10.1: Sequences

A sequence is a list of numbers written in a definite order.

General sequence terms are denotes as follows:

ay —  first term
as — second term
a, — nth term
any1 — (n+ 1% term

Notice that, in general, a,+1 # a, + 1.

A sequence can be defined as a function whose domain is the set of positive integers:
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NOTATION: J6i; 65« ov 0ns BarniaaYs  1%afs {850 50

EXAMPLE 1. Write down the first few terms of the following sequences:

( 1)"“} S S N
(b) { 2n n=0 = {‘_\.’ Ji ) 4, @ b \6 ,- 3
= n=P  w=) ned

(c) The Fibonacci sequence {f,} is defined recursively:

fl:1~ fQZ]—: fn:fn—1+ n—2, 71243,

2. kh\ 1LL53) 58 m 3, b
{’F{z*‘l fa= it hy

EXAMPLE 2. Find a general formula for the sequence:

\ oo \ -
Wlilli Y= {H -{ b
357911 B3 “*‘

) il ol (—ﬂ
CN-T5 5w ik -

= &%‘s -
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DEFINITION 3. If lim a,, erists then we say that the sequence {a,} converges (or is conver-

n—00

gent.) Otherwise, we say the sequence {a,} diverges (or is divergent. )

Graphs of two sequences with lim a, = L.

Qny R ..
f L Tl
. - - °
* n
1 M [ Ea &“
ol v a % .. . 0
THEOREM 4. If lim f(z) = L and f(n) = a,,then lim a, = L.
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Limit laws for convergent sequences

THEOREM 5. Suppose that c is a constant and the limits

lim a, and lim b,
T—F OO i o n—FDOo0
exist. Then
———
1. Em |a,+ 8] = lime,+ limb;
n—F0g N —F 00 —F 00
2. lim [ea,]| = clim a,
TL—r o0 n—roo
3. lim [a,b,] = lima, lim b,
TL—#F O TL—F O N—r 0o
a, lim a,,
4. lim —=12= if limb, #0
n—r0og bn 111‘[1 bn n—Foo
n—F0o

5 lime=c

n—roC
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THEOREM 6. (The Squeeze Theorem) Ifa, <b, <c¢, forn > ng and lima, = lime, = L,
then limb, = L.
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Since — |a,| < a, < |a,|, we get

COROLLARY 7. If lim |a,| =0, then lima, =0.

—law € an Slanl

\5/\'\-"1’ \Lnaoo
0 0

@(w\ \an) =0 =) Q;w\ — \0\“\ = —Q;M\q“\ ==-050 =5

N ed \\-bw W o

Buan=o [ty ST.)

w9 en
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EXAMPLE 8. Determine if {a,}.._, converges or diverges. If converges, find its limit.

\
(a) a, = ntl () i Q0 = 2

2n + 3 \ e o
\'QHOM’Q Csel Sechvon

I — 1
10n + 5n2 N2en

b‘t’ e

§

B —

(c) a, = arctan(2n) Qk aretan 1
Gux-chan WU = v Grctom
Lin 040 = lim orchonan) = eﬁﬁ"’oo A P

" N0 w=an —» oo = L (w2
o w=2en p 1 C "jb\.

(d) o, =In(2rn+4)—Inn

i s = Qon (L (;“m—-ucu\\-a U Y

o w0

A 0n) iS conuer gqent
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(e) a,, = cos(2mn)

na e bt o
mn
L) b= coS —-
b= wrT=

Qo, Loy ‘:_“ s divarqent,
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(-\\“ = '!'..\
a4 GO 3+
h’.l. ) Y\?-
a < l\- B\ﬁ Sc,uee3e 'ﬂrx.a.ovve.u)
n ~ ?:4. e cgncb«c)\& oA

W= e

0w — O

) N co

%.0) LP“"'S 'S CO'I\\IQ_.CSM.
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EXAMPLE 9. For what values of r does the sequence {r"} converges. For these values of r find

lim ™.
n—+oo

Cpns’\hx e R*o\\\w'\nj Canes
O r>' . Tan L™= o (e Seckion 4:1)

N0 propertes of cy.‘;w«\.\‘d\

Lnchiton
Lyt ) is dvergent,
@ =4 =S Y'=A for alln D Ay cowvargey AL

@ orkl =5 L.m = (o) (see Sv.c.'-\.l\s; {r"'& Comverger o O,

N e

@ vzo0 = ™ =0"=0 for al n D A" convergey & O,
@-\(T(D =D L ¥ =0 % Coro\\ﬂs'\ ond cant Q)

e So, Ar"1 tomverges + O
@ =4 = —(-\\ A\vuacs Lecause _Q.“ (_\\ E

Cer tn® part @) |
@ v <=\ = \' —_ db,VQ n?SO.v-tr\]S £ F

D L™ ONE
Y“‘b -da’is, nisodd M‘: ©
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Title : Mar 20-11:13 PM (Page 9 of 15)



DEFINITION 10. A sequence {an} is bounded above if there is a number M s.1.
an <M for all n.

A sequence {a,} is bounded below if there is a number m s.t.
m < ay jforall n

If its bounded above and below, then a, is a bounded sequence.
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Positive bounded above sequence 1s %Ad

Title : Mar 20-11:14 PM (Page 10 of 15)




DEFINITION 11. A sequence {a,} is increasing if

Iy < Gpy1 Jorall n
— —

A sequence {a,} is decreasing if

Gn > Gny1 for all n.
[ 1

——d

A sequence is monotonic if it is either increasing or decreasing.

Y

¥

Note: ©One can
opply Th. Y o
dederming &
e 1S
decrraning [ine
d&&'n’ms £ Sue
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monot? i
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THEOREM 12. MONOTONIC SEQUENCE THEOREM. Every bounded, monotonic se-

———,

JuUence 15 convergent.

\ ‘ |
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2dd Q. wmonctowic = Conv e § el
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EXAMPLE 13. Determine whether {a,} is increasing, decreasing or not mono-

)
tonic. Then determine if {a”-}hiiq bounded.

(a) Ay = _'ng ’ n =, \

s e () such thak  FIN= En, Lee.
*
oy = —x 5 *>] ‘
On [-l) °°) e Suunckiown {’—(ﬂ iS mMongtonic
C OXQCXWihﬁ\ ;

Rk wob 03&  frem Cetow)
So wetv bdd.

Wom®  £'0)= -ax <0 for al x|
So. £(3) iS5 decreoring enlV2) D
lany TS decreeaing.

For a\\ n 2 2
Wow T n<nael = wnr<bay =

-nt > _Cntl)" = On 0wy =D
lanY is decreorivg .

{Q-v\'.} Ls wnbownded | beieunc
Liwn 0w > Lim (-0 =- e

W ep - o
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Consitar £6) on S ®)

2 -l
(b) {E}nzg Sudn Pk _F_ (n)= -;;\:{ |
- - FOT L\lw\& > 5;.()(\ = ;):7:
0$5= ¥ == X

SR - WY * T

Gtum Yoo uw’* is ~—
d2Cramning . Twdead '5 —

L) =~ 5 <O for al x €5,

*x

. ki
Condhunien: &%—ix (s L amd won
( BTW i} 1S Convargent Qj Th. \'2.} :
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EXAMPLE 14. Consider the sequence defined by a; = 1, a, 4 = 3 —1a . Find
the first five terms of this sequence. Then Find the limit of the sequence. i
o, = \ \ v @ @ 3 e
Lo L > @, B» 3> 3D 5
A, T 2-\" 2 i 243 above
: 3\ 2 ,\Q\n’ll 1S Q"oSihV{ an * s
o, = ?_—_‘_‘? so Lawly 3S ead .
2
- \ = S '{&,\f\l\) 5 deexrrosiny -
Ay = q- 2 \3 \ . o
3 By Thw. L dawhy S Q‘w\
( S - L. N
Qg = 3 - [T Conier qont , v Q‘“oe\/
3 Paure Lxisks L. 20
Sulh Yak kw o = L .
N>
M . _.\ - _\_—
et L= Lom Qo = Lim On = b 3r0n  2-L
Y n=ep Wn e
R
L= 3
2 v - \_1 ""\
2 | \ =0
v ->
> + N 2 _Q_
L2 - 2
Sine €L = ?
5—\)_9
QA‘,\M\ O-V\ 2
w=eP
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