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problem: determinant of a
(partial) differential operator

Many applications in quantum field theory:
e effective action
 tunneling rates

Dy, =8, —gay

Quantum field theory functional integral

7 = /Dz/;DgEDAech Ud% (trF? + 4 [i) — m] )
- / DA exp { / d4a:trF2] det [iI) — m]

Effective action : S|A] = log det [iI) — m]

Exact results : covariantly constant £/ i
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problem: determinant of a
(partial) differential operator

Many applications in quantum field theory:

e effective action

e tunneling rates

Few exact results, so need approximation methods

e derivative expansion

* WKB

e thin/thick wall approximation for tunneling rates
e numerical ?



Instanton background in QCD

Instantons : semiclassical solutions F),,, = = F),,

Stationary points of gauge functional integral : minimize Yang-Mills
action for fixed topological charge

e.g. SU(2) single instanton (Belavin et al) :

Fuu(z) = F,,(z)
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Instanton background in QCD

First simplification :

Self-duality =—=> Dirac and Klein-Gordon operators isospectral

(1) — m) (=DuDy + m2)

1 2
I (A;m) = =277 (A;m) — 5 In (%)

—— > compute scalar determinant instead of spinor determinant




Instanton background - asymptotics

function of m only

Renormalized effective action : /
1

Io.(A;m) =T5, (mp) + < In(pup)

e Small m limit : exact massless Green’s functions known
e Large m limit : from heat kernel expansion

(a(3)+s(Inm+y—In2)m?+...
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Instanton background
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Question : how to connect large and small mass limits ?




Computing ODE determinants efficiently

Levit/Smilansky (1976) , Coleman (1977), ...

Ordinary differential operator eigenvalue problems (i =1, 2 ):

Mi @i = N ¢; ¢i(0) = 0= ¢;(L)

x € [0, L]

Solve related initial value problem :

M pi =0 $i(0)=0 ; ¢;(0)=1

e other b.c.’s

M 1 (]51 (L) e zero modes
det M2 — ¢2 ( L) * systems of ODE’s

Theorem :

Kirsten & McKane




Computing ODE determinants efficiently

Theorem : det ('A/ll) _ ¢1(L)
M2 ng(L)

(M; — k) ¢ =0 $i(0) =0 ; ¢;(0)=1

same analytic structure in k”

2 2
proof 1 : det (M1 k ) _ (k5 L)

Moy —k2)  ¢o(k2, L)

proof 2 : zeta function :

_ . L —2s d C‘bl(kzaL) 1
v (8) = Cma() = o [},dkk el b9 (K2, L) Relg) > 3
_ sin(ws) [ o d | ¢1(—K3 L) 1 1
(i (8) = Cma(8) = — /O dk k=" —- In (K2 1) —5 <Re(s) < 5
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—=> |, (0~ G, (0) =~ G




Example : Poschl-Teller potentials

d2
My = =5 +m® = j(j + D)sech’(x) MR alNES

V[, x]

zero modes whenm =1, ..., ]



Example : Poschl-Teller potentials

analytically :  det (&) T(m)T(m +1)

L(m—j)T(m+j+1)

det[m, j]
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Example : Poschl-Teller potentials

det[m,J]

60 80 L0

det — 1 as m? — o0




Example : isospectral potentials

~1/0

10

2 bound states
E = —KZ%
Ey = —K3
U k1 = 0.95



Example : isospectral potentials
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Example : isospectral potentials

phi (x) /phi_0 (x)
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Example : isospectral potentials

det(k1,k2) = exp{—2 (arctanh(1/k1) + arctanh(1/k2))}
det(0.95,1.05) = —0.000625391

phi (x) /phi_ 0 (x)
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Instanton background in QCD

scalar (Klein-Gordon) determinant in an instanton background :

Det(—D? 4+ m?)
Det(—0% + m?)

I'°(A;m) = In

now involves partial differential operators

radial symmetry reduces problem to a sum over ODEs




Radial symmetry in 4 dim.

Free Klein-Gordon operator :

0> 30 4l(l+1) 0 1 3
_ 92 _ qqfree — |_ Y © [=0, =, 1, =,
5 L or? ror gy r? ] ’ ’
Instanton Klein-Gordon operator : j=1x3
92 30 4Al+1) 4G -DG+I1+1) 3
£ Hag) or? ror * r2 * r2 41 (12 + 1)?
“angular momenta” : L, = —57uwaZu0, JE = L& 4T

degeneracy :  d ;) = (2l +1)(25 + 1)

H 1y + m2 H 1 35 = T2
_ (l:l+§) (l+21l)
vy

sum of radial (ODE) log determinants d; = (21 +1)(20 + 2)




Two numerical improvements

1. Evaluate log det of ratio directly :

w(l,j)("‘)
S a(r) =1n
o ( ?zfem)

dZS(l §) dS,5) ? 1 Iy (mr) dSq. )
’ ? i 2 ’ a— U *
az ( dr ) ! ("" i mf2z+1(m7")> dr ) ()
— 4G -DE+14+1) 3
potential : Ua,j(r) = 241 G LT

initial values : S ;)(r=0)=0 , S, (r=0)=0

exact, but more stable numerically




Two numerical improvements

2. Expand about approximate solutions :

dZS(l 7) dS(l 7) 2 1 Iél (m'r‘) dS(; ;
§ y - 2 +1 ( :.7) — U .
dr? H ( dr ) * (7" N mI2l+1(m7")) dr )
small \
_ " (Uan () _ 41 L3141 (m7)
Sa.5)(r) = /0 ar ( Wi(r') T Wi(r) = r 2m121+1(m7°)
5 Ug,iy(r)
PTay  (dTap Uajy(r)\ dlwgy — (Uup(r) d( Wi () )
er“’ +( dr“” ) —I—(Ws(?“)-I—Q Wf(r) ) d?f' ——( Wf(,r) ) Ty

exact, but more stable numerically




Radial integration results
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| dependence of log det
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| dependence of log det
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‘“‘Bad’’ news !

L= ) (2+1)(20+2)P()

[=0,%.1,...

quadratically divergent sum !!!

BUT : bare expression, without regularization or renormalization



Regularization and renormalization

Regularization : Pauli-Villars regulator mass A

Det(—D? +m?) Det(—0% + A?) }

I'2(A;m) =1
wldjra) =Ip [Det(—82+m2) Det(—D2 + A2)

Renormalization : Minimal subtraction renormalization condition

11 A?
S . T S . o 4
> (A;m) = Ahm [FA(A, m) 12 (4n)? In (_,u?) /d T tr(FWFW)]

= lim lri(A; m) — éln (éﬂ

A—oo L



Regularization and renormalization

H 1y +m? H + m?
Ta= 2, (21+1)(25+2){lndet( Gt g) )Jrlndet( (43,0 )

free 2 free 2
1=0,3.... frgy +m gy +m
H + A2 H + A?
— In det ( (lfl;_;) e ) — In det ( (Er—ge Y A2 )}
Ry + Rosy +

problem : large 1 and large A limits ?

solution : split sum into 2 parts, with L large but finite

1=0,3,... (=L+1

/ \

evaluate numerically, for large L evaluate analytically, for large L




Large L behavior from WKB

analytic WKB (large 1) computation :

1 1 .
Z I3 oy (A;m) ~61HA+2L2+4L (6+m7)lnl)
I=L+1%

127 1 m? m? 1
e —mcTH D —1 —
+ - 31’1 + 5 m-1In2 + 5 nm]+O(L)

2nd order WKB (higher orders don’t contribute in large L limit)

NOTE :

* In A term exactly as required for renormalization

e quadratic, linear and log divergences, and finite part

e exactly cancel divergences from numerical sum in large L limit !!!
* note mass dependence 1n “subtraction” terms



Comparison with asymptotic results

excellent agreement
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mid-way conclusions

ODE determinant method extends to radial problems, and
is very easy to implement numerically

naively leads to divergent sum over angular momentum 1

regularization and renormalization solve this problem

split sum over | into numerical small I part and analytic

WKB large 1 piece

Continued in Part II by Hyunsoo Min ...




