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Hyperbolic and quasisymmetric structure of hyperspaces

Leonid V. Kovalev and Jeremy T. Tyson

Abstract. A hyperspace is a space of nonempty closed sets equipped with
the Hausdor metric. Among the subjects considered in this p aper are Gro-
mov hyperbolicity, quasisymmetric equivalence and bi-Lip schitz embeddings
of hyperspaces.

1. Introduction

Let (X;d) be a metric space. We denote by CLX ) the hyperspace of nonempty
closed subsets of a metric spac¥ , equipped with the Hausdor distance

D(A;B)=inff > 0:A N (B)andB N (A)g;

whereN (A) = fx 2 X : dist(x;A) g is the closed -neighborhood of A X.
If there is no such , the distance betweenA and B is in nite. Notice that if
D(A;B) < 1, then the above in mum is attained. The distance D is a metric on
CL(X) if and only if X is bounded. For unboundedX the set CL(X) naturally
splits into an in nite collection of disjoint metric spaces. The most notable of
these isH(X), the space of nonempty bounded closed subsets &f. However, we
are also interested in other components of CLX). Each of them has the form
H(X;C) := fA 2 CL(X) : D(A;C) < 1g for someC 2 CL(X). Note that
H(X;C) = H(X)ifand only if C is bounded. Also, letH¢(X;C)= fA2H(X;C):
A is geodesically conveg denote the hyperspace of closed convex sets at a nite
distance from C. When C is bounded, we writeH¢(X) for H¢(X ; C). An open ball
with center x and radius r will be denoted by B(x;r).

Most of the existing research on hyperspaces equipped withhe Hausdor dis-
tance is focused onH(X) and its subsets such asH®(X). However, the spaces
H(X;C) with C unbounded do arise naturally. As an example, consider a Lips
chitz quotient mapping f : X ! Y, whereX and Y are metric spaces. Recall that
f is called a Lipschitz quotient [4] if there exist two constants 0<| L< 1 such
that

B(f (x);Ir) f(B(r)) B X);Lr); x2X;r> 0:
A Lipschitz quotient f : X I Y induces a mapGs : CL(Y) ! CL(X) such that
Gt (A) = f (A). Itis easy to check that G is bi-Lipschitz on each component
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of CL(Y). However, in many interesting casesGs does not mapH(Y) into H(X);

instead Gs (H(Y)) is contained in H(X ; C) for some unbounded setC. Even the
simplest elements ofH (Y), namely singletonsfyg, can be mapped byG; into sets
with rather complicated structure [12, 28]. It remains an open question whether
Gs (fyg) is always a discrete set whenX = Y = R", n> 2. See 4, 20, 23] for

more on this problem.

The spacesH (X ; C) with C unbounded are typically larger and more complex
than H(X). Forinstance, H(X) is separable wheneveK is proper (i.e. such that all
of its closed bounded subsets are compact). By contrasti (X ; C) is non-separable
if X is connected andC is unbounded (Theorem 5.1). Furthermore, large classes
of metric spaces admit isometric or bi-Lipschitz embedding into H(X ; C).

Section 2 is concerned with hyperspaces of special classefsnoetric spaces:
length spaces, Gromov hyperbolic space, and nonpositivelgurved spaces (in the
sense of Busemann or Cartan{Alexandrov{Toponogov). We atempt to determine
the extent to which such properties of X are inherited by H(X) or other compo-
nents of CL(X ). Several results in section 2 are extensions to the case oégeral
hyperspacesH (X ; C) of known results for the standard hyperspaceH (X) from
[11] and [13]. Sections 3 and 4 are focused on mappings between hyperspac The
following class of mappings is central in modern geometricuinction theory [16].

Definition 1.1 Let X and Y be metric spaces. An injective mappingf :
X I Y is calledquasisymmetrig or -quasisymmetric, if there is a homeomorphism
:[0;1)! [0;1) such that
dy (f (x1); f (x3)) dx (X1;X3)
dy (f (x2); T (X3)) dx (X2;X3)
for any distinct points X1;X2;X3 2 X.

In general, a quasisymmetric mappingf : X ! Y does not lift to a quasisym-
metric mapping of H(X). We call f hyperquasisymmetricif it does. Theorem 3.4
provides two characterizations of such maps, which arise rtarally in the context
of Gromov hyperbolicity and bi-Lipschitz homogeneity. In x4 we consider a no-
tion of dimension of metric spaces which is invariant under lyperquasisymmetric
mappings.

2. Geodesics in hyperspaces

Throughout the paper all recti able curves are assumed to beparametrized
proportional to the arclength, unless stated otherwise. A netric space ;d) is
called alength spaceif for any x;y 2 X and any > Othereisacurve :[0;1]! X
such that (0) = x, (1) = y and the length of is at most d(x;y)+ . If such
exists even for =0, then X is called ageodesic spaceEvery proper length space
is geodesic 15, 29].

The hyperspaceH (X ) of a geodesic spac& need not be geodesic itself, as is
demonstrated by the following example from [LO]. Let X be the Banach spacec,
namely, the space of all real-valued sequences converging 0. Let

A=1x2cy:xp =1+1=nfor an odd number ofn's, and x, = 0 otherwiseg;
B =fx2c:Xy=1+1=nfor an even number ofn's, and x, = 0 otherwiseg:

One can see thatA;B 2 H(X) and D(A;B) = 1, but Ni=(A)\ Ni=»(B) =
?, hence there is no geodesic connecting to B. If X is assumed to be both
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geodesic and compact, therH (X ) is geodesic as well]0], however, the assumption
of compactness is somewhat restrictive.

Theorem 2.1 Let X = (X;d) be a length space. TherH(X;C) is a length
space for allC 2 CL(X).

Proof. Choose a number > 1. For eachx;y 2 X, let ,, :[0;1]! X
be a curve of length at most d (x;y) such that ,,(0) = x and ,,(1) = y. By
our convention, , is parametrized proportional to its arclength, which implies
d( xy (S); xy (1) js tjd(x;y)forall0 s<t 1.

Let AAB 2H(X;C)andletE = f(a;h 2 A B :d(a;b D (A;B)g. By
the de nition of the Hausdor metric,

(2.2) A(E)=A and g(E)= B;

where A; g are the coordinate projections onA B.
De ne a function ag from [0; 1] to the power set of X as follows:

ae ()= a(t): (a;b) 2 Eg:

Then ag (t) is closed, and contained in the closed 2D (A; B )-neighborhood of A.
Thus ag :[0;1]'H (X:C). By (2.1), as (0)= A and g (1) = B. We claim
that g is a recti able curve of length at most 2D (A;B), although it need not
be parametrized proportional to the arclength. Letsandt be given,0 s<t 1.
For each (@;b) 2 E

d( an(s); an(t)) js tjdab)  ?s tiD(A;B);

which implies

(2.2) D( as (5); as (1)) s tiD(A;B):

Thus the length of Az does not exceed °2D(A;B). Since > 1 is arbitrary,
H(X;C) is a length space.

Corollary  2.2. Let X be a proper geodesic space. Thed (X ; C) is a geodesic
space for allC 2 CL(X).

Proof. Since X is proper, for anya 2 X and any B 2 CL(X) there exists
b2 B such that d(a; b) = dist( a;B). This and the fact that X is a geodesic space
allow us to carry out the proof of Theorem 2.1 with = 1. Then (2.2) takes the
form

D( as (8); as (1) j s tiD(AB):
Since A (0)= A and ag (1) = B,
D(A;B) D( a8 (0); as () + D( ag(S); as (1) + D( as (1); as (1))
(s+js tj+1 t)D(A;B)
= D(A;B):
Thus equality holds throughout, and we conclude that
D( as (5); as (1) =js tiD(AB)
forall A;B 2H(X;C)andall0 s<t 1.
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Remark 2.3. Geodesics inH(X ;C) are not unique if X is a geodesic space
containing more than one point. ConsiderH ([0;1]) as an example. The setA =
fOg and B =[0; 1] are at distance 1 from each other. The following two curvesre
geodesics connecting\ to B:

1(t)=[?;t]; 0 t 1

ftg; 0 t 1=2

R I R

If X is a geodesic space containing more than one point, thehl (X ; C) contains
a rescaled copy ofH ([0; 1]) (see the proof of Proposition 2.5) and therefore has
non-unique geodesics.

Remark 2.4. In spite of Remark 2.3, it sometimes happens that two sets
A;B 2 H(X;C) can be connected by only one geodesic. Indeed, if : [A]!
H (X ; C) is any geodesic betwee\ and B, then for every t 2 [0; 1] the inequalities
D((t);A) tbandD((t);B) (1 t)D imply

() Nwo(A)\ Na yp(B);

whereD = D(A;B). If any proper subsetE of Nip (A)\ N 1)p (B) satis es either
D(E;A)>tD orD(E;B) > (1 t)D, then is a unique geodesic connectingA to
B. An example of this kind is given after Proposition 2.5.

It is interesting to determine which properties of metric spaces are inherited
by their hyperspaces. The following proposition provides anegative result of this
kind. A geodesic metric spaceX is Gromov hyperbolic if each side of a geodesic
triangle is contained in the -neighborhood of the union of the other two sides. See,
e.g., P, Chapter IlI.H].

Proposition  2.5. Let X be a proper geodesic space. The hyperspaegX ; C)
is Gromov hyperbolic if and only if X is bounded.

Proof. If X is bounded, then so isH (X ; C), and bounded spaces are trivially
Gromov hyperbolic.

Suppose that X is unbounded. Pick two points a;b2 X at distance L from
each other. LetC°= CnB(a;3L) and let 4, :[0;1]! X be a geodesic connecting
ato b. The Hausdor distance between any two of the setsC°[f ag, C°[f bg and
G=CO x(0;1])isequaltoL. ForO t 1let ¢agrng(t) = CO[f ap(t)g,

faga(t) = C°[  a([0;L]), and gtug(t) = CO[ an([L; 1]). These are geodesics
in H(X;C). For every t the sets ¢,4c(t) and grpg(t) contain at least one of
the points a and b. It follows that the distance in H(X;C) from ¢,41g(1=2)
10 faga([0;1]) [ &rug([0;1]) is equal to L=2. SinceL can be arbitrarily large,
H (X ; C) is not Gromov hyperbolic.

Despite Proposition 2.5, one can sometimes nd large (unbonded) subsets of
H (X)) that are Gromov hyperbolic. To this end, we introduce uniformly bounded
hyperspaces
HL(X)=fA2H(X):diamA Lg:
Unfortunately, the analogue of Corollary 2.2 is false forH | (X ). Indeed, let S(R) =
fx 2 R" : jxj = Rg be a sphere equipped with the intrinsic metric. Choose
h2 O;R)and let A = fx 2 S(R) : x, = hg, B = fx 2 S(R) : x, = hg.
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Clearly D(A;B) = 2Rsin !(h=R). Using Remark 2.4 we nd that there is only
one geodesic connecting\ to B in H(X), namely

a8 (1) = £x 2 S(R) : xn, = Rsin(sin }(h=R)[1  2t))g:

Since diam ag (1=2) = R, it follows that H_ (S(R)) is not geodesic for anyL <
R.

The preceding example is bounded, hence trivially Gromov hperbolic, but
fails an additional test of nonpositive curvature. A geodes metric space X is
nonpositively Busemann curvedif for any two geodesics : [a;b! X and ©:
[2% ! X, the map (t;t9 7! d( (t); t)) from [a;b] [a% b7 to [0;1 ) is convex.
See, e.9.,27, Chapter 8] or [13].

Proposition  2.6. If X is a proper nonpositively Busemann curved space, then
H_ (X) is a geodesic space for alL 0.

Proof. GivenA;B 2H | (X), let ag be asin the proof of Theorem 2.1 (with

=1). Let = g and %= o0, wherea;a®2 A and b;i?2 B. The convexity

of the distance function in nonpositively curved Busemann paces (see, e.g.,2[/,
Proposition 8.1.2]) yields

d( (1); ) @ Hd( (0); WO+ td( (1); 1) @ HL+tL =L
Thus diam ag (t) L as required.

Examples of nonpositively curved Busemann spaces includeAT (0) spaces P,
p. 176] and strictly convex normed vector spaces?7, Proposition 8.1.6].

Under the assumptions of Proposition 2.6 the spacéd (X) does not have to
be a nonpositively curved Busemann space itself. This folles from Remark 2.3
and the uniqueness of geodesics in such spac@3 [ Proposition 8.1.4].

Proposition  2.7. Let X be a proper nonpositively curved Busemann space.
If X is -hyperbolic, thenH (X) is “hyperbolic, where ° depends on and L.
Furthermore, the Gromov boundaries ofX andH (X ), equipped with visual metrics
with common visual parameter, are bi-Lipschitz equivalent

We refer to [9, Chapter Ill.H] for the de nition and basic properties of th e
Gromov boundary and visual metrics thereon.

Proof. Lets: H_(X)! X be a mapping such thats(A) 2 A for every
A 2 H | (X) (the existence of suchs follows from the Axiom of Choice). Let A and
B be two sets inH_ (X), and let D = D(A;B), d = d(s(A);s(B)). Since s(A) 2
Np(B) Np+_(fs(B)g), we haved D + L. Conversely,A N (fs(A)g)
Ng+L(B) and B Ng+ (A), which means thatd D L. Thus the mapping s
is a (1;L)-quasi-isometry. SinceH (X ) admits a quasi-isometric embedding into
a -hyperbolic space, it is %hyperbolic with %= YL; ) [9, p. 402]. By a simple
modi cation of the argument in the proof of Theorem 6.5 (1) of [7], the mapping s
induces a bi-Lipschitz mapping @s @, (X)! @X Finally, since s is surjective,
so is @ qProposition 6.3 (4) of [7]).

We now turn to the hyperspaces of convex setsH®(X ) and H¢(X ; C). Corol-
lary 2.2 fails for H¢(X ), which can be seen as follows. As before, I8(R) = fx 2
R" : jxj = Rg be a sphere equipped with the intrinsic metric. Chooséh 2 (0;R)
and let A = fx 2 S(R) : Xx; hg, B = fx 2 S(R) : X, = Rg. Clearly
A;B 2 HS(S(R)) and D(A;B) = R . Suppose that : [0;1] ! H ¢(S(R)) is
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a geodesic segment joiningA to B. Choose three pointsa;b;c2 A so that the
geodesic triangle4 (a;b; 9 in S(R) with vertices a, b and c contains the point
p = (0;0;:::;R) in its interior. For all suciently small t > 0 the set (t)
must contain points a% K’ and c® such that the interior of the geodesic triangle
4 (a% % Y also containsp. SinceA; is geodesically convex, we hav® 2 A, hence
D(A;;B)= R = D(A;B). This is a contradiction.

Once again, nonpositive curvature bounds save the day. WheiX is nonposi-
tively curved in the sense of Busemann, geodesics W are unique, which allows us
to de ne the convexi cation map conv: H(X;C)! CL(X) as follows: conv@) is
the intersection of all geodesically convex closed sets ctaining A. To prove that
the hyperspaces of convex subsets of nonpositively curvedudemann spaces are
geodesic, we require the following lemma.

Lemma 2.8. If X is a proper nonpositively curved Busemann space, then the
convexi cation map is a contraction from H(X;C) into H¢(X ;conv(C)).

The version of Lemma 2.8 forH(X) was proved in [11] (Lemma 3.1). Our
proof is essentially the same and is given here for the readsrconvenience.

Proof. Given A 2 H(X;C), one can write conv(A) as the closure of an in-
creasing union of setsA,, where Ao = A and Ap .1 is the union of all geodesics
joining points of Ay,. To prove that conv is a contraction, it suces to show
D(Am+1;Bm+1) D(Amn;Bn)forall m, or equivalently, just for m = 0. For every
a2 A; there exist a geodesic segment : [0;1]! X such that (0); (1) 2 A and

(t) = afor somet. Choose another geodesic®: [0;1]! X sothat %0); %1) 2 B,
d( (0); 90)) D(A;B),andd( (1); 1)) D(A;B). Using the convexity of the
distance function, we obtain

da; ) (0 W)+ i @©); W) DAB):

Since qt) 2 By, it follows that A;  Npap)(B1). Interchanging the roles of A
and B, we obtain D(A1;B1) D(A;B), as required.

When conv(C) ZH (X ; C), the convexi cation map is no longer a retraction of
H (X ;C). Moreover, conv :H(X;C) ' H ¢(X;conv(C)) need not be a surjection.
Indeed, letX = R?andC = f(n?;0):n=1;2;:::g. Given A 2 H(X;C), let A°be
the projection of A onto the x-axis. Letd= D(A%C); clearlyd D(A;C)< 1.
Fix an integer n  d. The de nition of d implies

A%\ [n? d;n?+d]6 ?;

A%\ (n?2+d;(n+1)2 d)= ?;

A% [(n+1)2 d;(n+1)2+d]6 ?:
In other words, the vertical strip S = f(x;y) : n?+d <x < (n+1)? dg
separatesA. It follows that conv(A) \ S is a (possibly degenerate) quadrangle.
In particular, conv( A) is not strictly convex. On the other hand, H¢(X ; conv(C))

contains some strictly convex sets, e.g.f(x;y) : x 0O;jyj tan xg. Therefore,
conv(H(X;C)) 6 H¢(X;conv(C)).

Corollary 2.9. If X is a proper nonpositively curved Busemann space, then
H¢(X;C) is a geodesic space for all convex seG 2 CL(X).
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Proof. By virtue of Corollary 2.2 and Lemma 2.8 the proof reduces to he
following simple observation. If is a geodesic in a metric spac¥,andT : Y ! Y
is a contraction that xes the endpoints of ,then T is a geodesic inT (Y).

If C is bounded, Corollary 2.9 reduces to Proposition 3.5 inT1].

3. Mappings of hyperspaces

Every continuous mappingf : X ! Y induces a mappingG; : CL(Y) !
CL(X) as follows: Gf (A) = f 1(A). In general G is not continuous, and can
even map two sets at nite distance from each other into sets &in nite distance.
Indeed, let X = f(x;y) 2 R? :x> 0g[f (x;0)2 R?:x 0g, Y = R, and de ne
f X1 Y byf(x;y)= x. Obviously D(Gs (f0g); Gt (f1g)) = 1 . Observe that
f is an open mapping, i.e. for anyx 2 X andr > O there is > 0 such that
B(f (x); ) f(B(x;r)). However, cannot be chosen independently of. This
leads us to the following de nition, which appeared, e.g. in[20].

Definition 3.1 A mapping f : X ! Y between two metric spacesX;Y is
called co-uniformly continuous if there exists an increasing function!+ : (0;1 ) !
(0;1 ) such that B(f (x);~ (r)) f(B(x;r)) forall x2 X and allr> 0.

If f : X I Y is co-uniformly continuous, then G; is uniformly continuous.
Indeed, given two setsA;B 2 CL(Y) such that D(A;B) ks (r), we easily obtain
f YA) N (f Y(B)and f Y(B) N,(f (A)). Similarly, if f is a Lipschitz
guotient (de ned in the introduction), then Gy is bi-Lipschitz (cf. Lemma 6.1 [25]).

Every uniformly continuous homeomorphismf : X ! 'Y between metric spaces
lifts to a continuous mapping Fs : H(X) ! H (Y) of the corresponding hyperspaces:

Fi(A)= ff(a):a2 Ag:

If f is bi-Lipschitz, then F; is also bi-Lipschitz. In other words, the class of bi-
Lipschitz mappings is invariant under the hyperspace funcbr. The same is true
for isometries, and moreover, for many spaceX every isometry of H(X) coincides
with F; where f is an isometry of X [3, 13]. The following result shows that
guasisymmetric mappings are not preserved by the hyperspa&cfunctor. Before
stating it, let us introduce the pointwise Lipschitz constant of f at x 2 X by

: d(f (x); f (¥))
Lt (x) :=limsup ——-=:
r0) o d0Gy)
We say thatamap f : X ! Y is hyperquasisymmetricif F; is quasisymmetric.
Considering the action of F; on singletons, we see that sucli must be quasisym-
metric itself.

Proposition 3.2 Letf : X ! Y be a homeomorphism of connected metric
spaces which is Lipschitz on a neighborhood of one point M, and whose pointwise
Lipschitz constant is in nite at another point in X . Then f is not hyperquasisym-
metric.

For example, the mapf :[0;1]! [0;1],f(t) = P t, is quasisymmetric, but not
hyperquasisymmetric.

Proof. We use primes to denote images undef and Fs, i.e., u® = f (u),
A% = F{ (A), etc. Let U be a neighborhood of a pointp 2 X such that fjy is
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L -Lipschitz, and let g2 X nU satisfy Lt (g) =+ 1 . We may assume without loss
of generality that U = B(p; ) for some

1
2L +1

Choose pointsv, ! g so that d(v8; g% > nd (v,;g). By restricting our attention to
su ciently large n, we may assume that

maxf d(vn; g); d(v2; g

0< < min %d(p;q); dp®dd

Then
minf d(va; p); d(v2; p)g
for all n.

Since X is connected, we may choose pointa, 2 U so that , := d(p;un) =
d(q;w,) for all n. Let Ay = fp;vag, Bn = fp;un;vh0, and C, = fp;Vvy;qg. Then
D(An;Bn) = D(Anh;Cnh) = n. On the other hand,

D(AJ;BR) =min fd(p®ul);d(ud;vi)g L o
while

D(AR; CR) =min fd(p% ) d(va; d)g>n o
Thus F; is not quasisymmetric.

The main theorem of this section provides two characterizaions of the class
of hyperquasisymmetric maps and incidentally shows that ths class is invariant
under the hyperspace functor. In other words, hyperquasissnmetric maps lift to
guasisymmetric maps on iterated hyperspaces such ad(H(X)). See R, 31, 34]
for more on iterated hyperspaces. Some preliminaries are geired to state the
theorem. Given a metric spaceX , let Dist( X ) be its distance set:

Dist(X) = fdx (X1;X2) : X1;%X22 Xg [0;1):
The modulus of continuity of a mapping f : X ! Y is de ned as
Pe()=supfdy (f(x1);f(x2)) : dx (Xi;%2) g > O
We say that ! s is controlled by a homeomorphism :[0;1)! [0;1 ) provided
that ()< 1 forall > 0and
Fe(t) ®+(); 2 Dist(X); t> O:
Whether or not ! ; is controlled by may depend onX as well as on! ; and

Lemma 3.3 Let C 2 CL(X). For any 2 Dist(H(X;C)) there exists a non-
decreasing sequencé g Dist(X) such that !

Proof. ChooseA;B 2H (X;C) sothat D(A;B) = . Without loss of gener-
ality we may assume that for any > 0 there isa 2 A such that dist(a; B) .
Then there isb 2 B such that dx (a;b) . Since > 0 is arbitrary, the
claim follows.

Theorem 3.4. Let f be a homeomorphism of a metric spacX into a metric
spaceY . The following are equivalent:

(i) f is hyperquasisymmetric;
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(ii) there exists a homeomorphism : [0;1) ! [0;1 ) such that for any four

distinct points x3;:::;%X4 2 X
(3 1) dY (f (Xl);f (Xg)) dx (Xl; X2)
' dy (f (x3):f (x4)) dx (X3;X4)

(i) !¢ is controlled by some homeomorphism :[0;1 ) ! [0;1 ) and there exists
¢ > 0 such that for all x1;x2 2 X

(3.2) dy (f (x1);f (X2)) cl¢(dx (X1;%X2));
(iv) F; is hyperquasisymmetric.

Remark 3.5. The mappings satisfying (3.1) have previously appeared inhe
literature on several occasions. lvascull9] called them \freely quasisymmetric"; we
do not use this term to avoid confusion with Vaisala's wel I-known terminology [35].
Aseev and Shalaginov]] studied such mappings in the context of self-similar space
They proved, among other things, that a mappingf : X ! Y satis es (3.1) if and
only if it lifts to a quasisymmetric mapping f f :X X! Y Y. See also30].
Ghamsari and Herron [L4] and Herron and Mayer [17] studied this class of maps
in connection with the question of characterizing bi-Lipscitz homogeneous Jordan
curves. Combining Theorem 3.4 with Theorem E of 17] leads to the following
result: a Jordan curve in a doubling metric space is bi-Lipschitz homogeneous and
bounded turning if and only if it admits a hyperquasisymmetric parametrization.

Proof of Theorem 3.4. ()) (ii). Suppose that F; is -quasisymmetric.

C = fXxq1;%40. Then
D (A; C) = min fdx (x3;X4); maxf dx (X1;X3); dx (X1;X4)99 %dx (X3;X4)
and
D(A;B) =min fdx (X1;X2); maxfdy (X1;X3);dx (X2;X3)gg  dx (X1;X2):
Similar considerations show that
D(Fi (A);Fi (B) 50 (f (xa)if (x2)

and
D(Fi (A);F (C))  dy (f (x3);f (xa)):
Using the quasisymmetry ofF;, we nd
dy (F(x2)if (x2) 0k (X1iX2)
dv (f (X3);f (Xa)) dx (X3;Xa4)

Thus f satis es (ii) with the function ((t) =2 (2t).
(ii)) (iii). The rst part of (iii) follows immediately from (ii).  To prove (3.2),

let = dx (Xx1;X2), pick > 0 and choosexs; x4 2 X so that dx (X3;X4) and
dy (f (x3);f (x4)) () . Using (3.1) with x; appropriately rearranged, we
obtain

dy (F(x)if (x2) (D) *Ce() )
and (iii) follows with ¢=1= (1).
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(i) ) (i). First we prove that F; itself has the properties listed in (iii). It is
easy to see thatF; has the same modulus of continuity ad . Given 2 Dist(H (X)),
let f ,g be asin Lemma 3.3. For anyt > 0 we have

e(t)  (ta=)e(n)  (tn=)e():

Letting n!'1 vyields!(t ) (t)! ¢ ( ). Thus the modulus of continuity of F; is
controlled by

To prove that F; satises (3.2), pick A;B 2 H(X) and let s= D(A;B). We
may assume that there exists a sequendea,g A such that s, :=distx (a,;B) !
s; otherwise interchangeA and B. Passing to a subsequence, we can ensure that
one of the following two cases occurs.

Case 1. For eachn there ish, 2 B such that dx (a,;b,) = sn. Inequality (3.2)
implies

(3.3) disty (f (an);f(B)) c!¢(sn):
Sinces, 2 Dist(X), it follows that
(3.4) Im te(s)  lim o (s=s) M(9)= (1) Mi(s)

Combining (3.3) and (3.4) we obtain D(f (A);f (B)) c (1) ¢(s). Thus F¢
satis es (3.2) with the constant c®= c= (1).

Case 2. the distance from a, to B is not achieved for anyn. Inequality (3.2)
implies
(3.5) disty (f (an); f (B)) cligrg Li(snt+ ):

Choose a sequencéhbnn g B such that dx (an;bmwn) #sn asm ! 1 . Since
dx (an; bnn ) 2 Dist(X), we have

Li(s)  (s=s)limte(sn+ )

The latter inequality and (3.5) yield D(f (A);f (B)) c (1) ¢ (s). This com-
pletes the proof of property (3.2) for F; .
Finally, for any distinct A;B;C 2 H (X) we have

D(f(A)f(B)) !'+(D(AB) 1 D(AB)

D(fF(A):F(C) @ ((D(AC) & D(AC) '
which proves (i).

@) (iv). If f is hyperquasisymmetric, then it satis es (iii), and so doesF; (by
the previous step). Since (iii) implies (i), Fs is hyperquasisymmetric.

Remark 3.6. The proof of implication (iii) ) (i) works for unbounded closed
sets as well. Therefore, a hyperquasisymmetric mappind : X ! Y induces
(hyper-)quasisymmetric mappings on all components of CLX).

Corollary  3.7. Let X be a Gromov hyperbolic space, and lat® and d®°be two
visual metrics on its boundary @X Then the identity map id : (@X;d) ! (@X;d
is hyperquasisymmetric.

Proof. There exist > 0 andC > 1 such that
C HdApa)  dpra)  C(dAp; )
for all p;g2 @X(see, e.g. Proposition 111.H.3.21 in P]). This and Theorem 3.4
imply that id is hyperquasisymmetric.
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Corollary 3.7 can be generalized as follows. Bonk and Schram [7] call f :
X 1 Y asnhow ake map if there exist > 0andC 1 such that

C ldx (Xl; X2) dY (f (Xl);f (Xz)) Cdx (X]_;Xz)

for all x3;x2 2 X. By Theorem 3.4 snow ake maps are hyperquasisymmetric.
Examples of snow ake maps are provided by Theorem 6.57], which asserts that
rough similarities between Gromov hyperbolic spaces indue snow ake maps on
their boundaries.

4. Hyperconformal dimension
The following de nition is motivated by Corollary 3.7.

Definition 4.1 Let X be a metric space. Thehyperconformal dimension of
X is de ned by

HCdim X =inf fHdimf (X ) : f is hyperquasisymmetriq;
where Hdim stands for the Hausdor dimension P4].

De nition 4.1 is modeled after the more commonly used de nition of conformal
dimension [6, 16, 26]:

Cdim X =inf fHdim f (X)) : f is quasisymmetri@:

Evidently Cdim X  HCdim X  Hdim X . By virtue of Corollary 3.7 both confor-
mal and hyperconformal dimensions of the boundary of a hypdyolic space are well-
de ned. Moreover, conformal dimension of @ Xis invariant under quasi-isometries
of X, while hyperconformal dimension is invariant under rough smilarities of X [7].

Since hyperquasisymmetric maps of metric spaces preserveone structure than
general quasisymmetric maps, one can expect HCditd to reveal some features of
X that are not recorded by CdimX . For instance, conformal dimension does not
distinguish between spaceX with Cdim X < 1 [22, 33]. This is in contrast with
the following result.

Theorem 4.2, For every s 0 there exists a compact metric spaceX with
HCdim X = s.

Proof. Foreachs?2f0Og[ [1;1 ) there exists a compact metric spaceX such
that Cdim X =Hdim X = s and therefore HCdimX = s[5, 8, 26, 32]. It remains
to consider the case < s < 1. For any suchs we shall constructX R as a union
of two generalized Cantor sets 24, 4.11]. Given an in nite set of positive integers
E f~1,2;:::9,deneasequence E=f E:n 1gsothat £ =1=2forn2E
and 7, E=2 "™Sforn2E. Let

v P
(s f I
n=0 j=1

where | = [0;1] and the other closed intervalsl|" are d(bned as follows. The
intervalsflj»“gjzi1 are disjoint, each of length equal to £ := ~,_, E; furthermore,
eachl" is contained in an interval 1" 1 and shares an endpoint with it.

By virtue of [24, 4.11] we have HdimC( E) = s for any E as above. Letn; be

a strictly increasing sequence of integers such that
n; n; .
(4.1) Nisp N > %+1; i1
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and

(4.2) lim = =

Dene E=1fny 1:i 1g, F=fny:i 1g,andX =C( B)[ @+C(F) R.
Clearly Hdim X = s. We claim that HCdim X = s, or, equivalently, Hdimf (X) s
for any hyperquasisymmetric mappingf .

A generalized Cantor set such as<C( ) contains the endpoints of all intervals
I* used in its construction. Therefore, for anyi 1 the set X contains a pair

of points a;;l3 such thatbh a =2 "i=S. Furthermore, X contains the points
that split [a;;b] into 2"+ " 1 equal subintervals. Suppose thatf : X | Y is
hyperquasisymmetric, andc > 0 is as in (3.2). For every integerj between 1 and
Ni-> Nn;j 1 we have

(4.3) L@ M) 2 0dy(f(a)if(b) 2 7cti@ "7

Setting j equal to the smallest integer greater than (;+1  nj)=s (cf. (4.1)), we
obtain
!f(z Ni+1 =S) 2 (ni+1  nj)=s lC!f(Z niZS):

Therefore, foralli> 1

_ ci 1 B _ ci 1 _
(4.4) @) 5 2 mEEe M= c 5 2N
For any > 0 inequality (4.4) implies
fim 205 m=sy 2 =) cytim 2ns S =
i i 2

where in the last step we used (4.2). This and (4.3) yield
H | 1 - .
Ilgg () 1:
Using (3.2) again, we conclude that
Hdimf(X) (1+ ) YHdimX:
Since was arbitrary, Hdim f (X) Hdim X as desired.

A metric space X is called Ahlfors regular if there exists > 0 andC 1 such
that the s-dimensional Hausdor measureH S satis es

C rs HSB(xr)) Crs

forall x 2 X and O<r 2diamX. Since the boundary of a Gromov hyperbolic
group is Ahlfors regular, it is natural to ask the following

Question 4.3. Are there any Ahlfors regular metric spaces with hyperconfeo-
mal dimension between 0 and 1?

The following proposition shows that HCdim is much more rigid than Cdim.

Proposition  4.4. If X contains a nontrivial recti able curve, then HCdim X =
Hdim X ..
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Proof. Let :[0;L]! X be a curve parametrized by arclength and such
that (0) 6 (1). Suppose thatf : X ! Y is surjective and hyperquasisymmetric.
Our goal is to prove that Hdim Y HdimX. Givenn 1, let x; = (Li=n),
i=0;:::;n. Since

X
dy (F(xi)if(xi 1)) dv(FC(O):F(C (D)= s
i=1
and dx (xij;x; 1) L=n for all i, it follows that !¢ (L=n) s=n. Using the fact
that ! ¢ is nondecreasing, we obtain liminf, ¢ !¢( ) > 0. By property (iii) in
Theorem 3.4,f ! is Lipschitz on small scales. Thus Hdimy  Hdim X .

Proposition 4.4 implies that the hyperconformal dimension of the Sierpnski
carpet S is equal to HdimS = log 8=log 3. Although the precise value of CdimS
remains unknown, it is known to be strictly less than Hdim S [6, 21].

Bonk and Kleiner [6] introduced another version of Cdim, calledAhlfors regular
conformal dimension It is de ned only for Ahlfors regular metric spaces X :

ARCdim X =inf fHdim f (X): f is quasisymmetric andf (X ) is Ahlfors regularg:

Clearly Cdim X  ARCdim X Hdim X . It is therefore of interest to compare
ARCdim with HCdim. The Sierpihski carpet S has ARCdimS < HCdim S [21]. It
remains unclear if there is an Ahlfors regular spac& with ARCdim X > HCdim X.
No such spaces would exist if hyperquasisymmetric mappingpreserved Ahlfors
regularity; however, this is not the case.

Proposition 4.5, There exists a hyperquasisymmetric mapping of the real line
R onto a metric spaceY that is not Ahlfors regular.

Proof. Let Y be the real line R equipped with metric dy (a;b) = (ja b)),
where :[0;1)! [0;1)is an increasing concave function to be determined. The
identity mapid: R! Y is -quasisymmetric provided that

(tu)
(4.5) (t); tu> O
(u)
We shall choose so that it is C* smooth on (01 ) and
u Yu)
4.6 ct —2Z C u>0
(4.6) W

for someC 1. Itis easy to see that (4.6) yields (4.5) with (t) = maxft®;t1=Cg.
Theorem 3.4 implies that id : R ! Y is hyperquasisymmetric as long as it is
guasisymmetric. It remains to construct so that (4.6) holds but Y is not Ahlfors
regular. One possible choice is

() = ulog(3=u); O<u 1,
(log3 1Lu+1; u> 1:
Indeed, (
o) = log(3=u) 1, O<u 1,
log3 1, u> 1;
hence is concave and
1 u Yu)

u> 0:

log3 (u) L
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It remains to observe that HdimY = 1 but the 1-dimensional Hausdor measure
onY is not locally nite.

5. Embeddings into hyperspaces

In this section we consider isometric and bi-Lipschitz embddings of metric
spaces into hyperspaces. Of course, every spa¥eembeds isometrically intoH (X)
via the map x 7! f xg; our goal is to embedX into the hyperspace of a simpler
metric space, such afR. Before stating our rst result, we introduce the notation
I1 =fx21' :xx 08kg.

Theorem 5.1 Let X be a connected metric space. 1€ 2 CL(X) is unbounded,
then H(X;C) containB an isometric copy of IX . Furthermore, every separable
metric space admits a 2-bi-Lipschitz embedding intoH (X ; C), and eyery bounded
separable metric space admits an isometric embedding. Themstant 2 is sharp.

Proof. Given x = (X1;Xz;:::) 2 11, let x; = minfx;;jgfori;j =1;2:::.
The sequencex~= (X11; X21; X12; X31; X22; X13;:::) satises0 »x kforallk 1.
Also, the map x 7! x is an isometry ofl1 into itself.

Since C is unbounded, it contains a sequencéc,g such that

d(ch;c) d(cn 1;c0)+2n; n L

For x 2 11 let
!

A(x)= Cn ‘ B(chixn) [ ‘ @RCn;%n):
n=1 n=1
Sincex-2 11 , it follows that A(x) 2 H (X ;C). It is straightforward to check that
D(A(x);A(y)) = k¢ yk=kx ykforall x;y 211 .

Every separable metric sppce embeds isometrically intd' by Frechet'sptrleo-
rem. The map (X1;X2;:::) 71 2(X] ;X1 ;X5 X, ;::0) is easily seen to be a 2-bi-
Lipschitz embedding ofI* into |11 . Also, a bounded subset of! can be isometri-
cally mapped into I} by translation x 7! x + (M;M;::: ), where M is su ciently
large.
It remains to show the sharpness of the constanp 2. Suppose thatF : Z !
H(R;R) is an L-bi-Lipschitz embedding. Observe that for any setsA;B 2 H (R; R)
we haveD(A;B) maxfD(A; R); D(B; R)g. Therefore, for everyn 2 Z

2n=L  D(F(n);F( n))
maxfD (F(n);R);D(F( n);R)g
maxf D (F (n); F(0));D(F( n);F(0)g+ D(F(0);R)
Ln + D(F(0);R):

Letting n!1 , we obtain L P 2.

Despite the last statement of Theorem 5.1, many spaces of thierm H(X ; C) do
contain an isometric copy ofl* . The following is a partial result in this direction.

Proposition 5.2 Let X be a geodesic metric space. Suppose th@t2 CL(X)
contains a sequencéc, : n  1g such thatdist(c,;Cnfc,g)!1 asn!l1l . Then
It isometrically embeds intoH (X ; C).
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Proof. Foreachn 1 letd, =dist(cy;C nfc,g) and choose a geodesic arc
n 2 [0;1]! X of length dy=2 so that (0) = c,. For x = (x1;X2;:::) 2 11 set
Xj =minfd=4;maxf d;=4;xigg,i;j 1. The sequence
% 1= (X11; X21; X12; X31; X22; X135 11 1)
satis es j%,j dn=4, and the mapx 7! x is an isometry of 11 into itself.
Let AX)=(Cnfcy:n 19 [f n(2¢=dh, +1=2):n 1g. Itis clear that
A(x) 2 H(R;C) and D(A(x);A(y)) k x yk: forall x;y 2 I*. To prove the
reverse inequality, choosek so that jxx  yj = kx yk;: and observe that

dist( n(2%n=cth + 1=2);A(Y)) = j¥n  ¥ai:
This completes the proof.

For example, Proposition 5.2 implies that every separable ratric space admits
an isometric embedding intoH (R;fn?: n 2 Zg).
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