7.2: VOLUME
A simple type of solid: right cylinder
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Let S be any solid. The intersection of S with a plane is a plane region that is called a
cross-section of S.
P, ia a plane perpendicular to r-axis and passing through x.

A(x) is the area of cross-section obtained as intersection of S and P, a < x <b.
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(Think of slicing a loaf of bread.) \ >
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DEFINITION 1. Let S be a solid that lies belween the p!unu P, and P,. Then the volume of S

r ||,£I|TH,UZ A(a AI, = S A(x) Ax

Important to remember: A(xr) is the area of a moving cross-section obtained by slicing through

x perpendicular to the r-axis.

EXAMPLE 2. Find the volume of the cap of a\ball with radius 3 and height 1.
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ghape of cross -Se tliens
—
Volumes of Solids of Revolution ( Disk Method)

Consider the plane region D bounded by the curves y = f(z).y =0, 2 =a, 2 =b, ie.

p-{(xy))| 0y g0d ,6EXEh )

Rotate D about a given axis to get the solid of revolution S: (k(ﬂ
Yy )
Y
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PROBLEM: Determine the volume of solid of revolution.

Solution: Using cross-sectional areas (disk method)
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V= 0 roddx = § ol ax = Sigeoles
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EXAMPLE 3. Determine the volume of the solid obtained by rotating the region

aboul the xr-axis.
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EXAMPLE 4. Determine the volume of the solid obtained by rotaling the region enclosed by

y=Inr, y=0,y=>5z=0 aboul the y-axis.
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EXAMPLE 5. Set up an inlegral for the volume of the solid obtained by rolaling the region
enclosed by the curves y = Y,z = 8,y =0 about the line r = 8. 3'8
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EXAMPLE 6

enclosed by yf=

Set up an integral for the volume of the solid oblained by rotating the region

\oz, y = 1 and the y-aris about the line y = 1.
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SUMMARY (Disk Method)

b
e Rotation about a horizontal axis (y =k): V = / A(x)dx

b
e Rotation about a vertical axis (r =k): V' = / A(y) dy

o (C'ross sections are orthogonal to the axis of rotating.



Washer Method
Use it when the cross-sections orthogonal to the axis of rotating of a solid of revolution are in

the shape of a washer (ring).

The area of a ring: A= W K"".— av Y‘L
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EXAMPLE 7. Let D be the plane region that lies in the first quadrant and enclosed by y = /=

x
and y = T

(a) Set up an integral for the volume of the solid obtained by rotating the region D about the

Y-aris.
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(b) Set up an integral for th% lume of the solid obtained by rotating the region D about the
s \2
T-aris. .Vé\ o< 5 - 3\[;‘
y A V(x)= %

R(X) = 3&
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EXAMPLE 8. Let D be the region enclosed by y = = and y = x°.

(a) Set up an integral for the volume of the solid obtained by rotating the region D about the line

R =l 3y=xX
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(b) Set up an integral for the volume of the solid obtained by rotating the region D about the line

y=2.
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More general case: Cross Sections other than Circles

Use the basic formula: ) d
V—/A(,r)da: (\/’“ { A(y)dy

EXAMPLE 9. The base of the solid S is the triangular region with the vertices (0,0),(1,0) and
(0,1). Find the volume of S if the cross sections perpendicular to the x-azis are semicircles with
diameters on the base.
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