Solutions to Test 1 Page 1 Form A 152-0la-1

Part I: Multiple Choice (5 points each)

There is no partial credit. You may not use a calculator.

1. Find the area of the region bounded by the curves

r=0 x=1+4+¢y% y=1 y=3.

(A) 11 [Draw a sketch!]
40 3
B) = A= [ i)ay
1
D 32 314
(D) 3 < correct =(3+9) - (1+1)
_ 1
(E) 10 =ll-3
_ 3
-3

2. Find the average value of the function f(z) = e >* on the interval [0,2].

(A) §(1—e75) <« correct
1 g —3x

(B) 3(1+¢) Toe =50}, ¢ ™
(C) 0 _lep

2 =3,
(D) 3(1—e7%) _ 1 =0 — ¢°]
(E) 5(e®-1) 11,

=—-——e .

6 6
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w/4
3. Calculate / sin? z dx.
0

Page 2 Form A 152-0la-1

T 1
N
(4) 8 2

71'/4 71'/4 1 2

(B) m_1 / sin? x dr = / cos et dx

4 2 0 0 2

T 1 1 sin 221"/
(C)é_i < correct =51 3 ;

-1 _ L7 sin(m/2)
(D) 3 + 3 2\ 4 2

T 1

m 1 =3 1
E) - +Z 8§ 4
(E) 47 +3

1
4. An object is moved along the z-axis by a force of magnitude F(z) = T2 How much
x
work is done as the object moves from =0 to x =17
(A) =
|
W = dx
(B) 116 /0 1+ 22
= arctanx’(l)

C) In2
(€) In = arctan 1
(D) % < correct = %

(E) In8 —1In2
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5. The area bounded by the curves z2 =y and = 4+ y = 2 is

(A) 5 [Draw a sketch!]
(B) g Find the intersections: 2?2 =y =2 — .
9 O=a2’42—-2=(z—1)(z+2).
(C) 5 € correct
r=-—2orl.
(D) = 1
A:/ (2—2)—2%)da
E) = -2
®) o
— T - — — —
2 3.,
—2-4-h) - (4243
—5-1-3-1
6. A trigonometric substitution converts the integral / G 2961:_ pSVE dx to
(A) [(3cos®+2)do First complete the square:
(B) [(2sinf—1)df <« correct —(224+22—3)=—(2>+ 20 +1—4)
_ 2
(C) [(2sin® 6 — cos ) df =—((@+1)*-4).
(D) [(2tanf —1)do

dr let x+1=2sin6.

w | e

dx =2cosfdf, x=2sinf— 1.

(E) [2tan"'6df

2sinf — 1

V4 — 4sin’ 0

2cosfdf = /(23in9— 1)d6.
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2 2

7. Suppose that f(0) =3 and f(2) =4 and / 22 f(z)dr = 5. What is / o3 f(x) de?
0 0

(Hint: Use integration by parts. Assume that f(z) is a differentiable function and that

f/(z) is continuous.)

(A) 60 Let u=2a?, dv= f'(z)dz.
(B) 47 du = 3x*dx, v= f(z).
(C) 33

The integral becomes

(D) 27 e

[:L’Sf(a:)}o - 3/ 22 f(x) dx
0

(E) 17 < correct
_8£(2) — 0(0) — 3/ 22§ (z) dz

0
=8 x4-3x5=17.

8. The region bounded by the curves r=0, z=14+y, y=0, y=2 is rotated
about the y-axis. Find the volume of the resulting solid.

26
(A) Tﬂ < correct [Draw a sketch!]
®) 07 The disk at y has radius r=z=1+1y.
B) ==
3 2
\%4 :/ 72 dy
© = :
3 2
(D) 327 :71'/0 (1+2y+y°)dy
3 2
P
627 3 1o

3 8 267
= 244+ ) =—.
7T< + +3) 3
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°1
9. Calculate/ n—;;d:c.
1

(A) 2 —1

(B) 0

() 1

(D) 1 —g & correct
() 22

10. The base of a solid is the triangle with vertices (0,0), (1,1), and (1,—1). The cross

Page 5 Form A 152-0la-1

1

Let wu=Inz, dv=—dx.
x
1 1
du=—dr, v=-——.
x x

sections perpendicular to the z-axis are squares. Find the volume.

() 3
®) -
() g & correct
D)
®) 2

[Draw a sketch of the base.]

The top and bottom boundaries of the base are

y=x and y= —x.

So the square at x has side length s = 2y = 2x.

1
V:/ s2dx
0
1
:/ 422 dx
0

1
1’3

3

0

Wl
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Part II: Write Out (10 points each)

Show all your work. Appropriate partial credit will be given. You may not use a calculator.

11. Evaluate /332 sin(4x) dx .

4
Method 1: Let u = 2%, dv = sindxdx; du = 2xdx, v = — COZ T
This converts the integral to
2 1
— a:z cos4dx + 5/xcos4xd:1;.
. sin 4x
Integrate by parts again: w = x, dv = cosdxdzr; du = dx, v = 1
The integral becomes
2 1
- cosdx + — il sindx — il sin4x dx
4 2 14 4
x? 1 [z 1 cos 4x
=— — 4 — |- sindx — - | — C
4cosa:+2l4sma: 4( 1 )}—F
x? T 1
=-7 cosdx + 3 sin4x + 560841‘—}-0.
Method 2: First make the substitution y = 4z to simplify the arithmetic.
de = 1dy, z*=Ly>
/x2 sindx dx = 1 /y2 siny dy
64 '
Now let v = ¢?, dv = sinydy; duv = 2ydy, v = —cosy.
This converts the integral f y?sinydy to —y?cosy+ 2 f ycosydy.
Integrate by parts again: u = y, dv = cosydy; du = dy, v = siny.
We get

—y% cosy + 2 [ysiny— fsinydy} = —y?cosy + 2ysiny + 2cosy + C.

So the original integral is

1

6l [—(43:)2 cos 4z + 2(4x) sindx + 2 cos 4z + C’]

LL‘2

1
= — Zcos4x—|— %sinélx—f— 560841‘—}-0.
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sin® x

dx .

12. Evaluate / 1
cost x

Let wcosz, so that du = —sinz dz and sin® z = 1 — «?. The integral is then
1 —
— / v / — du + / — du

1 1
3cosdx cosx

13. Set up (but DO NOT EVALUATE) the integrals to compute the volumes of the indicated
solids of revolution. CLEARLY INDICATE IN EACH CASE WHETHER YOU ARE
WRITING A CYLINDER-SHELL FORMULA OR A DISKS/WASHERS FORMULA.

(a) Revolve the region bounded by y=sinz, y=0, =0, xz=m about
the line x =0 (the y-axis).

[Draw a sketch!]

Cylinder method (best): V = /27rr hdx = 27r/ xsinx dx
0

1
Washer method (ugly): V = / 7[(m — arcsiny)? — (arcsiny)?] dy
0

(b) Revolve the region bounded by y=sinx, y=0, =0, x=m about
the line y = 2.

[Draw a sketch!]

Washer method (best):

V= /(ﬂrguter — Triner) AT = 7r/ [4— (2 —sinz)?]dr = 7r/ (4sinz — sin® z) dz
0 0

1
Cylinder method (ugly): V = / 27(2 — y)[(m — arcsiny) — arcsiny| dy
0
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14. Evaluate

1
——dx.
/ Va? -9
Let x = 3secf, so that dz = 3secftanf and x> — 9 = 9tan? . The integral becomes

/BsecetangdG:/seCOdQ
3tanf

= In|secf + tan | + C

2 -9
_|_7

x
- C.
3 3 +

=In

[Sketch a right triangle with hypotenuse x, adjacent side 3, and therefore opposite side

va?—9]

15. Do ONE of the following [(A) or (B)]. CIRCLE THE LETTER of the one you want
graded!

(A) A 10-kilogram object at ground level is attached by a cable with a mass density of
% kg/m to a winch at the top of a 40-meter high building. How much work (in joules)
is required to crank this load up to the roof? (The acceleration of gravity in MKS
units is g = 9.8.)

The work done in lifting the object itself is just the force times the distance:
W1 = 10g x 40 = 400g.

The work done in lifting the piece of cable of length dy that starts at distance y below the
roof is

40 2
9gY g
Wy = —gydy == —| = =40 x40 = 200g.
2 /0 gyay = 5 3 X 9

So the total work is W = 600g = 5880J .
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(B) A tank (trough) 8 feet long has cross sections that are isosceles triangles (with base
side on top) whose base and altitude are both 3 feet. If the tank is initially full of
water, how much work is required to pump all the water out over the top? (Water
weighs 62.5 pounds per cubic foot.)

le— 3ft —

1

3ft

1

W = [ DdF, where D = 3—y is the depth of the layer of water at y and dF = pgdV =
(pg) x 8wdy is the gravitational force (weight) on that layer. Here w is the width of the
trough at height y, and pg = 62.5 is the weight density. By similar triangles,

y

it is clear that w = y. Thus

I
(070]
—
)
Q
S~—
N
o
(UV)]
<
|
<
o
S~—
U
<

W= /O 8y(3 — y)(pg) dy

= 8(pg) {37y2 - y;]j = 8(py) (2—7 - 9) = Z(0g)

=36 x 62.5 = 2250ft — 1b.



