 0.

Finally, if F3;F4 are normalized to zero, then the coe cien ts of Fs are
given by

kerd': T (@")2! *T  (d);

and there is nothing to quotient by in this casebecausegl(V); = 0. In
summary

Pr oposition 6.2. A sucient condition for second order rigidity to
hold for a rank two CHSS in its minimal homa@ene&us emtedding Z =
G=P PW isthat H5Y(T;g”) = O,HZ%Y(T;g”) = O H3Y(T;g”) = 0.

Assumefor simplicity that G is simpleand P = P is the maximal
parabolic subgroup obtained by deleting all root spaceswhoseroots have
a negative coe cien t on the simpleroot ;,. By Kostant's results [13], the
go-module H (T; ) for any irreducible g-module of highest weight is
the irreducible go-module with highestweight  ( + ) , where
is the simple re ection in the Weyl group correspondingto i, and is half
the sum of the simple roots.

But now aslong asG=P , is not projective spaceor a quadric hyper-
surface,Hwang and Yamagudi, following [33], obsene that any non-trivial
g-module yields a go-module in H ! that has a non-positive grading, so
one concludesthat the above groupsare a priori zero. Thus one only need
shaw that the trivial represeration is not a submadule of g° .

Remark 6.1. We note that the condition in Proposition 6.2 is not
necessaryfor second order rigidity. It holdsin all rigid rank two casesbut
one, Seg(P* P"), with n > 1, which we saw, in x1, is indeed rigid to
order two. Note that in that casethe nasve moving framesapproach is sig-
ni ¢ antly more di cult as one must prolong seveal times before obtaining
the vanishing of the normalized F3.

To prove the general case of the Hwang-Yamagudi theorem, say
the last nonzero fundamertal form is the k-th. Then one must show
HL1;: Hk*1:1 are all zero. But again, Kostant's theory appliesto show
all groups HP'! are zero for p > 0. Note that in this case,H ! governs
the vanishing Fs.2; 5 Fk.k 1, where Fy, denotesthe componert of Fy in
SKT  Ni. In general,H"* governs Fos 1.2; i Fre 1k 1.
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