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We recall the definition of entropy of a finite graph and present a new proof ([8], based on ideas
of Gromov [7] and Perron-Frobenius free) of the following fact: Suppose that G = (V,E) is a finite
irreducible di-graph; let e € E be an edge and denote by G. = (V, E\ {e}) the graph obtained by removing
the edge e. Then ent(G.) < ent(G) (strictly!).

One derives applications in the settings of symbolic dynamics and in that of formal languages.

More precisely, we deduce the Hedlund-Coven-Paul theorem for finite (and more generally for sofic)
shifts. This is related to the Garden of Eden type theorems for cellular automata over amenable structures
[2, 7, 6] (see also [1]).

As remarked by W. Krieger, sofic shifts are close to regular languages and a similar statement can be
presented (indeed this is known but the proof is always based on Perron-Frobenius theory): Let L be an
irreducible regular language. Let w be a word or subword of L and denote by L., the sublanguage of L
obtained by forbidding the word w. Then ent(L,,) < ent(L) (strictly!). When applied to the language of
(normal forms for) free groups one can derive, together with some additional aysmptotic-group-theoretical
arguments, a new proof of the hopfianity of finitely gererated free groups (recall that a group is hopfian
if it is not isomorphic to a proper quotient) [3, 4].

In Chomsky’s hierarchy, above the regular languages one finds the context-free languages. In [5] a def-
inition of ergodicity (or equivalently of irreducibility) is presented for these languages and an analogue
— of the theorem above on the entropy of regular languages — is proved for context-free non-linear lan-
guages. The proof is rather technical and involves several ideas combining Perron-Frobenius theory with
random walks methods (& la Lalley) and with the algebraic theory of these languages & la Chomsky-
Schiitzenberger.

REFERENCES

[1] T. Ceccherini-Silberstein, F. Fiorenzi and F. Scarabotti: The Garden of Eden Theorem for Cellular Automata and for
Symbolic Dynamical Systems; Proceedings of the workshop ”Random walks and geometry” held at Erwin Schroedinger
Institute for Mathematical Physics, Vienna, Austria, 18.06-13.07 2001. Vadim A. Kaimanovich, Klaus Schmidt, Wolfgang
Woess, editors. De Gruyter, Berlin, 2002 (to appear).

[2] T.G. Ceccherini-Silberstein, A. Machi and F. Scarabotti: Amenable groups and cellular automata. Ann. Inst. Fourier
(Grenoble) 49, 2 (1999), 673-685.

[3] T. Ceccherini-Silberstein, A. Machi and F. Scarabotti. On the entropy of regular languages. Preprint 2002.

[4] T. Ceccherini-Silberstein and F. Scarabotti: Random walks, entropy and hopfianity of free groups; Proceedings of the
workshop ”Random walks and geometry” held at Erwin Schroedinger Institute for Mathematical Physics, Vienna,
Austria, 18.06-13.07 2001. Vadim A. Kaimanovich, Klaus Schmidt, Wolfgang Woess, editors. De Gruyter, Berlin, 2002
(to appear).

[5] T. Ceccherini-Silberstein and W. Woess, Growth and ergodicity of context-free languages. Trans. Amer. Math. Soc. (in
press).

[6] F. Fiorenzi. Cellular Automata and Finitely Generated Groups. PhD thesis, Universita di Roma “La Sapienza”, 2000.

[7] M. Gromov. Endomorphisms of symbolic algebraic varieties. J. Eur. Math. Soc. (JEMS) 1 (1999), no. 2, 109-197.

[8] F. Scarabotti. On a lemma of Gromov and the entropy of a graph. European J. Combin. (to appear).



