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Higher Interior Regularity

If we assume additional smoothness on the coefficients of our
elliptic operator L, and likewise assume f is in a higher regularity
space, then we can conclude additional local regularity on our weak

solution wv.

We'll summarize two theorems along these lines, and then move on
to boundary regularity.



Higher Interior Regularity

Theorem 6.3.2. Suppose U C R” is open and bounded, a¥, b,
ce C™YU) (Vi,j€{1,2,...n}) for some me {0,1,2,...},
and L is uniformly elliptic. Also, suppose f € H™(U), and
u € HY(U) (not necessarily H3(U)) is a weak solution of

Lu=f inU.

Then u € Hl’gjz(U), and for each V CC U, there exists a constant
C, depending only on V, U, m, and the coefficients of L, so that

ullme2(vy < CUFl[meuy + lull2(vy)-



Higher Interior Regularity

Notes. 1. The proof proceeds by induction on m, noting that
Theorem 6.3.1 is (with minor adjustments) the case m = 0.

2. Since Reg (H™+2) = m+ 2 — 3, we can conclude that for each
V cc U, ue C"7(V), where we recall that

£*=m+2—[g]—1,

and

. [5]+1-73 if 7 is not an integer
any value € (0,1) if 7 is an integer.
Since V CC U is arbitrary, u € C*(U). For example, if n = 3 and

m = 2, then for each V CcC U, u € CZ%(\_/), so u is a classical
solution (i.e., u € C2(U)).



Higher Interior Regularity

Theorem 6.3.3. Suppose U C R” is open and bounded, a¥, b,
ce C®(U) (Vi,je{1,2,...n}), and L is uniformly elliptic. Also,
suppose f € C*(U), and u € H(U) (not necessarily H3(U)) is a
weak solution of

Lu=f inU.
Then u € C>®(U).

Note. Notice that f € C*°(U) = f € H>*(W) for any
W cc U, and this allows us to apply Theorem 6.3.2 (with W
replacing U) for all m € {0,1,2,...}.



Boundary Regularity

In order to extend interior regularity to the boundary (i.e., to
remove the local nature of the last three theorems), we need to
assume some smoothness on QU.

Theorem 6.3.4. Suppose U C R" is open and bounded with C?
boundary, a/ € CY(U), b, c € L>*(U) (Vi,j € {1,2,...n}), and L
is uniformly elliptic. Also, suppose f € L?(U), and u € H}(U) is a
weak solution of

Lu=f inU (*)

u=0, ondl.

Then u € H?(U), and there exists a constant C, depending only on
U and the coefficients of L, so that

lull ey < CUIF 2wy + lullz2quwy)-



Boundary Regularity

Note. If u € H}(U) is the unique weak solution of (*), then
according to Theorem 6.2.6 (boundedness of the resolvent), we
have

lullzwy < Clfllezqwy,

for some constant C that depends only on U and the coefficients of

L. It follows that there exists a constant C, depending only on U
and the coefficients of L, so that

lullpzquy < ClFllizw)-



Proof of Theorem 6.3.4

1. We'll start by working with a locally flat boundary and show in
Step 6 how to map the general case into that setting. We'll work
locally near a point Xy € OR"., and for notational convenience, we'll

shift coordinates so that xp = 0.
We set
U:=B°(0,1)NRY (i.e, thisis U in the first steps)
1
vV :=B°(0, E) NRY,
and we'll introduce a cut-off function ¢ € C2°(R") so that
1 X € B(0,1)
((x)={ €01 xeB(0,3)\B0,3)
0 X € R"\B(0, 2).



Proof of Theorem 6.3.4

2. Since u € H}(U) is a weak solution of (*), we have
Blu,v] = (f,v), Vv e HU),

and precisely as in Step 2 of the proof of Theorem 6.3.1 we can
express this equation as

n
/ Z a’juxl_vxjd)_(’: (F7 V), VVE H(])-(U)a (**)
Ujj=1
where

fr=f =) bu,—cuc (V).
i=1



Proof of Theorem 6.3.4

3. Fixany k € {1,2,...,n—1} and any 0 < |h| < %, and as in the
proof of Theorem 6.3.1, set

v=—D,"((*Dgu).

We would like to substitute v into (**) as in the proof of Theorem
6.3.1, but we need to verify that in the current setting we have
v € H}(U). For this, notice that

V() = — D;h(C(%)z u(X + hé;;) — u()?))
Su(X) — u(X — hé) Su(X 4+ hék) — u(X)

(% — hey 20— ST (e R A

(% = hé2(u(%) — u(% — héy)) = C(R)(u(% + hé) — u(2)) }.

X
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Proof of Theorem 6.3.4

Since k € {1,2,...,n— 1}, the points X &= hé never leave R7 (for
X € R7). Since ¢ is 0 in R™\B(0, 2), it's clear that v(xX) = 0 for X
near 0B(0,1) N R, and since u = 0 in the trace sense on

B(0,1) N OR"}, we see that v = 0 in the trace sense on JU.

Otherwise, v is a sum of terms in H1(U) (as in the proof of
Theorem 6.3.1), so v € H}(U).

We're now justified in substituting v into (**), and as in the proof
of Theorem 6.3.1, we'll denote the left-hand side A and the
right-hand side B.



Proof of Theorem 6.3.4

4. Proceeding as in Steps 4-6 of the proof of Theorem 6.3.1, we
obtain the inequality

/|D£Du|2d>?g cl/ 2+ u?+|Dul?dX, ke{1,2,...,n—1},
14 U

for some constant C; (which was Cg in the proof of Theorem
6.3.1). From another slight restatement of Theorem 5.8.3 (ii), we
can conclude that that

u, € HY(V) VYke{1,2,...,n—1},
with the estimate
> Nusllizovy < GIFllizeoy + lull e wy)-
I(l:{<:21n

In this case, the restatement is because we don't have V CccC U.



Proof of Theorem 6.3.4

Recall that in Step 7 of the proof of Theorem 6.3.1 (along with a

homework problem), we saw that we can replace ||ul[1(y) on the

right-hand side of this last inequality with ||ul|;2(y). This gets us to
n

Y Nuxellizy < GUIFlzwy + lullzw))-

k,I=1
k+1<2n

5. We still need an estimate on ||ux,x,[/;2(v). For this recall from a
note following our statement of Theorem 6.3.1 that interior
regularity allows us to work with the strong form of our equation,
Lu = f for a.e. X € U. To take advantage of this, let's first write
our equation in the non-divergence form

—Z at uX,XJ+Zb’uX,—I—cu—f b= b"—zn:af{;,.
j=1

ij=1



Proof of Theorem 6.3.4

We can now isolate uy,y, as

a"uy x, = — E a’JuX,XJ—l—E qu,—i—cu—f

ij=1
i+j<2n

Our uniform ellipticity condition is

n
> ai(R)Eg > 0162, YEER™,
ij=1
for some 6 > 0 and all X € U. In particular, if we take E: é,, we
see that

a"M(R) >0, Vxe U



Proof of Theorem 6.3.4

This allows us to divide our relation for uy,, by a""(x) to obtain an
inequality
n
[txosal < Ca( D Nt + 1Dul + Ju] +11]),

ij=1

i+j<2n
for a.e. X € U. If we square this inequality and integrate both sides
over V/, we obtain

| UxoxallL2(v) < C5< Z HUx,-x,-HL2(v)+HDUHL2(V)+||UHL2(V)+Hf||L2(V)>-

ij=1
i+j<2n

Combining this inequality with our previous observations, we see
that

lullieqy < Go (Il 2y + 1F 2w )

for some constant Gg.



Proof of Theorem 6.3.4

6. In the case of a general C? boundary, we fix any Xy € OU, and
we let ®(X) denote our usual straightening map, noting that for
some r > 0 sufficiently small ® is a C? function on B°(Xp, r) with
C? inverse W(y). We'll label the range of ® so that ®(%) = 0.
(I.e., )70 = O)
7. We choose s > 0 sufficiently small so that
U' = B°(0,5) N {ya > 0} C ®(U N B(X, r)),

and correspondingly we set

V' .= B°(0, %) N {yn > 0}.
We also set

u(y) = u(V(y)), veU.

See figure on the next slide.
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Proof of Theorem 6.3.4

We'll check the following claims in the homework:

1. v € HY(U)

2. " =0o0n 9U' N{y, =0} in the trace sense

8. In the new variables, our elliptic PDE can be expressed as
'y =f inl,

where .
F1(y) = fF(V(y)),

and
n

L'u’ ::_Z /kl/ YI Zblku +cu

k,i=1

The coefficients a’¥/, b'*, and ¢’ are given below.



Proof of Theorem 6.3.4

The coefficients a’%/, b’k and ¢’ are obtained dlrectly b
the original operator L in the variable y = ®(X) (<
Clearly,

c(y) = c(¥(y)).
For the first-order term (in original variables)

Z b"(X)ux, (X)

expressing

—

= V().

we need to carry out a short calculation, and we'll do that on the
next slide. For this, we'll denote by ®* the k' component of ®.



Proof of Theorem 6.3.4

> B EE) 5 uV7) = 3 b (F7)5 ()

0

= > B (FR)D (7) 5 -6(3)

r=1

=Zwﬂm2%@mmm

We see that



Proof of Theorem 6.3.4

Proceeding similarly for the second-order term, we find that

()= a* (V)L (V)P V(7).
r,s=1
Claim. u/(¥) = u(V(y)) is a weak solution of
'y =f inlU.
In order to see this, we take any v/ € H}(U’) and let B'[v/, V]
denote the bilinear form associated with L',

B'[J, v’]:/ { Z aky Uy, v, yl—l—Zb’ku v +C/u/v’}d)?.

k,/=1



Proof of Theorem 6.3.4

Also, we set
V(%) =V (®(x)),
and observe that similarly as in the homework problem above,
v € HX(W(U)). In addition, it will be convenient below to extend
v as 0 on U\W(U").

This will allow us to express B'[u/, V'] in terms of u and v, which is
what we do next.



Proof of Theorem 6.3.4

For the first-order term in B'[v/, V'], we can write

k=1 O
= > K (Du) V() (7)v(¥ (7))
k=1

—Zb’kzux(‘“(y) ().

For notational brevity, we || write thls last expression as
n n
1 k i
33 v
i=1 k=1

Proceeding similarly for the other two terms, we obtain the
relationship on the next slide.



Proof of Theorem 6.3.4

We have
B'J, V] = Z Z / ij dy
ij=1k,=1
-1—22 b'kuxl vd)7+/ cuvdy.
i=1 k=1 '

! ki

According to our definition of a’*, we can write

zn: Kl W = Z Z Ao ol W) W

k,I=1 k,/=1r,s=1

> {(DeM)ADS)T v v,

k,1=1
= (DY) {(DP)A(DD)T }(DW)T.



Proof of Theorem 6.3.4

Recall fiom our construction of the maps ® and ¥ Las’g semester
that DV = (D®)~! (just differentiate the relation W(®(X)) = X).
We see that

(DV)D® = &7 Vie{1,2,...,n}.

In this way, we see that

n
TkIgi i — AT AA. — Al
E av, W =g A§ =a’.

k=1
Similarly,
b n n
BRI =" pok vl Z b Z (D) (D)
k=1 k=1 r=1 r=1 k=1

= 3" r{(DW)(DS)}; = b,

r=1



Proof of Theorem 6.3.4

Comllining these observationf, and using the change of variables
y = ®(x) (recall that det DP(X) = 1)

n n
Bl V= > //a’k’ux,w;kvxjw§,dy

ij=1k,I=1
cuvdy

n ZZ/U, b/kuXiw;kde+/

i=1 k=1

o | | SIS v u,

k,i=1

/

ij=1

+ i [i b’k\U;,k] Uy, V + Cuv}df(’

i=1 k=1

n B n )

/ { Z a’ ug v + Z b'uv + cuv}df(’: Blu, v]
U

i=1

ij=1



Proof of Theorem 6.3.4

The latter integrals can be expressed over U because v is taken to
be 0 on U\W(U’). We see that for all v/ € H}(U'),

B'[J, V'] = Blu,v] = (f,v) = (f', V),
and so v’ is a weak solution of L'v' = f’.

9. We will proceed by applying Steps 1-5 to L', and for this, we
need to verify that L’ satisfies our assumptions on L in the theorem.

Recalling the relation
n
() =Y a (V@)L (W)L (W(¥)),
r,s=1
we see that our assumption of a C? boundary ensures us that
aH e CHU) for all k,I € {1,2,...,n}. It's clear that
bk ce L®(U), forall k€ {1,2,...,n}.



Proof of Theorem 6.3.4

We also need to check that L’ is uniformly elliptic in U’. For this,
we take any y € U’ and any £ € R" and we compute

n

POER I Z Z (U(7) L (U(7))éxts

k,/=1 k,=1r,s=1
n

= > " (U()nms > 017712,

r,s=1

where we've set (with £ viewed as a row vector)

(
7(y) == EDB(V(y)) = &= 1(y)(DP)! = i(y) DV (y).
We see that

—

&l < Gl

for some constant Cy.



Proof of Theorem 6.3.4

In particular,
6 -
0|i7% > —=€]°,
i > &I
and this gives uniform ellipticity with constant §/C2.

10. We are now justified in applying Steps 1-5 to v’ as a solution of
L'y’ = f', and this provides the inequality

'l 2evry < Gl lzqury + 161 i2¢u0r))-
Returning to original variables, we can express this as
ullgz(vy < GolllFll2quy + lullizquy),

where V = W(V’) and on the right-hand side we've extended the
domain of integration from W(U’) to U.



Proof of Theorem 6.3.4

We now put these local estimates together in the usual way. Since
OU is compact, we can find finitely many sets {V;}"_; as described
above, along with one additional set Vo CC U so that

u]
o)
1
n
it

DA



Proof of Theorem 6.3.4

From Steps 1-9 of the current proof, we have
lullhzovy < Killlfllzqoy + lullzwy),  i=1,2,... N,
for some constants {K;}Y ,, while from Theorem 6.3.1 we have
lullz(ve) < KolllFllzquy + llulliz(uy);

for some constant Kp. Finally,

N

2
lulleey < D lulize,

i=0

(inequality because of overlap in the sets), so for some constant C
we have the claimed inequality

lullrzeuy < CUIFNl 2oy + lull2eu))- Ol



Higher Boundary Regularity

We'll conclude by summarizing two results on higher boundary
regularity.

Theorem 6.3.5. Suppose U C R" is open and bounded with
C™*2 boundary, a¥, b’, c € C™1(U) (Vi,j € {1,2,...n}) for
some m € {0,1,2,...}, and L is uniformly elliptic. Also, suppose
f € H™(U), and u € H}(U) is a weak solution of

Lu=f inU
u=0, ondU.

Then u € H™2(U), and there exists a constant C, depending only
on m, U and the coefficients of L, so that

[ull pmezcuy < CUIFl[muy + Tull 2(uy)-

Note. If Reg (H™2) > 0, then u is continuous up to the
boundary.



Higher Boundary Regularity

Theorem 6.3.6. Suppose U C R" is open and bounded with C*°
boundary, a¥, b’, c € C®(U) (Vi,j € {1,2,...n}), and L is
uniformly elliptic. Also, suppose f € C>®(U), and u € H}(U) is a
weak solution of

Lu=f inU
u=0, ondl.

Then u € C>(0).



