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2D nonlinear transport: from viscous to the inviscid
e The 1D setup — u§ + u‘u§ = euf, (Burgers eq.):

1. Compactness: |[u¢(-,t)||py < |lu§llpy = u¢ — @ ("Lt hard");
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2D nonlinear transport: from viscous to the inviscid
e The 1D setup — u§ + u“u§ = euf, (Burgers eq.):

1. Compactness: |[u¢(-,t)||py < |lu§llpy = u¢ — @ ("Lt hard");

1
2. Conservation form: ujy + §<(u€)2)x = eu’,, (Obvious);

3. Passing to the limit: ﬂt—l—%(ﬂz)x = 0 (“diagonal” regularity);
e The 2D setup — uj + u®- Vxu® = eAzu”:

1. We prove compactness: |[u¢(:,t)||gy = ||“6||Cg (“L1 hard"):
2. Conservation form is not obvious: u; + Vx(u® ® u®) # eAu;
3. Limit u¢® — u exists — but what is the dynamics of u(-,t):
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BV bound by spectral dynamics
u; +u-Vxu = VxF, F =F[u,odxu, 8§i’xju, ool ]

8u7;

Ly

e A\ = \(M) — an eigenvalue of M = ( ) w/eigenpair (¢,r) = 1

Ohi +u-Vxhi+ 22 = (VxF,r) | i=1,2,... N

— Difficult interaction of eigenstructure—forcing --- ( VxF{,r )
e viscosity forcing: F[...] = eAu

® If M = Vu is symmetric with A\1(x,t) < ... < An(x,t):

AN 4+ u-Vxri +A7 > eA)
AN +u-Vdy + 2% < eAly

e Ricatti equation = A\ < ... < Ay < Const. — Vxu < Const.
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Uniform BV bounds on viscous transport eqs

e A bound on the spectral gap: n:= Ay — \q

ne+u-Vxn+ (A1 +Ay)n < eAn

e N=2: n+u-Vxn+ (Vx-u)n<eAn

nt+ Vx(un) < eAu == |[[n(-, )| 1 < [|Inoll .1
OSLC: A1 4+ X = Vx-u < Const. (majorized by Ricatti's \»)
e Conclusions: Ay Xy € L == |lu(:, )]sy = |luoll 1

#1. 2D symmetric M: u= Vo
Uniform BV bound on V€ of eikonal eq.: ot + %|VXS0|2 = eAp
#2. 2D nonsymmetric M: ! spectral dynamics of symmAM

Uniform BV bound on u€ of transport eq.: (0; + u- Vx)u = eAu
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Passage to the limit: uf + u®- Vxu® = eAzu®

lu‘(, )| < Const. :== u‘(x,t) — u(x,t) in L>([0,7], L' (IR?))

e Irrotational case — ug = Vxpp: U = Vxp — atgo+%|vxgo|2 =0
e Non-conservative product (Volpert, LeFloch...): ?
e (p,u) is solution of pressureless eqs: 7
Op + Vx(p) =0, O(pu) + Vx(pu®@tu) =0
e Dual solution: the viscous case
6f 4+ Vx(u'g) = —eA¢® 1 (¢5,u(, 7)) = (¢°(,0), uf)

The inviscid case: L°°-¢ exists by the OSLC Vx-u < Const.
th + VX(UQb) — 07 QST() —u Qb(,t), IS [OaT]!

u is a 'dual solution’ if for all ¢p(-): <<;5T,u(-,T)) - <¢(-,O),u0)
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L1 Convergence Rate Estimates

for Hamilton-Jacobi Eqs*

*with Chi-Tien Lin
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Convex HJ eqgs: ¢f+ H(Vxp) =0
HJ eqs with convex Hamiltonian: DZH(p) > 0
Example: eikonal eq.: H(yp) = 5|p|?
Viscosity sins, ¢; + H(Vxe) = 0, demi-concave: D?p(-,t) < k(t)
e APPROXIMATE SLNs: ¢f + H(Vx¢)~0
e Stability assumption: D2pf(x,t) < k(t) € L1[0,T]

— L1 ERROR ESTIMATE: supp¢® = Qg C IRY

initial error L1 consistency

7\

leCot) =0 D1 St g = poll Loy + It + HVON N L1(0.0x)
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Examples of approximate viscosity solutions

e Convex Hamiltonians — L1-framework: 05 + H(Ve©) = eAp©

leAe lniorxa) € = leCt) = C 01 2t lleg — wollpr +e

e General Hamiltonians — L°° framework:
Crandall-Lions, Souganidis, Oberman, ...

||906(7t) _ 90(7t)||LOO ’St \/E

Ll-rate + demi-concavity (interpolation): L°-rate of order ~ Ve

e Godunov type schemes: @2X(., t"T1) = PA E{t"+ AL, t™)p2%(., t7)

t
2% 0) = o Dl o o (T = Pax) ¢, )

L1([0,t] x$2)

1st- and 2nd-order demi-concave projections: |[I — Paxl|;1 ~ |Ax|?



Beyond monotone schemes for HJ eqs
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Central-scheme solution of eikonal eq.
with second-order limiters (Lin-T. and Kurganov-T.)
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Edge Detection in piecewise smooth
spectral data by Separation of Scales:

A BV approach+

*with S. Engelberg (Jerusalem) and J. Zou (Wachovia)
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N . R T .
Snlf1@) = S Fkye®s,  Fk) = — |7 fly)e*vay
N

21 J—7

e Piecewise smooth f's +— Gibbs' phenomenon:

—1kc
e First-order accuracy (global):  |f(k)| ~ [J""](C)e2 m + O (#)
T2
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Concentration factors

) | ) = Tson®o (W) 7k | oo = [T as

Co

Snf(x) w— S{f(x) =Y f(k)eh®

keS2

O(1), =« ~ singsupplf]

ST = 1fl(z) + O(en) ~ {

O(ey), f(')|~x smooth

1
Edge detection by separation of scales: ep ~ (N % dist(2))° <1
1SU\ X o




ZW—iSQN(k)U(%)f(k)eikx — how to choose o(6;)?
Co
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ZW—iSQN(k)U(%)f(k)eikx — how to choose o(6;)?
Co

1 k
SLfl = KxSN f = K f: K{(z) i=—— > a(u) sin kx
o p<y A

e ‘Heroic’ cancelation of oscillations — all ¢’s are admissible:

cos(N + 3z 1 1,
2rsin(z/2) +Na:+.”NN5 (Nz)

K () ~

e Example: Linear (Fejer): o(0) = 0y;

e Example: Exponential(Gelb-Tadmor): o(0;) = 6y, - ex0—1)



Zﬂsgn(k)a(w)f(k)e“m — how to choose o(0;)7
Co
. 1 k
S%1f] = K*xSnf = K f: K{(x) = - |k|z<:N (|N|) sin kx

e ‘Heroic’ cancelation of oscillations — all ¢’s are admissible:

KR () ~

cos(N + 3z 1 1,
2rsin(z/2) +Na:+.”NN5 (Nz)

e Example: Linear (Fejer): o(0y) = 0y;

e Example: Exponential(Gelb-Tadmor): o(0;) = 6y, - ex0—1)

0-5; 0.5?—
| |
—0.5?— '0'5;

left: reconstructed f; center: Minmod detection mm{S="", S7'} right: enhanced detection

1116
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Noisy data: f(k) ~ [£](c)%—r + n(k)

o 1 N U(Qk) PR N ~
SR = | 3 2 cos(hk( — )" @" 3 o(8)ak) cos(ka) |,
Colk=1 k k=1

k Lo(6
e Concentration factors — o(0;), 0 := Ll ; /o %d& =1

N
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o 1 N U(Qk) PR N ~
SR = | 3 2 cos(hk( — )" @" 3 o(8)ak) cos(ka) |,
Colk=1 k k=1
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e—zkc :

Noisy data: f(k) ~ [f1(c)S— + 1i(k)

o 1 N U(Qk) PR N ~
SFEIAE) = | 3 2 cos(hk( — )" @" 3 o(8))ak) cos(k) |,

Colp=1 k k=1

k 1Lo(6
e Concentration factors — o(0;), 6 = % ; /o %d@ =1

o (0y)
NG,

2
Least squares : min > ( ) + 23" 0%(0,) E(Ji(k)|?)
k k

e A new small scale: white noise with variance n := E(|a(k)|?):

o (0) VIANG N n = 0(noiseless)
7 14+nA(N6)2 7 | tanTi(VnAN) >0
(i) if vVnAN < 1: the pointwise error ey := 'OQZ%N)

(i) if % SRV & the pointwise error €, := y/nAlog <\/77>\)-



regular  jJump noise

Noisy data: f(z) = t(z) + j(z) +n(z)

e (BV,L?)—minimization:

min koS () (@) sy + [1SX G (@)]152 + A|SF(n) (z)]|25

o(0
Dk 159‘;;)=1

k k| —k
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regular  jJump

noise

Noisy data: f(z) = t(z) + j(z) +n(z)

e (BV,L?)—minimization:

min koS () (@) sy + [1SX G (@)]152 + A|SF(n) (z)]|25

o(6
Dk ]\(7912)21

Concentration factors: oy, (

25

15

0.5

Signal plus noise, n = 0.000020

I

v)-

0.5 1 15

Signal plus noise, n = 0.000045

2

0
-0.5
-1

-15
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0

(k| — ko) +
co - (1 + nAk2)’

Concentration Factor,n = 0.000020

1
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Concentration Factor, n = 0.000045
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ko < |k| < Ng <N



Incomplete data: f(k), k€ QC {—N,...N}

incomplete S%f(z) = Y f(k)eh®,  f(k) = —sgn(k)a(|k|)f(k).

kEQ Co

e Jump function: S%;(z) ~ Jy(z) := Z[f](cj)l[wucj,%c.H](x)
j J



Incomplete data: f(k), k€ QC {—N,...N}

incomplete S%f(z) = Y f(k)eh®,  f(k) = —sgn(k)a(|k|)f(k)

kEQ Co

e Jump function: S%;(z) ~ Jy(z) := Z[f](cj)l[wucj,%c.H](x)
j J

prescribAed data missing data
Je(x) = > flk)e™ ™  + 3 J(k)er.
ke k&Z<2

o {J(k)|k & 2} — sought as minimizers of the ||J(2)| pv:

prescribed

J(z) = argmin (k){HJHBV | Ji(z) = S&f(z) + > J(k)ezkx}
k<



Incomplete data: f(k), k€ QC {—N,...N}

incomplete S%f(z) = Y f(k)eh®,  f(k) = —sgn(k)a(|k|)f(k)

kEQ Co

e Jump function: S%;(z) ~ Jy(z) := Z[f](cj)llwucj,%c.H](x)
j J

prescribAed data missing data
Je(x) = > flk)e™ ™  + 3 J(k)etr.
ke k&Z<2

o {J(k)|k & 2} — sought as minimizers of the ||J(2)| pv:

prescribed

Je(z) = argmin (k){HJHBV | Jr(x) = S&f(x) + Z J(k)ezkx}
k<

e T he rationale: Missing {j}(k)}mgm complement the prescribed

{f(k)}|k€§2 as the approximate Fourier coefficients of (f]})k



Left: the original image; center: recovered by the back projection
method; right: recovered edges by the compressed sensing edge
detection method.

Here, 3000 Fourier coefficients are uniformly and randomly dis-
tributed over the 1282 gridpoints. We construct the spectral
data of the edges captured by the Sobel edge detection method.



Left: the original image; center: recovered by the back projection
method; right: recovered edges by the compressed sensing edge
detection method.

Here, 3000 Fourier coefficients are uniformly and randomly dis-
tributed over the 1282 gridpoints. We construct the spectral

data of the edges captured by the Sobel edge detection method.

REF: The Computation of Gibbs Phenomenon [Acta Numerica 2007]
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Multiscale Decomposition of Images in (BV,LP)*

*with Prashant Athavale (Maryland) Suzanne Nezzar (Stockton)
and Luminita Vese (UCLA)



Image processing: (X,Y )-multiscale decompositions
f e L2(Q), (grayscale) f = (f1, fa, f3) € L2(2)3, (colored): Q C IR?

Noticeable features: edges quantified in X = BV, ..., ||ul|x = Jo ¢(DPu), ..

Other features: blur, patterns, noise, texture,...: in Y = L2, ..., L1 .
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Image processing: (X,Y )-multiscale decompositions
f e L2(Q), (grayscale) f = (f1, fa, f3) € L2(2)3, (colored): Q C IR?

Noticeable features: edges quantified in X = BV, ..., ||ul|x = Jo ¢(DPu), ..

Other features: blur, patterns, noise, texture,...: in Y = L2, ..., L1 .

Images in intermediate spaces ‘between’ X = BV and Y = L2, .

e /':Y — Y is a blurring operator:

. — 7 2}
Qr(f X XYy = inf {ljully +Alf ~Tul}

Example: \ as a fixed threshold of noisy part: ||f — Tul|;2 < o)

f=Tuy+ vy, |uy,v)]= a)frg+inf A(f, \; X,Y).

UTV—

e u) extracts the edges; v, captures textures



Multiscale decompositions — blurry and noisy images

e Distinction is scale dependent — ‘texture’ at a \-scale consists
of significant edges when viewed under a refined 2X\-scale

vy = Tuoy +voy, [uon,von] = arg inf Q(vy,2X).

Tu+v=uv)



Multiscale decompositions — blurry and noisy images

e Distinction is scale dependent — ‘texture’ at a \-scale consists
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Multiscale decompositions — blurry and noisy images

e Distinction is scale dependent — ‘texture’ at a \-scale consists
of significant edges when viewed under a refined 2X\-scale

vy = Tupy + voy, [UQ)\? U2>\] — arg inf Q(/U>\7 2X).
Tu+v=uv)
e A better 2-scale representation: f =Tuy + vy = Tuy + Tuo)y... + vo)
T his process can continue...

[U’]—I-l? ]_|_1] = arg inf QT(Uj, )\j_l_l), )\j L= )\02j, 7 =0,1,...
Tuj417vj 4177

After k£ hierarchical step:

~~
|

Tug + vg =
Tug+Tuy +v1 =

Tug + Tuyg + -+ + Tug + vg.
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e Iterated Tikhonov regularization — expansion of denoised/deblurred image:

k
uz Y u; <= f=Tug+Tus~+ ...+ Tup 1+ Tug + vy
j>0

1 1__|BRg ~ D]
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Hierarchical expansion and energy decomposition

e Iterated Tikhonov regularization — expansion of denoised/deblurred image:

k
U = Zu] —— f:TUO+TU1—|—...—|—Tuk_1—|—Tuk—|—Uk

j>0
Example. f = Xp_ |0 = —imXp — Bl X ~ 27J universal
Br * Y5 = XN;RXBr T N;R[S\Bgr|X\Br
— [ 1 > >
e Energy decomposition: ) [;H“jﬂx"‘HT“jHH = |[fll72, fe€X
j=0 "\

T hree basic questions about multiscale decompositions
1 : .
e Where to start: u= ) wu;: 5 < 20N T* flx < 1
J=7J0

k
e When to stop? uz= > wu;

J=>70

e Why dyadic scales — Mg < A1 < ... < A, A, ~ 27
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Examples of multiscale image decompositions

e Multiscale X = BV, Y = L?-decomposition

Q(f,A\;BV,L?)
Chambolle-Lions: [uy,vy] = arginfy {ﬂUHBV + M| f — u||%;}

Rudin-Osher-Fatemi: infy {||U||BV L= U||%2 = 02}

e Chan-Esedoglu: X = BV, Y = Ll-decomposition

Q(f,\;BV,L?)
e We advocate (BV,L?): [uy,vy] = arginfy { |ull gy + Allf — ul|% }

e Mumford-Shah: X = SBV, Y = L?-decomposition

e Osher-Vese: X =BV, Y = BV* ...

L : : f
e Multiplicative noise: inf { U -+ AH— — 1|
p B () lull By (o) »

2
L2(Q)}
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(BV, L?)-decomposition of colored images
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(BV, L?)-decomposition of colored images

-

2 3 4
§) 7 8

E 4 b -
= Frrbg e e, “" €perve, B8 %e %
¢ © T ° ° 2yt
-
~ f9ar i
o ™
o
- > i
R



Multiscale Q7 (BYV, L?) deblurring+denoising

VRO —|— 128

1st row, from left to right: blurry-noisy version f, and Rudin-Osher restoration
URo, VRO = f —uro + 128, rmse =0.2028. RO parameters A = 0.5, h = 1,
At = 0.025. The other rows, left to right: the hierarchical recovery of
u from the same blurry-noisy initial image f using 6 steps. Parameters:
A = .01 x 21 At =0.025, h=1; rmse= 0.2011: avoids staircasing



(BV, L1) vs. (BV, L%)-decomposition

k
[u — f Vuy,
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(BV, L1) vs. (BV, L%)-decomposition

u lup, — f] V(V’uk

uj = f+ ), Ak = 2Ak_1.
2. 20 [Jlug — fllp,  \Vug]

(BV.L2) (BV.L2)

A=6.5536 A=13.1072

(BV.L2) (BV.L2)

A=26.2144 A=52.4288



(BV, L) vs. (BV, L%)-decomposition enhanced

- |uk—f|g<|G*Vuk|>v( Vuy,

uj = f+ >, Ak = 2Ap—1.
2. 20 Jug = fll 1, [ Vug|



(BV, L1) vs. (BV, L%)-decomposition enhanced

k

Uy — G * Vu Vu

Zuj:f+| k— flg(l va( k)’ A= 221,
20 Jug = fll 1, [ Vug|

(BV,LD) with g(IG*Dul)  (BV,L?) with g(|G*Dul)

Original noisy image

A=6.5536 A=13.1072

(BV,LD) with g(IG*Dul)  (BV,L?) with g(|G*Dul)

A=26.2144 A=52.4288
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(BV,L1) vs. (BYV, L%) -decomposition enhanced

u |uk—f|g(|G*VUk|)v(VUk

uj = f+ ), Ak = 2Ak_1.
2. Ak [Vug|

(BV.L) withg(IG*Du)  (BV,L,) with g(|G* Dul)

Original noisy image

A=6.5536 A=13.1072

(BV.L) withg(IG*Du)  (BV,L,) with g(|G* Dul)

A=26.2144 A=52.4288



(BV, L1) vs. (BV,L?) in normal direction



(BV, L1) vs. (BV,L?%) in normal direction

k
Uy — G * Vur|)|Vu Vu

Zuj:f+| k — fl19( k)| k|v( k)’ A= 21,
20 Jug = fll 1, [ Vug|

(BV,L?) with g(IG*Dul)[Du|  (BV.L?) with g(|G*Dul)|Dul

Original noisy image

A=6.5536 A=13.1072

(BV,L?) with g(IG*Dul)[Du|  (BV.L?) with g(|G*Dul)|Dul

A=26.2144 A=52.4288



Multiscale (SBV, L?) decomposition

e The regularized Mumford-Shah by Ambrosio and Tortorelli (AT):

AT (f, A) = inf f {u\//Q(wz + pep) | Vul?dz+

{u,v,w | utv=
ST
2
4,0 +>‘||U||L2(Q) )

pep— 0,p 1 0 +ol Vel 2y +

[ujr1,vj41] =arg  inf  AT,(vj,A), Ao <A1 <A <...

UV, W, U V=0,



Multiscale (SBV, L?) decomposition

e The regularized Mumford-Shah by Ambrosio and Tortorelli (AT):

. : 2 2
AT, (f,A) = (o I|nzf—|—v:f} {,LL\//Q(’LU ~+ pep)|Vu|“dz+
|w — 1”%2(9)

[ujr1,vj41] =arg  inf  AT,(vj,A), Ao <A1 <A <...

UV, W, U V=0,

©.@)

_ 1

e Energy scaling: [;|uj|H&)'(Q) + [lujll 2] < [If]1%2
j=0 " J



Multiscale (SBV, L?) decomposition

e The regularized Mumford-Shah by Ambrosio and Tortorelli (AT):

. : 2 2
AT, (f,A) = (o I|nzf—|—v:f} {,LL\//Q(’LU ~+ pep)|Vu|“dz+
|w — 1”%2(9)

[ujr1,vj41] =arg  inf  AT,(vj,A), Ao <A1 <A <...

UV, W, U V=0,

. = [1
e Energy scaling: > [;|uj|H&)'(Q) + ||Uj||%2] < |I£1152
j=0 ") J
k
Hierarchical decomposition: fz= )~ uj, || f— >

j=0 j=0

7

Ul o100y = o



Multiscale (SBV, L?) decomposition

e The regularized Mumford-Shah by Ambrosio and Tortorelli (AT):

7, = inf 2 2
AT(EN = nf f}{u\/ [+ pep) VPt
lw — 112
pep— 0,p | 0 ol VelFag) + 5 T+ Al ¢

[wjg1,vj41]l =arg inf  ATp(vj,Aj), Ao <A1 <A <...

U0, W, U V=1,

. — [1
e Energy scaling: Y [—|uj|H&)'(Q) + ||Uj||%2] < |I£1I72
J

7=0 Aj
& 2
Hierarchical decomposition: f= Z: wj, ||f— Z: ujHHJ;(Q) =
7=0 7=0 kE+1
e Discrete AT-weights, 1 — W edge detectors
0, in regions of smoothness

1 —wj(z,y) = { 1, near edges



Ambrosio-Tortorelli hierarchical decomposition in 10 steps. Parameters: \g =
25, u =5, p=.0002, and ), = 2k)\o.



5 A0 3) A0 4 AQ
Z’L:O )\_w>\z Z’L:O )\_ZwAZ Z'L:O )\_ZwAZ
g i
S BN S O\ S O\
| | |
£ T £
8 Ao 9 Ao
2i=0 N WA 2i=0 X\, WA
N, N,
S BN S O\
| |
£ £

The weighted sum of the w;'s using AT decomposition in 10 steps.



The AT hierarchical decomposition of a fingerprint.



Remove multiplicative noise

u) H'lzou)\-
1N
[Fouy Ilizguy,
b ) )
Pouy [_guy,
23

oUN  Upg - 120

H6
112

The recovery of u given an initial image of a woman with multiplicative noise,
for 10 steps. Parameters: \g = .02, and X\, = 2% ).



Evolution in inverse scale space

1 : Vuiyr \ 1
— sy —div (#) = —2—>\jd|v (—




Evolution in inverse scale space

— idivx ( Valy ) o /t_ou(s)ds —f= ﬁdivx

(

Vu(t)

|Vzu(t)]

|



Evolution in inverse scale space

k B 1 V zuy, o t . 1 : qu(t)
S = gy (g ) = o = = g (T3

1 t
. compared w/Perona-Malik: u; = ——divy ( Vau(t) >
[Vzu(t)

A(t)



Evolution in inverse scale space

k
Z u; — f = idivx ( Valp > b /t u(s)ds — f = Ldivx ( Vau(l) >

j=1 2Ak | Vaugl =0 A(t) Vau(t)]
1 t
. compared w/Perona-Malik: wu; = ——divy ( Vau(t) >
A(%) Vau(t)|

e The role of \(¢t)7 dictates the size of texture: ||U(:,t) — f||gy+!



Evolution in inverse scale space

L div

2>\

e Recursive; in fact, telescoping....

k B 1 Vpuy o t . 1 . Vzu(t)
Z u; — f = 2—>\kdlvx <|qu]€|> | /SZOU(S)dS —f= mlex <|qu(t)|>

1 V t
. compared w/Perona-Malik: w; = —dlvx< zt( )>

e The role of \(¢t)7 dictates the size of texture: ||U(:,t) — f||gy+!

e Restrict the diffusion in directions orthogonal to edges

1
A(t)

/Stzou(a:, s)ds — f(x) =

——g(G * Vgu(x,t))|Veulz, t)] - divy ( Vau(z, t) )
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