8.9: Improper Integrals

TYPE I: Infinite Interval and Continuous Integrand

EXAMPLE 1. Evaluate / V1l
1

2
e

e What is the area, A, under the curve y = Ilg on [1,00) is?

e What is the area, A4;, under the curve y = ?12' on [l,t}, > ]y 187 @

dr _ _ xLl,t L- )£
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REMARK 2. Not all areas on an unbounded interval will yield finite areas.

DEFINITION 3. An improper integral is called convergent if the associated limit exists and is a finite

number. An improper integral is called divergent if the associated limit does not exist or is —o0, or 00.
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EXAMPLE 4. Evaluate / —dr = J olx
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’ FACT: If a > 0 then / —pd:r is convergent as p > 1 and divergent as p < 1.
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How to deal with Type I Improper Integrals:

t
o If / f(x)dx exists for every t > a then
L

oo y
/ Fleds=:lim / flz)dz
Ja t—oo [,

provided the limit exists and finite.

b
o [f / f(x)dz exists for every t < b then
t

b b
/ el des= i / flx)dx
of — D0 t

t——oo :

provided the limit exists and finite.

o If / flx)dx and / flz)dr are BOTH convergent then

/_O;f(m)dm = /_m f(z)dz ‘l‘l[mf(;r}dm

where ¢ is any number.
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EXAMPLE 5. Evaluate I —/
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EXAMPLE 6. Evaluate T :/
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EXAMPLE 7. Evaluate I = f sinz dx =6- f SinA dx =
—7 =

cond, 49 00 @
~
=L ant |5 = < flom ot - M('Z)]
Y. [ 200
%
- - '&'M Cart a[,vergfﬂ
=W h-
L/-f_—
v E

Title : Sep 28-7:54 PM (Page 6 of 14)




TYPE II: Discontinuous Integrand and Finite Interval ‘

o If fix) is continnous on [a,b) and not continuous at » = b then

] ot

> ] flz)dz = lim j f(z)dx -L
a t—=b— Ja

if the limit exists and finite.

e If f(x) is continnons on (a,b] and not continuons at » = a then

b b
/ flr)dr = lim f flx)dz -
a t

t—at

if the limit exists and finite.

[
e If f(x) is continuous on [a.¢) and (e, b] and not continuous at x = ¢, and the integrals [ fle)dr
r}

b
and f flx)dxr are both convergent then
c

b c b
[ flz)de = Pﬂrj dax —I—é f{z)dz.
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-
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EXAMPLE 8. Fualuate T = ]
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EXAMPLE 10. Evaluate [ = f_ e ok X co
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Wow we consider an integral invelving both of these cases.

e =
EXAMPLE 11. Evaluate T :f %dx
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Reloktd +o TYPE'L jwproper inkgrals

Comparison [Theorem: Suppose f(z) and g(x) are continuous functions s.t f(x)
2 > a. Then

= g(z) = 0 for

[

1. if [ f(z) dz is convergent then [ g(x) dz is convergent;
o @ o

2. if f glx) dr is divergent then f f(z)dz is divergent.
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EXAMPLE 12. Determine whether the following integrals are convergent or divergent.

@i T We do not know how
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