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Abstract. Advances in theory and software have turned an intractable problem—finding all (complex-number)
solutions to moderately-sized systems of non-linear equations—into routine computation. Related advances include
a priori information on the meaningful real solutions. This work is important for the applications of mathematics.

Polynomial Equations
Many problems in Mathematics, Science,
and Engineering may be formulated as sys-
tems of non-linear (polynomial) equations.
Applications typically require real-number or
positive solutions, but mathematical analysis
and computation usually treats all solutions
(i.e. complex-number solutions).
Often, very few solutions are real or positive.
For example, the system

(∗) x108 + 1.1y54 − 1.1y = 0
y108 + 1.1x54 − 1.1x = 0,

has 1082 = 11664 complex solutions, but only 5
are positive.

Numerical Solutions
It is surprisingly easy to solve (∗). PHC-
pack [7], a free numerical solver, takes about
8.5 minutes to find all 11664 solutions.
PHCpack uses polyhedral homotopy, a path-
following algorithm that exploits the structure
of the equations using the geometry of toric

varieties. It is pleasingly parallelizable, and
scales well to moderately-sized systems.
To find positive solutions, homotopy algo-
rithms compute all complex solutions, follow-
ing 11664 paths for (∗).

Upper Bounds on Real Solutions
The number of real solutions to a system
of polynomials depends upon the number of
monomials and not on their degree. For ex-
ample, a system such as (∗) of two equations
with 3 terms each in 2 variables has at most 5
positive solutions [4]. More generally,
Theorem. A system of n polynomials in n vari-
ables with n + k + 1 monomials has at most

e2 + 3

4
2(k

2)nk

positive solutions [2]. For k fixed, this is asymp-
totically sharp in n [3].

This yields an algorithm [1] to only find real so-
lutions. It follows 26 paths to compute the 5
positive solutions to (∗).

Lower Bounds
Lower bounds on the number of real solutions,
which are existence proofs of real solutions,
are a recently-discovered phenomenon. Such
lower bounds are known for deep problems
from quantum cohomology [6] and for certain
classes of polynomials systems [5]. Establish-
ing lower bounds for a wider class of polyno-
mial systems is the focus of current research.
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