M151B Practice Problems for Exam 3

Calculators will not be allowed on the exam. On the exam you will be given the following
identities:

Z":k:n(n;l); Zkz n+1)6(2n+1); st ( n+1)>.
k=1

1. Write down a general expression for the sequence with terms
3 5 7 9 11
27 8718 327507

2. Find all fixed points for the recursion

1 1

An+1 = ian(_ - an>7

2

and use the method of cobwebbing to determine which limit will be achieved from the starting
value ag = —1.

3. Find all fixed points for the recursion

. 1—x
Ty = me Y,

and determine whether each is asymptotically stable or unstable.

4. The discrete logistic population model is

N,
Nyy1 = N, + RN,(1 — ?t).

Take R =1 and K = 10 and show that one drawback of this model is that it can start with
a positive population Ny > 0 and return a negative population NVy.

5. Use a geometric argument to evaluate the integral

1
/ |z|d.
-1

6. Use the method of Riemann sums to evaluate

4
/ 1 — 2%dz.
1

2
/ V1 + sin zdx
0

as the limit of a Riemann sum. Be sure to define all quantities that appear in your expression.

7. Express the integral

1



8. Determine whether or not the Fundamental Theorem of Calculus can be applied to the
function
T 0<z<1
xr) = ,
/(@) {2 —r l<z<2

on the interval [0, 2]. If so, find the anti-derivative F'(z) and use it to compute

/02 f(z)dz.

d z2+1
da

9. Compute

.2
e *dx.
CcCOosS T

10. Evaluate the following indefinite integrals.
10a.
/cos(2x — 1)dx.

x
dz.
/:E2+1z

11. Evaluate the following definite integrals.

11a.
ST
/ xsin(z?)dx.
0

10b.

11b.

/ “vVinzx
dz.

.z

12. Evaluate the following indefinite integral

sin® z cos x

—dux.
V1 +sin’z

13. Find the total area between the curves y = 2% and y = 2 — z for z € [0, 2].

14. Suppose that for each value x a certain solid has cross-sectional area A(x) and density
p(x). (The density of an object is its mass per unit volume, p = {7.) Find a formula for the
total mass of such an object on the interval [a, b].

15. Find the volume of the solid obtained by rotating about the z-axis the area between the
graph of f(x) =/ and the z-axis for x € [0, 1].

16. Find the volume obtained by rotating the region between y = 2 and y = /x for = € [0, 4]
about the z-axis.



17. Find the volume obtained by rotating the region bounded by the curves y?> = z and

y = 5 about the y-axis.

18. Suppose the base of a certain solid is the region in the xy-plane bounded by y = 4 and
y = 22, Find the volume of the solid created if every cross section is a square perpendicular
to the z-axis.

19. Compute the average value of the function

1

for x € [1,3].
20. Determine the length of the graph of f(x) = 22+ 1forz e [0, 4].

Solutions.
1. First, we get the sign right with (—1)"*!, n = 1,2,..., and we observe that the numerator
is 2n+ 1, for n = 1,2,.... The easiest way to understand the denominator is to factor out

the common factor 2 (a useful trick in general). We find

2n+1
_ n+1 —
CLn—<—1) W, n—1,2,...
2. First, the fixed point equation is
1 1 1
a= ia(i —a) = Vi §a2,
so that the fixed points are
3 1 3 1
Za+§a2—a(1+§a):0:>a—0,——

For the cobwebbing, we can plot f(a) = ia — %aQ =a(:— %a) by noticing that it’s a parabola
1

1
opening downward with x-intercepts at a = 0 and a = 3, and therefore has a maximum value

at (the midpoint) § of 3(3 — 11) = 13 = 55. We find that for ag = —1 (see the figure)
lim a, = 0.



3. First, in order to find the fixed points we solve

r=ze"" = (1l —e"") =0,

from which we have the fixed points
r=0,1.

In order to evaluate the stability of these points, we set

fla) =ze ™",

and compute

We have:

f'(0)=e=|f'(0)] >1 = x =0 is unstable
f(1)=0=1f'(0)] <1= z=11is asymptotically stable

4. First, for R =1 and K = 10 the model becomes
Nt+1 Nt+Nt(1— —>

We see that if [V, is large the second term will be negative, and as a convenient value we can
take Ny = 50. We find

Ny =50+ 50(1 —5) =50 — 200 = —150.

5. The graph of the function f(z) = |z| looks like a V on [—1,1], and the area under the
curve consists of two triangles with equal areas. Each triangle has baselength 1 and height
1, and so the area of each is 5. We conclude

1
/ |z|de = 1.
-1

6. In this case Ax = b_T“ = %, and we use right endpoints z;, = 1 + kAxz. We have

n

A, =) [1—(1+ 3k) =) [1- (1+6i+9k2)]

n n
k

n
1 k=1

"L 18k 27k2 27 <~ 5
=22 Z k=5 k
k=1 k=1
18 n(n + 1) 27n(n+ 1)(2n+ 1)

We conclude



7. The Riemann sum is

/ V14 sinzdr = hm Z v/ 1+ sinc,Axy,

|HO

where P is a partition of the interval [0, 2] with points P = [z, 21, ...., T, || P]| is the norm
of P (|| P|| = maxy Axy), Azxg = 2 — 21, and ¢ € [xp_1, 2] for each k =1,...,n

8. This function is continuous on the interval [0, 2] and so FTC applies. In order to compute
the anti-derivative, we first observe that for = € [0, 1] we have

T 1'2
Pla)= [ wiy =7,
0

as expected. For x € [1,2] we must keep in mind that we have
22 3 x?
/f dy—/ydy+/ 2—ydy—— 2r——)—==2zx——)—1.
2 2 2
That is,
2
z 0<z<1
Fz)=42 ==
2r—-%)-1 1<x<2

Applying FTC, we conclude

/O f(z)dz = F(2) — F(0) = 1.

(This can easily be verified by a geometric argument.)
9. According to Leibniz’ rule, we have
d z241

2 212 2 )
p eV dr = e @D 2p — em T (_ging).
T

cosxT

10a. Use the substitution u = 2z — 1, so that fl—g = 2. The integral becomes

1 1 1
§/cosudu: isinu—l—C’ = §sin(2x— 1)+C.

10b. Use the substitution u = 2% + 1, so that 3—; = 2. The integral becomes

rzdu 1 [du 1 1
N |
/u2x 5 2n\u\—i—C’ 2n|x+ |+ C,

where since 22 + 1 is always positive the absolute value can be dropped.

t 3—; = 2x. The integral becomes

T d 1 [ 1 ™
/ :Esin(u)—u = —/ sinudu = —=cosu| = 1.
0 2v 2 ), 2 0

11a. Use the substitution v = 22, so tha



11b. Use the substitution v = Inz, so that ‘jl—g = % The integral becomes

e 1 1 2)
/ \/—axdu:/ wtdu = UT = —.
1 xr 0 3 0 3

(Alternatively, Problems 10 and 11 can be solved with fast substitution.)

12. We make the substitution u = 1 + sin? z, with du = 2sin z cos zdz, and we find

Vu o 2sinzcosx 2

sin® z cos x du 1 / sin’
u.

N Vu

At this point we observe that sin?z = u — 1, so we have

1 —1 1 1w W21
§/u\/ﬂ du:§/ul/2—u_1/2du:§[g7 2/2] 3(1+sm 2)¥? — (1 +sin’2)2 + C.

13. Plotting these two curves together, we can see that they intersect at x = 1, and that for
r <1,y =2—xis larger, while for x > 1, y = 22 is larger. The area between the curves is

1 2
A:/(Q—x)—xzd:c+/ 2 — (2 — x)dx
0 1

14. As when developing our formula for the volume of such an object, we consider a par-
tition of the interval [a,b], P = [zo,21,...,2,]. On the general subinterval [zy_y,x)] we
approximately have a cylinder with base area A(c;) and constant density p(cy), where ¢y is
any value ¢ € [xx_1,xx]. The mass of such a cylinder is p(cx)V = p(cr) A(cr) Az, and so if
we sum up these masses we have

Taking now a limit as the partition size goes to 0, we find

b
= lim Zp cp)A(cg) Ay, = /p(a:)A(a:)d:c.

IIPIP0

15. Since the object is being created by rotation, the cross section at each point z is a circle
with radius f(z). The area of the cross section at point z is A(z) = 7f(z)* = mz. Recalling
that our volume formula is

V= / bA(a:)da:,

6



we compute

V = / rxdr = 7—2%| =
0 2 o

Do

16. In this case, we use the method of washers, for which we have

2

1% :7r/04 f(z)? — g(x)*dx
:W/qf—(%a%xzﬂkx—%q4

0 0

= 8.

17. First, we find the points at which these curves intersect by solving
Eporst 0=a2(>-1)=0=2=04
2 4 4 ’
The points of intersection are (0,0) and (4,2). If we rotate the region between these curves
about the y-axis the line = 2y describes the outer radius while the parabola z = y?
describes the inner radius. The volume is
4, 1

2 2
v Zﬂ/ (2y)* — (v*)°dy = W/ 4y* — yldy = oy’ -
0 0

32 32 647
512 __ Dt e

18. One side of each square runs from the curve y = 22 to the line y = 4, and so the
sidelength is 4 — 2. The cross-sectional area is consequently

A(z) = (4 —2%)?,
and the volume is (by symmetry)

2 2 5
8 2> 512
V:2/(4—x2)2da::2/ 16 — 822 + xlde = 2(162 — 22® + 1) = 222,
; ; 3 T 50T 15

19. We compute

I 1.1 319 1.1
favgzifl oot = o[z +infel)| = 5[0 +n3) - S[2] =2+ V3

20. First, observe that

The formula for arclength is

L= /b\/1 T (a)da,



so we have

S )
L:/O 1—|—1xd9:.

We carry out this integral with substitution, setting u = 1+ 2z so that % = 2. The integral
4 dx 4 g

becomes ,
2 |10 8 3

= —(102 —1).
1 27( ’ )




