Solution Key for Assignment 2, 412, Applied PDE

2.2.2 (a)
L(ciuy + coug) = 2[K (x)g(c Uy + Couz)]
1U1 2Ug o7 5y 1t 2U2
0 Oouq 0
= o[ Ko(@) 5 + caKo(a)520)]
= clL(ul) + CQL('U,Q)
2.2.2(b)
L(ciuy + coug) = a[Ko(uTy cluy + 62U2)0—(01U1 + CQUQ)]
e Ko(e, extn + o) 0+ oo, ey + erus) 92
= o C1 A\ T, C1U1 T CoU2 CoN (T, C1U7 T CoU2 o
0 8 0 0
=Cl= a$ [Ko(l’ C1Uq + CQUQ) aU1] + Co— (933 [K()(!L’, C1Uq + CQUQ)%]

7é ClL(U,l) + CQL(UQ)

2.3.2(a)

(i) if A > 0, ¢ = ¢; cos VAz + cosin vz,

$(0) = 0 implies ¢; = 0, while ¢(7) = 0 implies ¢, sin v Az = 0;

Thus VAT =nm, n=Xn=1,2,..;

(i) if A =0, ¢ =1 + cox;

#(0) = 0 implies ¢; = 0;

¢m = 0 implies ¢y = 0;

There are no eigenvalues with A = 0.

(iii) if X < 0, ¢ = creV 4 cpe™ VA7

¢(0) = 0 implies ¢); = —cy;

¢m = 0 implies creV T 4 gpem VAT — 0,

which means there are no eigenvalues with A < 0.

2.3.2(c)

if A >0, qb—clcosx/_x+0281n\/—x

0) = 0 implies ¢y = 0;

L)zOlmphes \/_L—lmr le. \ =
iftA=0, ¢=c+ cx;

0) =0 and %(L) = 0 implies ¢y = 0;
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if )\ <0, ¢ =creV N 4 coe™ VAT,
) = 0 implies ¢; = ¢o;
92(L) = 0 implies VA =0
there are no eigenvalues with A < 0.
2.3.3(a)

u(z, t) = ¢(x)G(1),

we have L€ ké
if

T
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e % = —), it implies G(t) = cie™;

l{:d2¢+)\¢—0 A >0, ¢(x )—clcos\/%aﬁtczsin\/%x;

»(0) =c¢; =0 and ¢(L )—Cgsm\/zL:O thus A = k(%)% n=1,2,...

“AMeysin & Tz, from u(z,0) = 6sin 9 we get cico = 6 and n = 9;

Hence u(zx,t) = ce T



and A =k(¥)%n=1,2,...
u(x,t) = 6sin 22 HE)*

2.3.3(b)
From 2.3.3(a), we have u(z,0) = 3sin 2% — sin 72 ¢(z) = ¢, sin ”z“, (t) = cre™™;
so that u(z,t) = cieosin "zze*’\t since u(z,0) = ¢1cosin 272 = 3sin 2 — sin 27% | we
get u(x,t) = 3sin e (1) — gin 312 o= ()%
2.3.5
L L
/0 Sin?sin m2$dx = /0 % {cos @ — cosm dz
(n # m)
1 L . 1 L .
=3 =) sin(n —m)m — Stntmn sin(n +m)m
=0
(n = m)
= %L — %m sin(n +m)w
L
T2
2.4.3

(i) if A > 0, p(z) = ¢1 cos VAz + ¢y sin vz,

by the given conditions, we have \ = k2,

hence, ¢(z) = ¢y coskx + cosinkz, k=1,2,...

(ii) if A =0, it is not an eigenvalue;

(iii) if A < 0, it is not an eigenvalue.

2.4.4

Assume A\ < 0, then ¢(x) = creV N 4 cpem VA

by the given conditions we have v—AL = —/—\L;
Also, A = 0 is not the eigenvalue either.

2.4.6

(a) By the given condition, u(x) = c¢jx + ¢, since ¢; = 0, u(z) = 3. as t — oo,

Jh u(@)de = 2Les, co = & [*, f(w)de
(b) As t — oo, f(x) = ag, 2Lag = f_LL f(x)dz, thus ag = 5~ f_LL f(z)dz



