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A Few Collaborators
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S.-M. Hong (Indiana)

See www.arxiv.org



Connections

Modular Categories
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Top. States (anyons)



Topological States: FQHE

1011 electrons/cm?

particle exchange

@
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fusion

A %
@ 10 Tesla

defects=quasi-particles



Topological Computation

Computation Physics
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Conceptual MTC

group G ~ Rep(G) e > Modular Category
axioms

S,, action B, action
(Schur-Weyl) (braiding)



Algebraic Constructions

quantum semisimplify
group
g — U9 — Rep(U,g9) — C(9.q.L)
Lie algebra L
q-=-1
twisted
guantum double
G - DVG - Rep(DVG)
finite group 1

Finite dimensional quasi-Hopf algebra



New from Old

C and D MTCs

A Direct products: C3D

A Sub-MTCs: CE D (Y D= C8CjMuger)

A D(S), S spherical



Invariants of MTCs

A Rank: # of simple objects X

A Dimensions: dim(X) = L

A

A S-matrix:

S, =
| \
A Twists: ¢ = i
;




Structure

A Fusion rules: X; AX;= A, N;* X,

A B, action on End(XAn):
FSI- IdXA)) kxxA)) Aldx

A PSL(2,Z) representation:

[O -1} ) S, [1 1} _ T:dijqi
1 0 0O 1



Properties of MTCs

Property

Self-dual X @X* for all XI D

Prime DI CxC;

Property F (B,) finite for all
Xl D.

Unitary End(XA") Hilbert,

F unitary rep.



Analogy/Counting

N-di mol

space 2 17 230 4/83 finite
groups
Rank N
UMTCs

2 8 24 36 ?



Wangos Conj ec

Conjecture (Z. Wang 2003):

#{C MTC: rank(C)=M } <o

True for M¢4!



Another Analogy

Theorem (E. Landau 1903):

#{ G : |Rep(G)|=N} <m

Proof. EXxercise (Hint: Use class equation)



Graphs of Self-dual Fusion

Rules
Simple X; — multigraph G,
Vertices | abé&l ed by

G| = e Nijk edges .-
0.,. ..o
J k

Note: for non-self-d u a | | need| arr ows é




Example: C(g,,d,10)

Rank 4 MTC with graphs:

Gl: 0 1 2 3
- m ‘ ) o ‘ ) Not prime, product of
GZ' 0 2 1 3

2 copies of Fibbonaci!




Prime Self-dual UMTCs, rank¢4

Theorem: (ER, Stong, Wang) Fusion graphs are:

p O O ®
O O D
4- O O D
'_D O—O o—0




Property F

A modular category D has property F
If the subgroup:

F(B.) E GL(End(VAn))

Is finite for all objects V in D.



Property F Conjecture
Conjecture: (ER)
D a UMTC has

property F U dim(X)21 Z
for all simple X D



Property F Hierarchy

dim(X)2l Z

dim(X)i Z

‘ dim(X)=1

A C(S0,;,1,4k+2)
AD(TY) ?

ADG
Af.d. g-Hopf?

ADA, A abelian
A C(S|n1q1n+1)



Prop. F vs. Invariant Complexity

Complexity

C(sl,,ql) L=2,3,4,6 Arf,H,(M,Z/32) PifL=23,46

Jones #P-hard else
C(sl,,q,L) L=n+1,4,6 classical Pif L=n+1,4,6

HOMFLYPT #P-hard else
C(SOy41,0,L) L=4k+2 H,(M,Z/INZ) Pif L=4k+2

Kauffman #P-hard else
Rep(DG) Yes #{Hom(p,(Kj),G)} P if G solvable

? else?



Exotic MTCs

A Observation: All MTCs rank¢4 have
guantum group realizations.

A Conjecture (Moore & others): All MTCs
Ncome duanomMmaroups.

A Probably false: counterexamples called
EXOTIC



Two Potentially Exotic MTCs

ADE a rank 10 ca¥®E®mor

ADH) a rank 12 categor
LoHaagerupo r e | subfactbr of imdex

15(5+ OL3)
A Analogous to finite simple sporadic groups

ADi fficult to make pr e



Physical Feasibility

Realizable TQC >~ B, action Unitary

I.e. Unitary Modular Category

24



Two Examples
P O

L] @
Unitary, for some ¢ Never Unitary
Lie type G, g?1=-1 Half of Lie type B, q°=-1

Known for quantum group categories



Thanks!



