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MATH 172 Honors  Exam 1 Spring 2024 /8|6 /8110 /12

Section 200 Solutions P. Yasskin 8|7 81 11 /8

Points indicated. Part credit possible. Show all work. /818 /8112 /8
Total /104

8
1. (8 points) Estimate the integral I x>dx Approximate integral using a Riemann sum with 4
0

equal intervals and left endpoints.

Is this an over estimate or under estimate. Why? Your answer should be based on the concepts of
increasing, decreasing, concave up or concave down.

Solution: f(x) = x? Ax = % =2 The left endpoints are x; = 0,2,4,6.
The function values are f(x;) = 0,4,16,36. So the Riemann sum is

4
D Axi)Ax = (0+4+16+36)2 = 112
i=1
Since the function x? is increasing, the value at the left endpoint is a minimum on each interval. So
the sum is an under estimate.

. (8 points) Consider the area below the graph of y = x> above the x-axis. Find the number ¢ so
that the area between x =0 and x = c¢ is equal to the area between x =c¢ and x =4.

Solution: The firstareais 4, = ch3dx = [ﬁ]c = é.

0 4 1," 4

) 4 4 74 4

The second area is A2=J.x3dx=|:x7:| =43—CT.
. o 4 _ 4% __4
We solve 4—4 T 24—4 = C_i‘/f

4
—x+1l g Simplify to a rational number.

. (8 points) Compute Iz 12

Solution: Substitute u = x?>+2x. Then du = (2x+2)dx and du = (x+1)dx. So

1
2

4 24 24
_x+l g 1 [T Ly _1[=17"_1(=L_ 1Yy_1(/3=-1)__1L
L (xz+2x)2dx 2[8 > ] -2 (Grw) -2 () - %
/4
. (8 points) Compute I (sec*® — tan%0sec’0)dd.  Evaluate all trig functions.
0

Solution: Since sec?d —tan%0 = 1,

/4 /4 /4 /4
(sec*d — tan’0sec?0) do = J. (sec?0 — tan?0) sec’0dl = j sec’0dl = [ tan@]
0 0 0 0

_ T _
—tan4 tan0 = 1



5. (8 points) Compute J.2xarctanxdx.

u = arctanx dv = 2xdx
Solution: Integrate by parts with 1 )
I +x
1= IZxarctanxdx = x?arctanx —J' X ¢ = x2arctanx _J' rl-—1,

1

dx = x*arctanx — x + arctanx + C
1 + x2

= xZarctanx — I 1-

6. (8 points) Compute [ sin(20) cos2(0) db

Solution:
4 4
= jsin(ze)coszw)de - jzsinecosecoszede - j2cos30 sin0d0 = —2‘30% +C= —wzﬂ L C

1 + cos(26)
2

Let u = cos(20). Then du = -2sin(20)dé and —%du = sin(20)d6. So

-1 (1+u 4 _ 1 u_z) - _1 N SO
1=-1[lxug, 4<u+2 +C = —Lcos20) - L eos220) +

or = jsin(ze)cos2(9)d9 - j sin(20) do

7. (8 points) Compute J.ezxsin4xdx.

u = sindx dv = e dx
Solution: Integrate by parts with 1
du = 4cosdxdx v = 762"
i u = cosdx dv = e dx
I = =—e*sindx -2 J. e*¥cosdxdx  Parts again ) 1
2 du = —4sindxdx v = 762"
I = Lexgingx - 2[lezx cosdx +2 J. e sin4xdx} — Lo2gindx — 2 cosdx — 41
2 2 2
51 = %ezxsin4x—e2xcos4x 1= %ez)‘sin@c— %ezxcos4x+ C

[x2 _
8. (8 points) Compute J.XT4dx.

Solution: Let x =2sec. Then dx = 2secOtan0do

[x2 _ [Aenclp — A
I#dx = IM2sec9tan9d9 = 2!,/sec29— 1 tan0dO = ZJ'tan29d9

2secH
- 2j(sec29— 1)df = 2tanf — 20 + C

[v2 _
Since sec9=% we have tanf = Jsec20—1 = [%—1 ZXT4. So
[v2 _
J‘XT4dx=,/x2—4—2arcseci+C

2



9. (12 points) A bar of length % m has linear density 6 = sinx kg/m where x is measured from

one end.

a. Find the total mass of the bar.

/4 /4 _
Solution: M = J5dx = J. sinxdx = [—cosx] - L ——1= v2 1
: o TR 72
b. Find the center of mass of the bar.
/2 = d = si d
Solution: M, = jx&dx = j xsinxdx Integrate by parts with e VT osimrar
0 du = dx V= —COSX
n/4 /4
_ : __ _[_ : __rm_1 1 _4-=&
M, = Jo xsinxdx = xcosx+jcosxdx [ xcosx+smx]0 = + 7 Wl

M1:4—7'L' 1/7 _ 4-r
M 42 2-1 4(J2-1)

10. (12 points) A race car startsfromrest(x =0 and v =0 at ¢= 0)and has acceleration
t
a =

X:

1+¢°

a. Find its velocity at time .

: . _ _ t — — — 4y —
Solution: v(t)_jadt_j L let u=14¢ du=dt t=u—1
ve) = [l du = u—tnupC = 1+1-In(1+)+C  v(0)=1+C=0 C=-1
W) = t—1In(1 +1)

b. Find its position at time .

Solution: x() = J.vdt - J.t—ln(l +o)dt = %—[(1 w0l +0) - (1+0)]+K
x(0)=072—[(1+0)1n(1+0)—(1+0)]+K=1+K=0 K=-1

x(z)=§—(1+z)1n(1+x)+x



11. (8 points) Find the arclength of the curve y = % for 0 <x<1.
HINT: Look for a perfect square.

x *)C

Solution: —=

I d_ — (e —e™)? dx=\/1+%(e2x—2+e*2x) dxz‘/%(ezx+2+e*2x) dx
/% e™)? dy = £te gy
1
_ er+e™ ;| ef—e 1
L= Ids I 7 = [ }o 2(6 )

12. (8 points) The curve 7(¢r) = (1*,6¢t) between =0 and ¢=4 is rotated aboutthe x-axis, find
the surface area swept out.

ion: r—y— dx _ @
Solution: r =y = 6¢ 7 =2t 0 =6

2
dS_J< ) ( ) dt = J4* +36dt = 2Jt* + 9 dt
4
A:jznrdszj 2761 A% + 36 di = 127:[ I +9dt u=1£2+9  du=2:ds
0 0

12 w32 1%
du = 127:[7} — 8m(125-27) = 8 - 987 = 784
9

A:lznjzsu



