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1 Keystone Problem

We are going to talk about systems of linear equations

f = Φα, where n = dim f < dim α = m.

The solution is not unique. The Moore – Penrose solution

α = ΦT (ΦΦT )−1f

is exactly what we do not need!

First, we show how to reduce the main problems of Coding Theory
(Source encoding, channel encoding, secret transmission) to the
problem stated above. For all those problems sparse solutions are
required.
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2 Sparsity

We consider only finite dimensional case.

Let H = Rn with the Euclidean norm ‖ • ‖2, S = {φi}m
i=1 ⊂ Rn, m > n,

is a complete set in Rn (in other words, a dictionary or a frame).

We introduce the (quasi)norm

‖α‖p =

(
m∑

i=1

|αi|p
)1/p

, 0 < p < ∞,

in the space Rm, ‖α‖00 := limp→0 ‖α‖p
p.

The matrix Φ above is a matrix of the size n×m whose columns are
vectors of S in the standard basis of Rn.
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Exact and approximate solutions satisfying some properties which can
be united by the notion of sparsity.

Examples of those properties:

• ‖f −Φα‖2 < ε, ‖α‖p → min, 0 < p < 2, ε ≥ 0 is fixed.

• ‖f −Φα‖2 → min, ‖α‖p = N (‖α‖00 = N), N is fixed.

Both problems are NP-hard (Natarajan, 1995).
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Principle Questions.

• Whether a solution is unique?

• For what sets {f} and {Φ} a solution can be found for polynomial
time?

• What algorithms can bring sparse solutions?
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Two obvious sources for the formulated problems:

• We or someone else encodes (”compress”) sparse information {α}
with a vector f . It is required to restore that information.

• Information in a vector f is compressible. It is required to find its
sparse representation {α}.

Pay attention! Both interpretations are about compression!

What happens if we apply two ”compressions” in a row?

Did we work for free in this case? :-)

Not at all! Wait a minute!
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While both problems can be solved with the same algorithm, there are
two very essential differences:

• The first problem requires precise recovery of the vector α, whereas
the second one requires just finding a good approximation of f ,
using a sparse representation with α, i.e., we have the minimization
of ‖α− α̃‖ against the minimization of the discrepancy ‖f − f̃‖.

• The first problem is about ”linear compression” with ”non-linear
recovery”, whereas the second problem is about ”non-linear
compression” with ”linear recovery”.

Both problems are extremely important!
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Traditional approach to (say image) compression:

Linear transform encoder + entropy (arithmetic) encoder.

We advocate for a slightly different scheme:

Non-linear redundant transform (roughly speaking, a frame instead of a
basis) + linear compression (roughly speaking, an inverse frame
transform).

Remark. If the first step is a linear transform, D.Donoho (2004),
E.Candès, J.Romberg, T.Tao (2004), M.Rudelson, R.Vershynin (2004)
gave this scheme the name Compressed Sensing / Compressing
Sampling. Their results inspired us for the scheme given above.

What are benefits?
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Why Non-Linear Frame Expansions?

Representations in a redundant system are good when sets of
represented objects do not constitute a linear space or have non-regular
probability distribution or geometric form, and/or those distribution or
form are unknown.

We give an example (A.P., 2005) showing that even very simple
computationally efficient Orthogonal Greedy Algorithm applied to
wavelet frames significantly outperforms a wavelet transform.
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Why Linear Compression?

Question. In traditional compression scheme an entropy encoder
follows transform coding. Why not?

Answer. Our main goal is to create a system intended for transmission
of real-valued information through noisy channel. Ideally, we wish to
design an encoder optimally using the channel capacity even if it varies
in time.

We need ”progressive decoding” when the quality of the decoding
depends on the current channel capacity. Roughly speaking, less
significant bits have to protect more significant bits.
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The arithmetic encoder completely destroys bit significance
information.

Preceding encoders like SPIHT or EBCOT keep bit-significance
information but they provide variable length encoding. Their output
contains special bits which are not coefficient bits.

We wish to have a compressor whose output consists of (real) integer
numbers with an equal number of bits per number.

Is this realistic?
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3 Error Correcting Codes

E.Candès and T.Tao (2004), M.Rudelson and R.Vershynin (2004).

Model settings for error correcting codes are as follows.

Let a vector g ∈ Rk is encoded with a redundant linear transform
Ω ∈ Rk×m, k < m, as β := ΩT g for transmission through a noisy
channel.

The channel corrupts some random entries of β, resulting a new vector
β̃ := β + α, where the corruption vector α has N non-zero entries.

Finding the vector α is equivalent to correcting the errors.

Any vector β belongs to a linear space V ⊂ Rm which is a linear span
of rows of the matrix Ω, whereas α does not.

V is called a space of codewords.
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To separate information about α and β in β̃ we introduce a matrix Φ
whose rows form a basis in V ⊥, n := dim V ⊥ = m− k. Then the vector

f := Φβ̃ = Φ(β + α) = Φα

is the only information about α available for the receiver.

Thus, we’ve arrived at the same problem!
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4 Secret Transmission (Cryptography)

We describe a hypothetic Public Key Cryptographic system for
real-valued information.

Let we have a class of n×m matrix Φ for which a polynomial
algorithm recovering vector α with N non-zero terms, whereas for an
arbitrary n×m matrix the problem is NP-hard.

The receiver forms (say random n× n) matrix Ξ matrix and sends the
product (public key) Ψ = ΞΦ to the sender. The sender put N real
(integer) numbers into a vector α ∈ Rm, N < m, and transmits Ψα to
the receiver.
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Thus, to implement the whole chain of Coding Theory we, in fact, have
to be able to solve one problem of finding sparse solutions of systems of
linear equations.

However, whether linear methods can beat or at least reach the
efficiency of general non-linear coding.

There is a good example inspiring the hope.

The state-of-the-art optimal arithmetic compression algorithm is
non-nonlinear, whereas the optimal ECC algorithms (TC or LDPC) are
linear!

It means that the optimal compression can be implemented with a
linear methods.

Compressed Sensing of binary information may give the absolutely
optimal compression!
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5 Algorithms

A few types of algorithms are considered:

• Linear Programming (LP)

• Orthogonal Greedy Algorithm (OGA)

• Reweighted `1 optimization.

• Dynamic Programming

• ???

LP vs. OGA. Which of them is better?
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How far the known numerical methods from the optimal recovery?

The answer depends on the model of α.

We consider the model appearing in Error Correcting Codes.

We assume that the real data are encoded with double redundancy
(m/(m− n) = 2, i.e., m/n = 2) and represented with 20 binary digits
per sample.

Bits are corrupted with the probability p = 0.02− 0.12.

For the recovery, LP, OGA, and a canonical dual frame are applied.

Average level for the decoding gain 20 log10(‖α− α̃‖/‖α‖) is given on
the plot.
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An optimal decoder (with the hard input) provides the perfect error
correction for p ≈ 0.147!
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6 Reweighted `1-minimization

The most significant progress was achieved by E.J. Candès, M.B.
Wakin, S.P. Boyd (2007).

Classical `1 approach: Find a vector α such that

‖α‖1 =
∑

i

|αi| → min, (1)

subject to

f = Φα. (2)
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Instead of computing a solution with the minimum `1-norm, iterative
algorithm with current solution providing minimum for the weighted
norm

‖α‖wj ,1 =
∑

i

wj
i |αi|, (3)

i.e.,
‖α‖wj ,1 → min, (4)

is considered.
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The weights wj
i depend on the previous iteration αj−1. The accepted

dependency model is

wj
i =

1
ε + |αj−1

i | , where ε = 0.1;

Some qualitative justification was given by the authors.
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S. Foucart and M.-J. Lai (2008) considered the reweighted `1

minimization with the weight

wj
i = (ε + |xj−1

i |)q−1, 0 ≤ q ≤ 1.
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Our explanation.

This is the algorithm with an anti-democratic principle.

If a vector picks up much energy (its decomposition coefficient enters
into ”the club of big coefficients”), it may do whatever it wishes. Its
influence on the target function is negligible.

This is the principle of Greedy Algorithms.

Relying on this idea, we construct the following algorithm.
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`1Greedy Algorithm.

1. Initialization.

a) Take take w0
i ≡ 1, i = 1, . . . , n.

b) Find a solution α0 to (2) providing the minimum for (1).

c) Set M0 := max{α0
i } and j := 1.
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2. General Step.

a) Set M j := γM j−1 and the weights

wj
i :=





ε, |αj−1
i | > M j ,

1, |αj−1
i | ≤ M j .

b) Find a solution αj to (2) providing the minimum for (4).

c) Set j := j + 1.

Parameters used in our tests are as follows: ε = 0.001, γ = 0.87.

A number of iterations is 25.
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7 Numerical Experiments

Our settings:

dim α = 256;

dim f = 128;

30 ≤ k := #{αi | αi 6= 0} ≤ 90.

Columns of the matrix Φ are independently distributed vectors over
the sphere of the dimension dim f .
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Is there any source for improvement?

Maybe algorithms developed in the theory of Error Correcting Codes?

Simplest example: Convolutional Codes with the Viterbi decoder —
Dynamic Programming (DP) algorithm.

The essence of the Viterbi algorithm is the reduction of the full search
of the optimum to the sequential local search.

Roughly speaking, this is possible if in an encoding algorithm the
output depends only on a finite number of input samples.

Convolution with a finitely supported sequence is a typical example.

For discrete input information, convolutional encoder can be
represented as a finite state machine.
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