10.5: Power Series

DEFINITION 1. A power series about & = a (or centered at * = a), or just power series, is any

series that ean be written in the form JQ%W
o0
cale=a)™,
=0\ coefficients

where a and ¢, are numbers. The ¢, ’s are called the coefficients of the power series.

& 8]
THEOREM 2. For a given power series Z cn(x —a)” there are only 3 possibilities:
n=0
1. The series converges only for r = a. R= 0

e My \esS

2. The series converges for all x. R= o0

“e

There is R > 0 such that the series converges if |t —a| < R and diverges if |x — a] > R. We call
such R the radius of convergence. %€ € (0.— R‘ oL~ R\

REMARK 3. In case 1 of the theorem we say that B = 0 and in case 2 we say that R = oc

DEFINITION 4. An interval of convergence is the interval of all x’s for which the power series

converges,
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EXAMPLE 5. Assume that it is known that the series ch(x—i—B)” converges when r = —10 and
n=0
diverges when x = 6. What can be said about the convergence or divergence of the following series:

icnﬂ-” x+3=2 icn(—ll)" x+3= -1l icﬂsn x+3s 8

n=0 K== n=>0 xg““‘ n=>0
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EXAMPLE 6. Given Z z+3)".
(a) Find the radius of convergence. n-Ixs 3\“
Apply rakio dest \an\ = —

L= l’»\m \Qna\\'t\ = Q.,“ (n*bw-\*ﬁ . BV4.

wieo ;. B?’ n\x
- lx+3\ EA M\ _ Ix+3)| < \ S 1x+31 < 4 DIR=y
NP
(b) Find the interval of convergence. c hhach end Po.\ n+s
1X+3) <Yy
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EXAMPLE 7. Given Z 3z — 6)".

n=1

(a) Find the radius of convergence. pl - ¢
By Rakis fest. \an\ = = |3 X |
\A &h-'o\ \ C \“‘\
- = — \3x~
\ Q\M\\ n
e . 13x A€l e
LM

L= ‘;‘;’;,\q""‘\ lanl %-e\) y \3)??’

= alwx-6l L. N“ = alzx-¢\ <
w e -al <\
: 0.2 | X-2)
iy \x-2\ < g

(b) Find the interval of convergence.

x-al< + = -.‘.<x-a.<L=
\ c > -t >

1-"— LA < g.“’ -L => & < X < = 13 % uvv&Sf‘ohM

g‘ fo L&)
Check emd Pmn*S‘CL ) W ;3
A= ==
X = ‘—é S,
L/——’ —=-
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n=\ Y n Conver
(2(%-2) & AcTor
3 LY (s €x...")

3
Tnlrval of Comvergince E‘E ) "Z>
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R e 0
EXAMPLE 8. Given E . (x 4+ 8)™.
n=1 (3?’1 3

(a) Find the radius of convergence. n+) n4)
\x+8)" \= w8 \%*9\‘
\Qﬁ\ = m °> \th\ -(3(’“‘“\§b‘ (3‘\'\\\) J\
. . $
Wee Rakio '\'&S‘- =Q \7.*8\"’( (3““\ I "“ M @ug
L Q‘“ ‘ai\i\\ \‘ ..\ e C;.““)\ \1.“' w (%“‘Q\
w®o>
L= txed) o oy 0 <l

acp QM}) (3w 3)3“‘3 for a\ X |

M‘- L& for all x ,iee. )
Yo given power series m«rac;"(« ie. R=oA

(b) Find the interval of convergence. (- on 1 093 .
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EXAMPLE 9. Given Z
n=1 zh*"—

(2n)! .
gn—l {:1’-' + 8} g

(a) Find the radius of conve-rg,;ence. QA ;Z::\ﬁ\ | x4 2\9,5 “-‘4
sl Vsl gy T D! st
P

8) dian (A er DD T bl g ane)
= | ¥t - Q\y (9)/ A woe
= oo >| Lif XH-8).

Se, series divirges for all X$-8

R=0

(b) Find the interval of convergence. { - 83 t g, 83
si nQ\M
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