Orthogonality

12. Let A be an m x n matrix. Explain why the follow-

13.

ing are true:

(@) Any vector x in R” can be uniquely written as
asumy + z, wherey € N(A) and z € R(A7).

(b) Any vector b € R™ can be uniquely written as
asumu+v, whereu € N(A”) and v € R(A).

Let A be an m x n matrix. Show that

(a) if x € N(ATA), then Ax is in both R(A) and
N(AT).

(b) N(ATA) = N(A).

(c) A and A”A have the same rank.

(d) if A has linearly independent columns, then
ATA is nonsingular.

14. Let A be an m x n matrix, B an # X r matrix, and

C = AB. Show that
(a) N(B) is a subspace of N(C).

15.

16.

17.

L js a subspace of N(B)* and, copge.

(b) N(C) ) is a subspace of R(BT),

quently, R(C"
Let U and V be subspaces of a vector space Jy

Show thatif W =U @ V,thenU NV = {0},

Let A be an m x n matrix of rank r and Jg
{x,,..., %} be a basis for R(A").  Show thy

{AX, ..., AX, } s a basis for R(A).

Let x and y be linearly independent vectors in R’
and let S = Span(x,y). We can use x and y (o

define a matrix A by setting
A =xy’ +yx"

(a) Show that A is symmetric.

(b) Show that N(A) = S+.
(¢c) Show that the rank of A must be 2.



