8.9: Improper Integrals

TYPE I: Infinite Interval and Continuous Integrand

EXAMPLE 1. Evaluate / %d;r ¥ mve,raud'-
1

xr

e What is the area, A, under the curve y = ‘L—ll_r on [l,oo) is?

e What is the area, A4:;, under the curve y=m—,15 on [L,t), t>1, is?
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REMARK 2. Not all areas on an unbounded interval will yield finite areas.

DEFINITION 3. An improper integral is called convergent if the associated limit exists and is a finite

number. An improper integral is called divergent if the associated limit does not exist or is —o0, or oC.



EXAMPLE 4. E-uai—uate/ —dz a’m S
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FACT: If @ > 0 then - Iipd;r is convergent as p > 1 and divergent as p < 1. ]
o S”dx <) L: S.t _éz (_Pt|)
Si}_. - o ? b P 4,-::0 o b3
XP - ] d¥ = r —p -
> § =%, pen b § XTdx Cpta)
o x* ’ xR 0
fiwr Balx) |¥ = B Lot - Bala] =oo (p=0) diverye
= 49 )
_P-t\ X *_
R | I R l
L\ Vwm — < — b — - —

P> \\>j<|
"Awu ——‘20
k#w*-'- :“:“p x™ pNE
Y tukgral i v

(,uvu%u\,\—. 'S A‘:‘”-"S'““‘"



How to deal with Type I Improper Integrals:

o [ ,: f(z)dx exists for every ¢ > a then
23

/Oof(;r)cl;r = 75l_i}m /tf(.r)d:r

provided the limit exists and finite.

b
o If / f(a)dx exists for every ¢ < b then
t

/_io flw)de = m_ ﬁ ) da

provided the limit exists and finite.

o [f / | flx)dz and / f(z)dz are BOTH convergent then

]—O:of(x)dx:/_;f(i")d"ﬂrlmf(m)dx

where ¢ is any number.
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EXAMPLE 5. Evaluate [ = /_m T dx ‘
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EXAMPLE 6. Evaluate I = f ze™ ™ dz
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EXAMPLE 7. Evaluate I :/ sinx dx
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TYPE II: Discontinuous Integrand and Finite Interval

o If f(x) is continuons on [a.b) and not continuous at » = b then

—_————— b C
o 1 faﬂ:c)d:c—rl_lgl_[afu)dx

if the limit exists and finite.

o If f(x) is continuous on (a,b] and not continuous at » = a then

b b
& . T .
—e r — /aﬂ”dx_aﬂl], fla)dx
(- 8

if the limit exists and finite.

[
e If f(r) is continuous on [a,¢) and (e, b and not continuous at = = ¢, and the integrals [ flo)de
ia
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b
and [ f(xr)dr are both convergent then
c

b ral h
[ f(z) do = [ f(2)de + f f(x) da.
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Now we consider an integral invelving both of these cases.

EXAMPLE 11. Evaluate [ = [ igd:c ( TYPE I omd L
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Comparison [Theorem: Suppose f(z) and g(x) are continuous functions s.t f(x) > g(x) > 0

2 > . Then
od s 4]
L. if [ f(z) dz is convergent then / g(z) dz is convergent;
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2. 1f [ g(z)dz is divergent then [ f(z)dz is divergent.
Ji S

|

11



EXAMPLE 12. Determine whether the following integrals are convergent or divergent.
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