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Why we quantize EF in the presence of a medium?

For example in the following problems

@ Spontaneous emission of atoms close to dielectric surfaces,

Energy level shifts of atoms close to dielectrics,
Static and dynamical Casimir effects,

Propagation of light pulses through a magneto-dielectric medium,

Optical properties of nano-structures, etc.



Main idea: Modeling the medium with harmonic oscillators

Hopfield [1], Caldeira-Legget [2, 3], Huttner-Barnett [4], K[5, 6].




Generality of the approach

@ It can be applied to a general field theory (Scalar, Vector, Tensor,
Spinor) in the presence of a medium or external potentials K[7, 8].

@ It can be applied to a general system in the presence of dissipative or
amplifying media K[9].
@ It can be applied to nonlinear media K[10]

e Radiation process like Cherenkov radiation K[11]

Methods of open quantum system theory:
@ Quantum Langevin equation [12]
e Lindblad super operator method [13]
@ Master equation method [14]
e Path-integral method [15]



The quantum damped harmonic oscillator K[16]
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Harmonic oscillator
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Harmonic oscillator
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Response function<+ Coupling function
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Hamiltonian: Minimal Coupling Method
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Minimal coupling K[8]
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Fermi's golden rule
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The probability rate for transitions [n) — |n+ 1) are given by

NWoT
r|n)—>\n—1) = A |f(w°)|2eﬁhwo 1’

NWe T 1
r|n)—>\n+1) = 7 |f(w°)‘2eﬂﬁ/—do _1

where 5 = kBLT' At T = 0 there is only dissipation. This formalism can be
generalized to amplifying media K][9].
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Static magnetodielectric medium

Note that electromagnetic field is a collection of harmonic oscillators and
we know how to quantize an oscillator in the presence of its environment
so what follows is a straightforward generalization.

Temporal gauge: A =0= E = —0;A, B =VxA
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Static magnetodielectric medium

Definition of polarizations:

[o¢]
Pi(r,t) = eo/ dv f(r, t,v) X/,
| e ,
Mi(r,t) = — dv gjj(r, t,v) Y’
Ho Jo

Following the same steps for harmonic oscillator we have
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Static magnetodielectric medium

Define response tensors by:

< f(r
x,k(rw)—EO/ dy 10 )

X(r,w) / dv gij(r,v)gy(r,v
ke =

)fkj(
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We can assume f = ft and g = gt, therefore:

TEQ
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Br.0) = ) 22 Im(e ).
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Static magnetodielectric medium

1 2
Vx(= - VXE) — %e. E = 0w?P" + ipgwV x MV
I

where
a(r,w) 1 bilit
w) = ——————, magn. permeabili
. 1 xn(rw) TP ’
gr,w) = 1+ x°%(r,w), elec. permittivity

For non magnetic and isotropic matter we have

2
w
VxVxE — ?e(r,w)E = pow?PN
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Example 4: Casimir effect

Medium: EM
vacuum field

N

Main system
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Total Lagrangian density:

L

Wick rotation:
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Euclidean Lagrangian density:
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Z = /HD[XV]D[A]e_;/dr/OBdT[A'D'A+A-J]

v>0
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_/dr/ dT/ dvX, -B-X,
X e 2 0 0

where
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A(r,7) = > [An(r)e ™ + As(r)e™ ]
n=0

Xo(r,m) = > [Xun(r)e ™™ 4+ X (r)e]
n=0

where w, = 2%9” are Matsubara frequencies for bosonic fields.

B
0
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z = / [T DX, 10X, ] DIAAID[A;]
n,v>0 n>0

1 _ _
/er(A,,./3D.A:+A;;-5D.A,,+An.J;+A;;.Jn)

e 2 n=0
1 >0 ; 5
_5 / dl’/ dv (x;,n pB- Xu,n + Xu7n BB - X;,n)
e 0

Now we integrate over EF degrees of freedom.
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’

z = Tleapod? [ ] 0.0,

n>0 n,v>0

partition function of free EF

1 o = -
—/dr/ dv (X5, BB - Xyn+Xyn-BB-X} )

//drdr Ji(r ;@-Jn(r’)

where Gy = D! is the free EF dyadic Green's function DGy =1
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Now we integrate over matter degrees of freedom in a similar way to find

Z = T[et[3D])* ] (det[3B])

n>0 n>0

/S

0 0
ZE F ZM

!

X H(det[l + w2Gpft- Gy - f]) 7t
n>0

Zeff

Now using In[det O] = trIn[O] we find
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/

In Zefr = — Z triy In[1 4+ X(iwn) - Go(iwn)]
n=0 g 1

Q!

<

The free energy is defined by

oo’

F=—kpTInZegr = ks T Y _ trie In[1+ X(iwn) - Go(iwn)]
n=0

In zero temperature [;° 55 « ks T 300y
>~ dc I
F— > trin[1 4 x(i¢) - Go(i¢)]
0

s
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Rotating Dielectric

p/:p7 SOIZSO—WOta Z/:Z7 t/:t7
Oy =y, Dy =0y, Dy =0z, Dy = s + wody,
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Rotating Dielectric

1 1

_ - 2 - 2
L= 500~ 5 (VxA)
+ ;/ dv [(atx + wOB@X)2 — 1/2X2]
0

— 60/ dv f;'j(l/, t)XjatA,'
0

+ eo/ dv (v, t) X/ (v x VxA);
0
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Coupling tensor

Coupling tensor is now time-dependent

fix (V) cos(wot)  fix(v) sin(wot) 0
fi(v t) = —fyy(’/)osin(wot) fyy(V)C(;)S(wof) f?)

We assume f, = f,,, in body frame.

Lagrangian can be generalized to a covariant one including the magnetic
properties.
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Main equation

2 w2

[VxVx — %I{ - 5B x*®(w,~id,) - D] - E = o DPY

where D =1+ %v XxVxand D=1+ %vax. The presence of
operators D, DD in this recent equation makes it a complicated equation.
For small velocity regime (v/c < 1) we can set approximately D, D ~ 1
and in high velocity regime numerical calculations may be applied.
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Fluctuation-Dissipation relations

(PN (r,w)PN (X, W) = 4meoh d;T ji(w, —i0,)d(r — ¥)3(w — ')
=0,

where [';; are defined by I',, =T, =T, =T,

Mz(w,m) = 2Im[ng(mwg —w)|ar(mwy — w),

Mx(w,m) = Im[x?(x(mwo —wylar(mwy — wy)
+ Im[ng(mWO —w_]ar(mwy — w-),

Fy(w,m) = ilm[x% (mwo — w_]ar(mwo — w_)

imx2, (mwo — wylaT(mwy — wy),

and a7 (w) = coth(hw/2kg T) = 2[n7(w) + 1]
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Hamiltonian

1 1
H = dr{ — (P —D)>+ —(VxA)?
/v {260( ) 2#0( )

T / dv [Q} + X}
2 Jo

— wo/ dZ/Q,,-agDX,,—P(VXVxA)}
0

(2)
Interaction:
Hine = _/\/5 dr[P(r,t) - E(r, t)
+ P(r,t)- (v x VxA(r,t))],
= — /\/ dr[P(r,t) - E(r,t) + (P(r, t) x v) - B(r, t)]
(3)
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The radiated power

The radiated power can be written as
(P) — —/ dr{[0P — V(v x P)] - (E+v x B))
%

where |) = |vacuum) ;. @ |matter)  is the tensor product of initial
thermal states of the electromagnetic and matter field which are supposed
to be held at temperatures Ty and T respectively. For small bodies or
small velocities we have

(P :/ dr(0,P - E). (4)

s
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The radiated power

For an extended body with azimuthal symmetry and small velocity we have

Py = 2:2 dr/ dww®[ar(w — wolh) — a7 ()]
{Iszz(w wo )Im GZZ( )+ImX)O<X(w_w07Z)

XIm[Gux (r, ¥ w) + Gy (r, ¥ ,w)] cos(e — I},

where T, = —i0,, and we used the symmetry properties of tensors
Gjj(r,v,w) and Tjj(w, —id,).
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Spherical Drude particle: PRL 105, 113601 (2010)

w(t) = woe™ 7

(he)® pa’o,
@ (kb To)4

7(Stopping time) =

p = Particle density

Graphite particles are abundant in interstellar dust [F. Hoyle and N. C.
Wickramasinghe, Mon. Not. R. Astron. Soc. 124, 417 (1962)

oo = 2.3 x 10%(2.0 x 10%), a = 10(100)nm,

For a=10nm, To = 1000K — 7 ~ 1Day

For a =10nm, Ty =~ room temperature — 7 ~ 1Year

For a=100nm, Ty =2.7K — 7 ~ 0.6 billion years
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