TWISTED GRADED HECKE ALGEBRAS
SARAH WITHERSPOON

Abstract.  We generalize graded Hecke algebras to include a twisting two-

cocycle for the associated nite group. We give examples where the parameter
spaces of the resultingtwisted graded Hecke algebras are larger than that of

the graded Hecke algebras. We prove that twisted graded Hecke algebras are
particular types of deformations of a crossed product.

1. Introduction

Drinfel'd de ned graded Hecke algebras for any nite subgrougs of GL (V) [8].
This de nition was shown by Ram and Shepler [20] to generalizbe de nition of
graded versions of a ne Hecke algebras for real re ection grqs given by Lusztig,
who was motivated by questions in representation theory [16,7]L In the same
paper Ram and Shepler classi ed all graded Hecke algebras fompiex re ection
groups. They found many nontrivial graded Hecke algebras, butsa showed that
some groups (such a&(r; 1;n) = Z=rZ oS, whenr > 2; n > 3) have no non-
trivial graded Hecke algebras. Etingof and Ginzburg showed than the case of
a nite symplectic group, the symplectic form itself arises nattally in the struc-
ture of any associated graded Hecke algebra, always yieldingntrovial examples,
which they called symplectic re ection algebras [9]. Many abtors have studied
representations of graded Hecke algebras, their subalgebragsayated by certain
idempotents, and connections to the geometry of the correspaing orbifoldsV=G
(See for example [13, 15, 18, 19].)

In this note we generalize these constructions by incorporat] a two-cocycle
that represents an element of the cohomology group?tG; C ). Chmutova intro-
duced such a two-cocycle for symplectic groups, showing that ippears naturally
in symplectic re ection algebras arising from nonfaithful goup representations
to Sp(V) [7]. Here our motivation comes from numerous papers on orbids in
which such a cocycle, callediscrete torsion appears ([1, 6, 22] are just a few),
as well as our nding that for some groups there is a nontriviatwisted graded
Hecke algebra even if there is no nontrivial graded Hecke algab(such as Ex-
ample 2.16 below). We adapt the direct linear-algebraic appach of Ram and
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Shepler to derive criteria for existence of such nontrivial tisted graded Hecke al-
gebras (Theorem 2.10, Corollary 2.13). We give examples fehich the parameter

spaces for twisted graded Hecke algebras are larger than that fyraded Hecke
algebras: S,  GL(C") via the permutation representation (Example 2.17), as
well as Z="2)" 1 SL(C") (Example 2.16). On the other hand, ifG is sym-

plectic, this is not the case (Example 2.15). It would be intesting to do a more
thorough analysis of the parameter spaces of twisted graded Hecilgebras for
various types of groups.

In Section 3 we show that twisted graded Hecke algebras are pssiy par-
ticular types of deformations of crossed product algebraS(V)# G (Theorem
3.2). We use this idea to show that Ram and Shepler's isomorphisnetiveen the
di erent de nitions of (untwisted) graded Hecke algebra giva by Drinfel'd and
Lusztig arises as an equivalence of deformations whose in rstsals are thus co-
homologous. This also puts previous results into a larger corte There are in
general many more in nitesimal deformations (that is, Hochschd two-cocycles)
of S(V)# G than those that lift to deformations that are (twisted) gradedHecke
algebras. In some cases these other in nitesimals also lift to defwations of
S(V)# G: See Remark 2.14 herein and [6, 24]. We are not aware of a gaher
result regarding such deformations.

We thank A. Ram for several stimulating conversations. It was a qséon of his
that ultimately led to this work as well as to insight into other related projects. We
thank R.-O. Buchweitz for explaining a computation of the réevant Hochschild
cohomology to us.

Throughout, we will work over the complex number<, so that =  unless
otherwise indicated.

2. Twisted graded Hecke algebras

Our approach to graded Hecke algebras will be through crosseagucts (gener-
alizations of skew group algebras), so we begin by summarizingstitonstruction.
Our de nition below of (twisted) graded Hecke algebras involes a parametert,
which may be taken to be an indeterminate or any complex numheln Section
3 we will assumet is an indeterminate, as we will discuss deformations over the
polynomial ring C[t]. Specializingt to any nonzero complex number results in a
de nition of graded Hecke algebra equivalent to those in thetkrature.

LetV = C", G a nite subgroup of GL(V),and :G G! C atwo-cocycle,
that is

(2.1) (g;h) (gh;k) = (h;k) (g;hk)
forall g;h; k2 G. The action of G onV induces actions by algebra automorphisms
on the tensor algebral (V) and the symmetric algebraS(V).

SupposeS is any associativeC-algebra with an action ofG by automorphisms,
for exampleS = T(V) or S = S(V). Then we may form the crossed product
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algebraS# G, whichisS CG as a vector space, and has multiplication

(r g)(s h)y= (g:hr(g s) gh

forallr;s 2 Sandg;h2 G. This makesS# G an associative algebra as is a
two-cocycle. Note thatS is a subalgebra o5# G,viaS! S 1, and that the
subalgebra 1 CG of S# G is also known as theéwisted group algebrd&C G. We
accordingly abbreviates gby sg(s2 S; g2 G). The action of G on S becomes
an inner action onS# G, namelys7! g(g) foralls2 S; g2 G.

The two-cocycle is a coboundaryif there is some function : G! C such
that

(2.2) (g:h= (9 (h) (gh *

for all g;h 2 G. The set of two-cocycles modulo coboundaries forms an abelia
group under pointwise multiplication, called theSchur multiplier of G, and denoted
H?(G; C ). If two cocycles di er by a coboundary, that is if they arecohnomologous
the corresponding crossed products are isomorphic.

Replacing by a cohomologous cocycle if necessary, we may assume thas
normalized so that (1;9) = (g;1) =1 for all g 2 G. It follows that 1 is the
multiplicative identity for C G. Thus @ *= Xg;9Yg 1= g % g)g?
forallg2 G.

For eachg 2 G, choose a skew-symmetric bilinear fornag : V.. V ! C
(arbitrary for now, and possibly 0). Lett be an indeterminate and extend scalars,
S# G[t] := C[t] (S# G). Let A be the quotient of T(V)# GJt] by the (two-
sided) ideall [t] generated by all

X
(2.3) [viw] ag(v; w)tg

02G
wherev;w 2 V and [v;w] = vw wv. (We have omitted tensor symbols in
elements ofT (V) for brevity.) Note that A is additively isomorphic to a quotient
of S(V)# G[t] via any choice of linear sectior5(V) ! T(V) of the canonical
projection of T(V) onto S(V). This quotient is proper if and only if there is more
than one way to rearrange factors in a word by applying the rations (2.3). We say
that A is atwisted graded Hecke algebrbthe above map yieldsA = S(V) CGJt]
as vector spaces oveZ[t]. Equivalently, if we assign degree 1 to elements ¥fand
degree 0 to elements 0B, then A is a ltered algebra overCJt] and is a twisted
graded Hecke algebra in case the associated graded algebw igrisomorphic to
S(V)# CQGlt].

Remark 2.4. Let be the trivial two-cocycle (g;h) =1 for all g;h2 G, and
lett =1. Then A becomes thggraded Hecke algebraf [8, 20].

We will use the techniques of Ram and Shepler [20] to determittee conditions
on the bilinear formsay under which A is a twisted graded Hecke algebra. Let
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h 2 G, and use (2.3) to obtain typ expressions involvind[* v;h ' w]. By direct
substitution: [h * vih * wj=" ,ca4h * vih * w)tg. By conjugating (2.3)
by (h) *:

ht v;h! w]

ag(v;w)t(h) ‘gh
()](ZG

ag(viw) ‘(h;h %) (g;h) (h % gh)th igh:
02G
Both must be in the ideal I [t], and the assumed additive isomorphisnA =
S(V) CQGjt] allows us to equate coe cients of eacig (g 2 G) in these two expres-
sions. Thus we havey, 1gn(h * vih * w)= *(h;h 1) (g;h) (h *;gh)ag(v;w),
and replacingv;w by h v;h w, we obtain the rst equation below. Again the
isomorphismA = S(V) CGit] implies that in any expressiorwvu 2 V 3, three
applications of (2.3) in any order to obtainuvw plus an element intA must yield
the same element oA. Comparison results in the second equation below. Thus
necessary conditions foA to be a twisted graded Hecke algebra are:

(2.5) an 1gn(v;w) = *(h;h 1) (g;h) (h f;gh)ag(h v;h w)

(2.6) ag(u;v)(g W w)+ ag(v;w)(g u u)+ ag(w;u)(g v v)=0
forall g;h2 G andu;v;w 2 V. These equations will be used in the proofs of the
following lemma and theorem.

Not only are (2.5) and (2.6) necessary fok to be a twisted graded Hecke algebra,
but they are also su cient: The relations (2.3) allow for rearangement of any
expression inA to a particular form identi ed with an element of S(V) CGlt],
and the relations (2.5) and (2.6) imply that such a form is unige. That is, (2.5)
is equivalent to uniqueness of the canonical form divu, and (2.6) is equivalent
to uniqueness of the canonical form ofivu (u;v;w 2 V, h 2 G), as demonstrated
in [20] for the case =1 (in the text above Lemma 1.5). The uniqueness of the
form of wvu is equivalent to the Jacobi identity in A,

(2.7) [u; [v; WI] + [v; [w; ul] + [w; [u; v]] = O;

which is another way to express the condition (2.6). For the ugueness of the
canonical form of a monomial having more than three factorg, is helpful to note
that replacing any ofu; v;w in the left side of (2.7) by an element of degree larger
than 1 results in an element in the ideal generated by the leftde of (2.7). (For
more details, see [20].)

Let ( ; ) be any G-invariant nondegenerate Hermitian form onV. De ne or-
thogonal complements of subspaces ¥df via this form. Let g 2 G and V9 =
fv2 Vjg v=vg We wil need the observation that ¥9” = im(g 1),
which follows from the standard factsv? = ker(g 1), im(g 1) (V9?, and
dim(im(g 1)) =dim(ker(g 1)?). Foranyh 2 G, denote byh? : (V9)? | (V9)?
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the composition of the linear maps : (V9? | V,V ! V=V, and a choice of
isomorphismV=\®1 (V9.

Lemma 2.8. Suppose thatA is a twisted graded Hecke algebra f@& de ned by
skew-symmetric bilinear formsag (g 2 G) on V. For eachg 6 1, if a; 6 0 then
kerag = V9, codim(V9) = 2, and

ag(h v;h w)=det(h?)ag(v;w)
forall h2 Gandv;w2 (V9)~.

This proof is essentially the same as in Ram and Shepler [20, Leath8], with
appropriate adjustments made for the possibly nontrivial twasocycle .

Proof. Let g 6 1 with a; 6 0. Let v2 V andw 2 V9. If v is also inV9, then
ag(v;w)(g u u)=0forall u2V by (2.6). Asg6 1, there is someu 2 V with
g ub u,soag(v;w)=0. If v6v9 letu= |_, g v, wherer is the order of
g, so thatu 2 V9 (possibly u = 0). As before, this impliesag(u; w) = 0, and we
may rewrite this equation using the de nition ofu and (2.5) as

X
0=aguiw) =  ay(g viw)
k=1
X
= Y9 %9 (9:9%) (d%d" “ag(v;w):
k=1

The restriction of to the cyclic subgrouphgi generated byg is a coboundary
since the Schur multiplier of a cyclic group is trivial [14, Pop. 1.1]. Therefore
there is a function :hgi h gi! C suchthat (h;1)= (h) (1) *(hl) for all
h;1 2 hgi. It follows that the above coe cients of ay4(v;w) are

Y9 5d) (9% (059" 9
= Y9 YdH D (@ @ "M @) @) Yo
= (1)

that is they are independent ok. The above calculation reduces to 0 3g(u; w) =
r (ag(v;w). Asr (1) 6 0, this forces ag(v;w) = 0. ConsequentlyVe  kerag,
and so (kerag)®  (V9)°.

As a4 is nonzero and skew-symmetric, we have dim((keg)?) = codim(ker ay)
2. Let u;v be two linearly independent elements of (keay)’ (V9)? with
ag(u;v) 6 0, so that in particular g u ué60andg v Vv 60. Let wbe
any element of ¥9)? =im(g 1), and writew =g w® wCfor somew®2 V. By
(2.6), w is a linear combination ofg u uandg v v, two elements of ¥9)?. This
implies dim(kerag)” = dim(V9)? =2, so that V¢ = ker a; and codim(V9) = 2.
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Finally, let v;w 2 (V9)?, h2 G, and

h v = apv+ ayyw+ x
h w = a;pV + axw + XO

where x;x° 2 V9 and a; are scalars. Applying (2.5), we have, 1gn(V;w) =
Yth;h 1 (g;h) (h Y gh)ag(h v;h w) on the one hand, while evaluating via

the above equations yields

(2.9)

an 1gn(V; W) Y(h;h 1) (g;h) (h Y gh)ag(awny + axw + X; agVv + apw + X9

Yth;h 1) (g;h) (h Ygh)(anias  anag)ag(v;w)

Yhih 1) (g;h) (h Y gh)det(h? )ag(v; w):

Equating the two expressions foay, 14n(V; W) givesag(h v;h w) = det( h? )ag(v; w),
as desired.

Now supposeg 6 1, ag 6 0, and h 2 C(g) = fh 2 G j hg = ghg. Then (2.9)
is equivalent to deth?) = (h;h 1) %(g;h) *(h *;gh). Applying (2.1) to the
triple h;h t;gh,we ndthat (h;h ') 1(h t;gh)y= (h;h gh)= (h;g) when
h 2 C(g), so that det(h”) = (h;g) *(g;h) for all h 2 C(g). This condition
is independent of the choice of in a given coset modulo coboundaries since
coboundaries are symmetric on commuting pairs as is evidemoin (2.2). This is
as expected since the determinant function is independent sfich choices. Note
that as g 2 C(g), (2.9) implies det(@’) = 1, thatis g2 SL(V). Further, in caseg
is -regular, thatis (g;h) = (h;g) for all h 2 C(g), this determinant condition
is simply det(h?) = 1 for all h 2 C(g). For nonregular elementsy, this condition
is di erent from that in the case of the trivial cocycle, leadng to new examples
such as Examples 2.16 and 2.17 below.

Theorem 2.10. Let G be a nite subgroup ofGL(V), :G G! C anor-
malized two-cocycle, andy2 G f 1g. There is a twisted graded Hecke algebfa
with a4 6 O if, and only if, kerag = V9, codim(V9) =2, and

(2.11) deth’)= (h;g) *(g;h)
for all h 2 C(g).

Again the proof is similar to that of Ram and Shepler [20, Thm. B] in the
untwisted case. See also the paper of Etingof and Ginzburg [9]hevused a
criterion of Braverman and Gaitsgory adapted to Koszul algelas overCG [3, 5].

Proof. If A is a twisted graded Hecke algebra, Lemma 2.8 and subsequent com-
ments show the given conditions hold.

Conversely, suppose the stated conditions hold fgr Up to a scalar multiple,
there is a unique skew-symmetric form oW that is nondegenerate on\9)? and
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has kernelV9. Fix such a formag, and let

Y(hih 1) (g:h) (h ghagh vih w); ifk=h ‘gh

(2.12) a(v;w) = 0; otherwise

for all v;w 2 V. In order for (2.5) to hold for all pairs of group elements, we ost
check that the de nition of a, is independent of the choice of representative from
the conjugacy class of). Suppose thatk = | th !ghl, so that there are two ways
to de ne a,. One way vyields

a(v;w) = *(hl;1 *h 1) (g;hl) (I *h Y;ghhag(hl v;hl w);
and the other yields
a(V; w)

= YY) (htgh) (0 5h tgh) f(hyh Y (gih) (h Ygh)ag(hl vihl w):

These two expressions foag(v;w) are indeed equal, as follows from ve appli-
cations of (2.1), to the tripleh ;gh;l, to | *;h ;ghl, to g;h;l, to hl;1 ;h 1
and to h;I;1 1. By the discussion before Theorem 2.10, if *gh= g, then (2.12)
coincides withag(v; w). Therefore the de nition of a is independent of the choice
of representative from the conjugacy class @f and (2.5) holds. The argument of
[20, Lemma 1.8(b)] applies without change to show that (2.6)dids as well: Their
key observation is that (2.6) holds trivially if any one ofu;v;w is in V¢, while
dim(V9)? = 2 implies that any three elementsu;v;w of (V9)? must be linearly
dependent. Substituting a linear dependence relation intohe left side of (2.6)
yields 0 after some manipulation. Thereford, de ned by the facg in (2.12), is a
twisted graded Hecke algebra.

In summary, under the conditions in the theoremay is determined by its value
ag(v;w) on a basisv;w of (V9)?, and for eachh 2 G, a, 14n(V;W) is given by
(2.12).

Corollary 2.13. Let d be the number of conjugacy classes @f2 G such that
codimV? =2 anddet(h?) = (h;g) *(g;h) for all h 2 C(g). The setsfaygyc
correspo(yding to twisted graded Hecke algebragorm a vector space of dimension
d+dim( %V)e,

Proof. By (2.5) and (2.6), the only condition ona; is a;(v;w) = a;(h v;h w)
fgy all h 2 G since (h;h Y= (h %;h), that is a; is a G-invariant element of
(" 2V) . For each conjugacy class of elements2 G with codim(V9) = 2 and
det(h’) = (h;g) *(g;h) for all h 2 C(g), there are skew-symmetric forms,
with kernel V9, determined by a single formay (unique up to scalar multiple) for
a representativeg, and given by (2.12).
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Remark 2.14. The results of this section apply if we relax one of the conditis
on the formsay a little: Allow a4 to take values inC V9, that is g-invariant
polynomials of degree at most 1. Again lef be the quotient of T(V)# G]t] by
the ideal | [t] generated by all expressions of the form (2.3). As the image afch
form ag has degree at most 1, the techniques of Ram and Shepler [20] stiply
to yield

an 1gh(v;w) = Y(h;h 1) (g;h) (h Ygh) h P oag(h v;h w)
in place of (2.5), and (2.6) is unchanged (but now considered a relation in

S(V)). That is, these are necessary and su cient conditions foA to be additively
isomorphic toS(V) CGlt], leading to a generalization of Theorem 2.10.

In the remainder of this section, we give several examples.

Example 2.15. (Symplectic groups.) LetV be a nite dimensional symplectic
vector space ovelC, that is dimV is even and there is a nondegenerate skew-
symmetricform! :V V! C. Let G be a nite subgroup of the symplectic group
Sp(V) of all invertible linear transformations preserving! . Let :G G! C

be the trivial two-cocycle (g;h) =1forall g;h2 G. For each elemeng 2 G such
that codim V9 = 2 (the symplectic re ections), let ag = ¢4! 4, where! ¢ is de ned
tobe! jyer on(V9? =im(1 g)and0onV9=ker(1 g), and wherec; 2 C are
scalars such thatc,y, :+ = ¢y forall h 2 G. Let a; = ¢! for a scalarc and a; = 0
for all other g 2 G. By [9, Thm. 1.3], the collectionfay j g 2 Gg determines a
graded Hecke algebra, calledsymplectic re ection algebra By Corollary 2.13, the
parameter space for the possiblavisted graded Hecke algebras cannot be larger
than that for graded Hecke algebras in the symplectic case (cT]).

The next two examples, by contrast, involve groups for which # parameter
space for twisted graded Hecke algebras is larger than that foragled Hecke alge-
bras.

Example 2.16. (Elementary abelian groups.) Letn 3, 2,V = C" and
G = (Z="2)" ! the multiplicative subgroup ofM, ,(C) generated by the diagonal
matrices (whereq is a primitive "th root of 1):

o = diag(q;q 5 1;:0051)
o = diag(l;g;951;::051)
g 1 = diag(l;:::;Lqg;9%)

Dene afuncton :G G! C by
. . . P
(0f or i d gri)=q ezl

as well as forg, = g, '  g,%;, we have deth’) = (h;g) *(g;h)forall h2 G,



TWISTED GRADED HECKE ALGEBRAS 9

as follows from a straightforward computation. Thus we have éwisted graded

(Note that some of the relevant determinants are not 1. There iBo nontrivial
(untwisted) graded Hecke algebra in this case.) I[f 6 2, it may be checked that
this gives the full parameter space of twisted graded Hecke atgas corresponding
to this cocycle . If * = 2, this determinant condition is in fact satis ed for all g
with codim(V?) = 2, and so there is a larger parameter space of twisted graded
Hecke algebras in this case. This example is discussed in a di dreantext in [24,
Example 4.1], which generalizes [6, Example 4.7].

Example 2.17. (Symmetric groups.) Letn 4 andG = S, actingonV = C"
by the permutation representation. Let be the unique nontrivial two-cocycle
(up to coboundary). The Schur representation group fo, is

n=hyiinty ) 2=0tR=1 =t (Gte)? =1 ()2 (0 ] 2

(See for example [14, p. 179].) A two-cocycl®, S, ! C is determined up to
coboundary by an irreducible representation of the Schur regsentation group ,
for which the central element necessarily acts as multiplication by a scalar. As

2 =1, this scalar must be 1 in case of the nontrivial cocycle . Let g = (12)(34).
The presentation of ,, may be used to check that

det(h’)= (h;g) *(g;h)

for all h 2 C(g). For example, letting h = (12), we have deth’) = 1. Choose a
sectionT : S, ! , of the projection from |, to S, that sends to 1 andt; to the
transposition (i;i + 1) as follows: LetT(12) = t, T(34) = t3, T((12)(34)) = t;t3,
and choose other images arbitrarily. Then (h;g) *(g;h) is the scalar by which
the following element acts on an irreducible representatioof :

T(12)T((12)(34)T((12)(12)(34)) *T((12)(34)(12)T(12) *T((12)(34)) *

T(12)T(12)T(34)T(34) T(B4)T(12) 'T((12)(34)) *
T(34)T(12)T(34)T(12)

thus the scalaris 1 as desired. Other elements of C(g) may be checked similarly;
as h 7! det(h?) is a group homomorphism, it suces to check the condition
(2.11) on generators ofc(g). Therefore there is a twisted graded Hecke algebra
corresponding to with a; 6 0. (Compare with trivial , wherea, is necessarily
0 for this choice ofg [20, Table 1].) With the choiceg = (123), we nd as in the
case of the trivial cocycle , that 1 =det(h?)= (h;g) *(g;h) for all h 2 C(g).
Therefore the parameter space of twisted graded Hecke algebiadarger than
that of graded Hecke algebras, and involves the conjugacy clessé allg 2 G for
which codimV? = 2.
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3. Deformations of crossed products

In this section, we prove that the twisted graded Hecke algebrad the previous
section are precisely the deformations @&(V)# G of a particular type. We use
this connection to deformations to put our results and exampk in a larger context.

Let t be an indeterminate. Given any associative algebR over C (for example
R = S(V)# G), a deformation of R over CJ[t] is an associativeC[t]-algebra with
underlying vector spaceR[t] = C[t] R and multiplication of the form

rrs=rs+ 4(ns)t+ z(r;s)t2+ +  p(r;s)tP

forallr;s 2 R, wherers denotes the product of andsinR,the ;:R R! Rare
C-bilinear maps extended to beC[t]-bilinear, and p depends orr; s. Associativity
of implies that ; is a Hochschild two-cocyclethat is

(3.1) i(wir)s+ g(wr;s) = a(wirs)+ w ((r;s)

for all w;r;s 2 R, as well as further conditions on the ;, i 1. The cocycle ;
is called thein nitesimal of the deformation. (See [10] or [11] for the details from
algebraic deformation theory.)

Recall that S(V)# G is a graded algebra where we assign degree 1 to elements
of V and degree 0 to elements d&.

Theorem 3.2. Up to isomorphism, the twisted graded Hecke algebras arecigely
the deformations ofS(V)# G over CJ[t] for whichdeg = 2i (i 1).

Proof. Let A be a twisted graded Hecke algebra, as de ned in Section 2. Let

to S(V) in which a word in T(V) is written in the order vil1 vin, Express
all elements ofA in terms of this section, writing group elements on the right.
Such expressions i\ exist and are unique due to the additive isomorphism =
S(V)# G[t]. Now letr = vi* virgands = V' Virh be elements ofA.
Denoting the product in A by , we have

ros= (ghvy vy (9w vingh:
The factor vi*t  vin(g v"l1 vir) may now be rearranged using (2.3) repeatedly

until it is in the standard form for elements ofA discussed above. The result will
be of the form

r s=rs+ q(rs)t+ ,(rs)t?+ + o(rs)th

where rs is identi ed with the product of r and s in S(V)# G, via the addi-
tive isomorphismA = S(V)# G[t], and 1(r;s);:::; p(r;s) are elements ofA
also identi ed with elements of S(V)# G. This is a nite process as each time
(2.3) is applied, the degree drops. As the multiplication in the twisted graded
Hecke algebraA is bilinear and associative, the maps; are bilinear and thus
A is a deformation of S(V)# G over C[t]. (Alternatively, the existence of the
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obvious algebra isomorphisnA=tA = S(V)# G implies that A is a deformation
of S(V)# G over C[t].) The conditions on the ; stated in thg theorem are con-
sequences of the relations (2.3), by induction on the degree;_, (ix + jx) of a
product vit  vir Vit vin,

Conversely, suppose thaA is a deformation of S(V)# G over CJ[t] satisfying
the given conditions. By de nition, A = S(V)# GJt] as a vector space oveC|t].
De ne a Clt]-linear map :T(V)# G[t]! A by

Vi, Vin0) = Vi, Vin 0
for all words v;, v;, in T(V) and g 2 G. It may be checked that is an
algebra homomorphism sinc& (V) is free onvy;:::;v,, and since ;(C G;C G) =

i(CGV)= {(V;C G)=0forall i 1bythe degree condition on ;. We will
show, by induction on degree, that is surjective: First note that (g) = g and

(vg) = vgforallv2 V,g2 G. Now we would like to show that an arbitrary basis
monomialv;, Vv;, g (i1 im) Of Aisinim( ). Assumev;, V.= (X)
for some elemenX of T(V)# GJ[t]. Then

(Vi1X) = (Vil) (X)
= Vip Vj Vin @
= Vi, Vi, O+ a(VigVi, Vi, Ot+ o(Vigvi, Vi, OtP+

By induction on m, as ; is a map of degree 2i, each (vi;;Vvi, Vi, 0)is in
im( ). This impliesv;, Vv;,g2 im( ), and thus is surjective.
It remains to determine the kernel of . Letting v;w 2 V, we nd that

(vw) = v w=vw+ q(v;w)t
(w) = w v=wv+ (w;W;
sincedeg; = 2i. Asvw = wvin S(V), we may subtract to obtain (vw wv) =

( 1(v;w) 1(w;Vv))t. Sincedeg,= 2and (g)= gforall g2 G, this implies
that

(3.3) vwoowv o (g(viw)  a(w )t
is in the kernel of for all v;w 2 V. It also fc;(llows, asdeg,= 2, that

i(viw)  a(wiv) = ag(v;w)g
092G

for some functionsag : V.~V ! C. By denition, aq is bilinear and skew-
symmetric for eachg 2 G. Let I [t] be the ideal of T(V)# G[t] generated by all
such expressions (3.3), so thdfft] ker . We will use a dimension count to show
that 1 [t] = ker : By the arguments of the previous section] (V)# GJt]=I[t] is a
guotient of S(V)# GJt], and so has dimension in each degree no greater than that
of S(V)# GJt]. Since induces a map fromT (V)# G[t]=I[t] onto S(V)# G]t],
this forcesl [t] = ker and thus A is a twisted graded Hecke algebra.



12 SARAH WITHERSPOON

The proof of Theorem 3.2 shows that the skew-symmetric forngg appearing
in the relations (2.3) of a twisted graded Hecke algebra arise ase cients in the
skew-symmetrization of a Hochschild two-cocycle; on S(V)# G. Hochschild
cohomology thus provides an alternate approach to the studyf ewisted graded
Hecke algebras. An advantage of this approach is that it puts theomputation
of the possible skew-symmetric formsy into a larger context. A disadvantage
is that, given a Hochschild two-cocycle ; on an algebraR, there is no general
method for determining whether it lifts to a deformation ofR, nor for nding the
(i 2)in case it does lift. In case deg(;) = 1, Remark 2.14 points to existence
of deformations ofS(V)# G de ned by quotients of T(V)# GJ[t] analogous to
twisted graded Hecke algebras. There are a few special cases whefermations
of S(V)# G are known whose in nitesimals ; have arbitrarily high degree [6,
24]. These examples were discovered after examining the ral@vHochschild

cohomology:
!

M .
HH{S(V)# G) = ch"d'mvg((Vg)) det((V9)?) ) S(V9g
92G

G

additively, where the superscriptG denotes elements invariant under the action
induced by conjugation inC G and the action of G on V, and det denotes the

top exterior power. This follows from [12], see (6.2) and the@fmula before (6.4)

whereS(V) is replaced byC[M ], or more directly from the techniques of [2], where
S(V) is replaced by a Weyl algebra.

We conclude by giving a broader context for the isomorphism fod by Ram
and Shepler between Lusztig's and Drinfeld's de nitions of untwisted) graded
Hecke algebras for real re ection groups [8, 17, 20]. L&¢ GL(V) be a nite

is any root, we writes for the re ection corresponding to , so that
s v=vVv hv;, |

where =2 =h; i,andh; i is the inner product. For each 2 R, choose
k 2 Cin such a way thatk, = k for all g 2 W, so that the number of
independent parametersk is simply the number of di erent lengths of roots.
Lusztig's graded version of an a ne Hecke algebra, as de ned oveClt], is the
quotient A% of T(V)# W[t] by the ideal generated by all

[v;iw] and siv (si v)Si+ k hv; it

Ram and Shepler de ned the following graded Hecke algebra asdowed that it
is isomorphic to Lusztig's algebraA® given above (and their isomorphism extends
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to one overCJt]): For eachg2 W, let
X
ag(v;w):%r k k (hv; ihw; 1 hv; ihw; 1i):

;> 0
g=s s

In order to make the connection to Lusztig's version, repladeby t? in (2.3) and
take the quotient A of T(V)# W|t] b))/(the ideal generated by all

[v; W] ag(Vv; w)t?g:
g2w
The resulting quotient algebraA is in fact a graded Hecke algebra de ned over
CJ[t?], however the isomorphism with Lusztig's algebr&is not de ned over C[t?].
This isomorphism  : A°! A is given by

t((v)=v thv;hi and (@) =7
1X 1X
forallv2 V;g2 W, whereh = > k 5 ,andhv;hi = > k hv; is.

>0 >0

This may be extended uniquely to an algebra isomorphism by thalculations of
Ram and Shepler. The reason for replacingby t? in the de nition of A is that
it is necessary in order to extend their isomorphism to one de neover C[t]. The
only calculation that changes signi cantly in this context accurs in the proof that
[ «(v); «(W)]=[v;w]+ t?[hv;hi;hw;hi]l  t[v;hw;hi]+ tfw;hv; hi]=0:
This is true as ;hw; hi] = [w;hv;hi] and [hv;hi; hw; hi] = i g2w 8g(V;W)g by
computations in the proof of [20, Thm. 3.5].

In particular, the isomorphism ; is an equivalence of deformations oveZ|t].
This implies that the Hochschild two-cocycle corresponding tthe coe cients of t
in the deformation A% of S(V)# W is a coboundary, however there is a Hochschild
two-cocycle arising from the coe cients oft? in products in A°that will be coho-

mologous to that forA. (Again see [10] or [11] for details from the general theory
of algebraic deformations.)
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