MATH 152, SPRING 2012
HONORSEXAM Il - SOLUTIONS

Last Name: First Name:

Signature: Section No:

PART I: Multiple Choice (4 pts each)

1. C t _dx
ompuef TisZ
a. %T” Correct Choice
Y4
b. 5
ya
c. 4
d. «©
e. 0

ion: [ —dx_ _ “_mx__mx _3n
Solution: I_l 1o —arctar(x)|_l_ 5 i

2. The improper integral I xIn ”

divergestao.  Correct Choice
diverges to-oo.

convergesto 1.

converges te-1.

converges to% -1

® 20 0o

L _ dx © dx  _(*du 1m0
Solution: u = Inx du = x Il <X —IO U =IN1-In0=0—- -0 =+

— 1  dx-
S.Iﬂu_ndx

In|x—1|+%+C

a.
b. In|x2(x—1)|+C

C. In|x|———|n|x 1|]+C

d. —In|x|+ +In|x 1|+ C  Correct Choice

e. In|x—1|—7+C

Solution: ﬁ=§+x%+ xgl 1=Ax(x-1)+B(x-1)+Cx?
x-O: = B=-1

1:. = C=1 Coeffofx?2: 0=A+C = A=-1
+

1 _ 1
1)w_—mm+7+my—u+c
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3
4. By substituting x = 3tang, the integral J' x2J/x?>+9 dx becomes
0

nl4
a. j 27tartd sed dd
0

O

3
. jo 27tart0 sec0.do

nl4
jo 81 tarff secd do

o

nl4
d. j _ 8ltarfgseco s

nl4
I 8ltarfdsecddd  Correct Choice
0

®©

Solutlon x2 = 9tartd  Jx2+9 = J/9tart0+9 = 3sed dx = 3secOdd
nl4
j 9tartd - 3sed - 3se@Hd) = j 81 tarfgsec0 do
0 0

5. Find the length of the curvex = t?, y=13, forO<t<1.

1 .
=5 (18/13-8)  Correct Choice

b. 4L (13/13-8)
c. 55 (13/13-1)
d. =5

27
e. $£(13/13-1)

Solution: L = I ‘/< ) (a)zdtzjl,/(zt)2+(3t2)2dt=jlt,/4+9t2 dt

U= 4+09t2 L=1—8j4mdu=[118§u3/2}4 -+ (13/13-8)

6. Which of the following integrals gives the surface area oletd by rotating the curvey = e,
for 0<x<1, aboutthe y-axis?

1
a. I 2re /1 + 16e% dx
0
1
b. J' 2rxJ1+ 16e 8 dx  Correct Choice
0

e 1
C. . 2ry [1+ 16y dy
1
4 2
d. jo z J167 + 1 dy
L7 Iny
) 2
e. IO 87y J16y? + 1 dy

Solution: x-integral becausey = f(x) and 0<x<1. r =X becausg-axis.

A= j 27rr/1+(g ) dx_j 2nx,[1 + (~4e)? dx = j 2nxJ1 + 166 % dx




7. Which of the following statements is true regarding the iogar integral J'w %"‘/Y ?
1

a. The integral converges becausﬁjﬁ < T% and jj% converges.
; ; “_ dx *_dx o AT
b. The integral diverges becaus§1 &+ X > -[1 X and -[1 X diverges.
c. The integral diverges becaus§1—eX+ﬂ >-[1 o and -[1 o diverges.
: ” dx *dx *dx
d. The integral converges becausfa1 &+ X < s and -[1 o converges.
Correct Choice
e. The integral converges to 0.
Solution: 1 <-L  and 1 <L So (b) and (c) are wrong.
e+ /X JX e+ /X e
j% diverges and J.O:% converges  So (a) and (c) are wrong.
& X >0  So(e)iswrong. (d) is correct by the Comparison Test.
8. Find the integrating factor for the differential equatiofl + x?)y' = 2xy + 1 + x2.
a. I(x) =1+x?
b. I(x) = —1 Correct Choice
) 1+x2
c. I(x) =2(1+x?)
d. 1(x) = —2
) 1+x2
e. The equation is not linear, so there is no integrating factor
.- Sy ox L _ 2
Solutlon.[. Standard form: X Ti y=1 PX) = Tyl
Poxydx . 2 1
| —e — eh(®) — _
) 1+x°

9. If y=1(x) isasolution of the Initial Value Problem:ﬂ =Xx+y? with f(1) = 2,

ax
then f (1) =
a. 1
b. 2
c. 3
d. 4
e. 5 Correct Choice

f’(x):%:myz f'(2)=1+22=5



10. Solve the Initial Value Problem:ﬂ _y+l with y(0) = -2. Then y(1) =

dx X+1
a. -1
b. -2
c. -3 Correct Choice
d. -4
e. -5
Solution:.f dy_ _ [ _dx Inly+ 1| = Inx+ 1]+ C  |y+1| = e°jx+ 1]
y+1 x+1
y+1=2ef(x+1) = Ax+1) -2+1=A0+1) A=-1 y+1=-(x+1)
y=-x-2 yQd) =-
11. The plot at the right is the direction field NN f I B R Al &
_ ) _ _ e 0 Ul e PR
for which differential equation? NN S~ 2 2L FN T 7=
d W
e P St
a. —yzy—x2 Correct Choice - B O NN
dx B
by ilema
bl 2 _ y+ X Ty Tt ol S, ey
dx e e U Y W G
R e e | e e S I e
dy 2 *buu‘tfvu:@uuw\:‘.nn%
C. —= =X-Y T g N N R e
d
X (U e B S e B NSV e T
dy o e A
d. —=X+y2 i T T R N T T v
dx T e e e R R R L R
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- dx_y_ AR O S s e W N AR T

Solution: The slope is zero when the right side is zero. Eggtft side is a parabola and the
plot has zero slope on the parabgla x? = 0.

PART I1: WORK OUT (10 pts each)

Show all your work neatly and concisely arnabx your final answer. You will be graded not
merely on the final answer, but also on the quality and comess of the work leading up to it.

12. Find the surface area obtained by rotating the curnye- X2 _ 1y X, for 1<x<2,

_ 4 2
about they-axis.
Solution: x-integral becausey = f(x) and 1<x<2. r =X becausg-axis.

A= jan/1+( ) dx-j 27rx\/1+<2 X>2dx=.|.i27rx\/1+(x72—%+4—)1(2)
—J an‘/ 7 +_+WdX—J:2”X<%+2_1)(>dX:”Ii(xz+1)dX:”[x_33+X]i

- (§+2)-x(3+1) -




13.

14.

Integrate I V16— 9x2? dx.

Solution: X = 4sind 3dx = 4codd J16-9x2 = /16— 16sirf0 = 4coY

j,/16—9x2 dx = I4cos9%cos@d0 - %j% do = %(m %) +C

Draw a triangle or: sifl = % cos = J1-sintl = - %—Xg

_ 03X sin?d _ o _&/ G
Q—arcsm4 = = sinfcosh = ] 1 16

—0x2 dx =8 in3X . 3X [1_ 9%
I./16 9x dx—g(arcsmTJr 1 1 16>+C

4X2— 1 d
TDx-2) X

Integrate I e

Solution: o i"xj)le_ 2 = Q’;IE’ + x(—:2 42 -1 = (AX+B)(X—2) + C(x2 + 1)

4x2 -1 = (AX+B)(Xx-2) +C(x*+1) = (A+C)x* + (B- 2A)x + (C-2B)

A+C=14 B-2A=0 C-2B6=-1

C=4-A B =2A 4-A-4A =-1 BA=5 A=1 B=2 c=3
4x2 -1 _[x+2 3 _ X 2 3

I X2+ 1)(x-2) d)(_-"x2+1 * X—2dx_-[x2+1 1’ x—2dX

= % In(x? + 1) + 2arctarx + 3Inx — 2|+ C




15. When a dead body was found by the police its temperature wW&s 8%er 2 hours its
temperature dropped to 75°F. How many hours before the badyfeund was its temperature
95° F, assuming the room temperature was a constant 65° F?

Solution:
W _ K(T-To) T-To-AeR To—65 T(0)=85 T(2) =75
t=0: 85-65=Ae® A=20

_9- _ @5 — -2k 2k _ 1 _ ok — 1 _ 1
t=2:  75-65=20e e -1 2k |n(2) k=1

_AE _ -In(2)t/2 -n@u2 _ 3 _ In(2)t _ 3
95— 65 = 20e e 3 5 |n(2)

. In@R)

t=-2 n2) hours

16. A bathtub starts out with 10 gallons of water containing 5nuisiof bath salts. Pure water is
entering the bathtub at 0.2 gallons per minute and bathaadtpoured in at 3 pound per
minute. The water is kept well mixed and drains out at 0. 2ogallper minute. How long will it
take until there are 10 pounds of bath salts in the bathtub?

gs b _, b _02gal Sk

Solution: =2 0)=5
dt min min  min 10 gal <0)
Standard Linear form: % +.025=3 P)=02 |= ejp(t)dt =02
.02

e.OZ% +.02002g _ 30.02 %(e.028> = 3e:02 e02g_ J'3e.02 dt = 3 802 +C
e02s= 15002 1 C
S0) = 5:
e05 - 159+C C=-145 e02s5-15002_145 S-150-145%"-02

_1E(_ 14502 ~.02 _ oo _ n 140 _ 29
10 = 150- 145 145 140 .02 =1In 145 t = 50In 58



4

17. Arecursive sequence is defined bg; = 2, ap1 =5-— 5.

dn

a. Use Mathematical Induction to prove:
The sequence is increasing and bounded between 0 and 5, i.e.

P(n) : ans1 > an and O< an < 5.
Initialization Step: Find some terms and verifi?(1) and P(2) are true:

Solution: a; =2, a,=5-42 =3, ag=5-2 =11

2 3 '
P(1) : a=3>a;=2 and O<a; =2<5. True
P(2) : a3:%>a2=3 and O<a;=3<5. True
. Write out P(k) and P(k+1):
Solution:
P(K) : a1 > a and O< ak < 5.
P(k+1): A2 > Akl and O< ak1 < 5.

Induction Step: AssumingP(k) prove P(k+1):

Solution:

a1 > ak >0  implies ail < aik implies % > a—f
implies  5- % >5- aik implies a2 > a1
So the sequence is increasing.

O<ak<5 implies a% > % implies a—f < _—54
implies  5- aik <5- % implies  ax1 <5

Also since the sequence is increasing fram= 2, we have < ai1.

So the sequence is bounded between 0 and 5.

b. What Theorem guarantees the sequence converges? Finchite li

Solution: The Bounded Monotonic Sequence Theorem say®tieesce converges.

i : o 4N
LetL = |im a,. Then liman.1 = !}Lq;)(s_ a_n> -

__4
fim, an

SoL=5-4 L2-5L+4=0 (L-4)(L-1)=0 Limit must be 1 or 4.

L

Sincea, is increasing from 2, the limit must be 4.



