Name Section 1-14 /56
MATH 152 Honors FINAL EXAM Spring 2014 15 P
Sections 201-202 Solutions P. Yasskin
_ _ _ 16 120
Multiple Choice: (14 problems, 4 points each)
17 14
18 14
Total /106
1. Find the area under the curve y = x21+1 above the interval [0,1].
1
a
b. % CORRECT
1
¢ 3
d 1
I
e 5

1
Solution: A = I Xz::- 1 dx = [arctanx]; = arctanl — arctan0 = %
0

The region under the curve y = xzjjr 1 above the interval [0,1] is revolved about the
y-axis. Find the volume of the resulting solid.

a. nIn(2) CORRECT
b. #In(2)-=
c. 2rIn(2)
d. 4rnIn(2)
e. 4riIn(2) -4r

) 1 1
Solution: Azf 2rrhdx r=x h= > u=x2+1 du = 2xdx

0 xc+1
= J.l27rx;dx = J.nldu =rlnu = [nln(x2+ 1)}1 = rin(2)
0 X2+ 1 u 0



3.

1

A plate with constant density p has the shape of the region below y = N above the
interval [0,1]. Find the x-coordinate of its center of mass.
a. %In2
b. 2In2 CORRECT
T
¢ 2In2
2
pln2
P
e 5 In2
1 1
ion: - - p - pX — [ L nx? - P
Solution: M = pIAZ— Py M1 IO V) ax [ 5 In(x +1)]O 5 In2
e_ M1 _ plnc 4 _ 2
X=W =7 pr =% n2
rl4 2
Compute S0 g,
P tan?0
. —Q0
b. -1
c. 4
d. 1
e. o CORRECT

_ 4 /4 14 )
Solution: _[0 SeC?0 g — _[0 csc20dg = [—cote]g = —cot L + lim cot6 = o

tan?0 4
OR:
u = tand 4 sec2g du _[-1 S N | 1
du = sec20do 0 tan?0 do = F_[T]_[tane ]O ~ tan 7'L'/4) _*—0“—[‘(!)-]+ tano
2
Compute | —2—dx.  HINT: sin(29) = 2sinfcosf
i
L orediny — X (1 — x2)32
a. 3 arcsinx 3(1 x)7°+C
b. %arcsinXer./l—x2 +C
1

c. iarcsinx—x./l—x2 +C

d. %arcsinx— %XJ1-X2 +C  CORRECT
e. %arcsinx+ %,/1—x2 +C
Solution:
: 2 in2 . 1 - cos(20)
X = sind — X dx= [ —S0%0 _ cosgdh = [sin20de = [ =222 g
dx = cosfdo I m I m I I ?

2 2

o0

- l( _ Sn(29) ) +C= %(Q—Sinecose)+C= %(arcsinx—x,/l—xﬂ +C



6. Compute I(Inx)zdx. HINT: u = (Inx)2.

xIn?x — x2Inx — %x2+ C

a.
b. xIn>x—x2Inx + %x2+ C

c. xln°x—2xInx—2x+C
d. xIln°x—2xInx+2x+C CORRECT

e. xIln°x—2xInx+4x+C

Solution:

u= (Inx)? dv = dx
1 I(Inx)zdx = x(Inx)? - ZI Inxdx = x(Inx)? = 2(xInx—x) + C
du = 2(Inx)5dx v =x

4X2 +5 2
(X—2)%(x2 + 9)?

7. Which of the following is the general partial fraction expansion of

A | Bx+C
x-2)2  (x®+9)?
b A&X+B . _Cx+D
x-2)2  (x®+9)?

A B Cx+D Ex+F
*x-2) + x_2)? + o +9) + 2192 CORRECT

A B Cx Dx

d x-2) (x—2)? Toer9 " (X2 +9)?

A | Bx+C _ D 4+ _EX+F
xX-2)  x-2)2 (*+9) (x2+9)?
Solution: For each linear factor to the p, you need a linear denominator for each power up to p.
For each quadratic factor to the p, you need a quadratic denominator for each power up to p.
The linear denominators get a constant on top. The quadratic denominators get a linear on top.

4> +5 __A ,_ B | Cx+D , _Ex+F

x-2)202+9)2 (X=2)  (x-2)2 (x*+9)  (x2+9)?

a.

e.

So the correct expansion is:
8. Thecurve x=y° between y=0 and y=1 isrotated about the y-axis. Find the area of

the resulting surface.

a. %(103’2 -1) CORRECT

b. 487(10%2-1)
7

C. fﬂ:
d. 336r
e. 4871032
1 1 2 1

C _ _ dx _ 3 252

Solution: A= y=02nrds—J'02nx/(dy) +1dy—_|‘027ry ,/(By) +1dy
1
:I02”y3/9y4+1dy u=9*+1 du=36y3dy 3—16du=y3dy

10 10
_ _ [z 2u®? _ T (1032 _
‘18[1~/Ud“‘[18 3 ]1‘27(10 b



9.

10.

11.

Solve the differential equation @ % with y(1) = 3. Theny(3) =

dx

@ 3

b. 1

c. 3

d. 6

e. 9 CORRECT

Solution: Separate: d_ dx J.ﬂzj.ﬂ Iny = Inx+C

: Ty X y X

Use the initial condition: In3=1n1+C C=1n3
Substitute back: Iny = Inx+In3  Solve: y =€ =3x So: y3) =9

dy

Solve the differential equation Xa — YT x2 with y(1) = 2. Theny(2) =
a 1
b. 2
.. 18
d 3
e. 6 CORRECT
: dy 1 : ej—ldx 1
Solution: Standard form: G T XY =X Integrating factor: | = X7 = glnx = X
i oAy 1 ite: A (1)) -
Multiply by 1: X Xzy— 1 Rewrite: dx<Xy> =1

=1+C cC=1
Substitute back: % =Xx+1 Solve: y=x>+x So: y(2)=6

Integrate: % = jldx =x+C  Use the initial condition:

=N

A ball is dropped from 27 feet and bounces to % of its previous height on each bounce.

Find the total length travelled during an infinite number of bounces.

a. 54

b. 81

c. 108

d. 135 CORRECT
e. 162

Solution: L =27+2)27(2)" = 27+54—3 —27+54-2 — 27+108 - 135
n=1 1_§ B




12. Compute lim SINX— XCOSX
X—>

X3
a. % CORRECT
1
b5
0
o0
e. -
Solution:
(o)) | s
. X— 22— + ... Xl 1 A 4. L4 48 4.
lim SINX=XCOSX _ |jm 6 2 _ lim—6 2
*x—0 x3 x—0 x3 x—0 x3
* (_1)nn2n+1
13. Compute on+ )T
n=0
. A3

2
b, @ CORRECT
3
6

d.

© plw

e.

: —~  (-1)" .
Solution: Z (—x2”+1 =snx So
< (2n+ 1))

_1\n__2n+1 * _13\n o1
(' s D (5)2 ggng 303
n=0

'n+ 1)1 2n+ 1)! 3° "2

0

14. Find the center and radius of the sphere x?>-4x+y?+2°+6z+4 =10

center: (-2,0,3) radius
center: (2,0,-3) radius

'R

'R CORRECT
center: (-2,0,3) radius: R

'R

'R

center: (2,0,-3) radius
center: (-2,0,3) radius

® oo T @
Il
O O© W W N

Solution: (X2 —-4x+4)+y2+ (Z2+62+9)-9=0 (x-2)?+y2+(z+3)*=9
center: (2,0,-3) radius: R=3



15. (22points) Consider the series S= ) (

a.

Work Out (3 questions, Points indicated)
Show all you work.

~ (-1)™n
-1
n=1 2"

(4) Determine whether the series is absolutely convergent, convergent but not
absolutely convergent or divergent.

Solution:

Method 1: Apply the Ratio Test

p= rLLrEl| S| = im n2+nl %_1‘ = % <1 Sothe series is absolutely convergent.
Method 2: The related absolute series is Z ot

For n>12, 27'>n® So iy < n—13 T <

Since Z n_12 converges (p-series with p = 2 > 1) the absolute series converges by
n=1
the comparison test.

(1) Compute S;, the 7" partial sum for S Do not simplify.

— (1)”‘_234567
Solution: Z i =l 5ttt H

(3) Find a bound on the remainder |R;| = [S-S;| when S; is used to approximate
S Name the theorem you used.

. . _ 8 _ 8 _ 1 . .
Solution: |R7| < |Jag| = o7 =128 ~ 16 by the alternating series bound theorem
(1 Real easy) Find a power series S(x) centered at 0 whose value at X = _71

© n-1
is the given series S, i.e S(%) = Z (_;,)1—_1n
n=1

. ] _ OO n 1 n-1 ®© (1)nl
Solution: Sx) gnxl SOS( ) Zn( ) nZ; T



-1
#15 continued.  Recall S= Z - ;Z_

(10) Find the interval of convergence of the power series Sx) from part (d). Give
the radius and check the endpoints.

Solution: §x) = Z nx™  Apply the ratio test:

n=1

= lim

N—o0

(n+ 1)x"

p=lim )

N—o0

an+l — i . —
| an n =[X]<1 radius: R=1

Endpoint x = 1. The series becomes Z n which diverges by the n'" term
n=1
divergence test since limn = # 0

Endpoint x = -1: The series becomes Z(—l)”‘ln which diverges by the n™ term
n=1
divergence test since J}Lrg(—l)”‘ln diverges.

So the interval of convergence is (-1,1).

(2) Find a function f(x) whose Maclaurin series is the power series §x) from
part (d).

Solution:
N 3 (1-x) - x(-1) 1
S(x) = nx”lzi( x”>=i X ) = = = f(x)
; dx ; dx(l—x) (1-x)? (1-x)?
(1) Use f(x) tofind the sum of the series S
Solution: Since S(x) = »_nx*! = L, wehave
) (1-x%)
—gf=1)_ 1 _4
s-5(3)

3



16. (20 points) Let f(x) = In(x).

a.

b.

(6) Find the Taylor series for f(x) centered at x = 4.

Solution:
f(x) = In(x) f(4) = |n(4) T(x) = Ind4+ Z (4) x-4)"
Fo0 =5 rw = Z (- 1)"+1(n—1)|
00 = 3 @) =22 ) '”4+Z XA
f///(x) _ X_23 f”l(4) _ % _ |n4+i (_j}])r:+l (X_4)n
900 = =3 f@@) = =3 i

LT A\l

FO(x) = -1 X(nn 1)! FO(4) = -1 4(nn 1)!

(11) The Taylor series for f(x) centered at x = 3is T(X) = In3+ Z 3n )™ (x-3)".

Find the interval of convergence for the Taylor series centered at X=3
Give the radius and check the endpoints.

Solution: Apply the Ratio Test:

ani1 x-3™ 3 x—3 -
= ,L'ﬂ;l| | = lim 3 s D) K3 ~ 3 <1 [x-3|<3 radius:
R=3
n+1 ©
endpoint: x=0: T(0) = In3+Z 3n (-3)"=In3-> 1
n=1
diverges (harmonic series)
n+1 © 1)n+l

endpoint: x=6: T(6) = In3+ Z (_312
n=1

)" =3+ =
n=1

converges (alternating series test)
Interval of Convergence: (0,6]

(3) If the cubic Taylor polynomial centered at x = 3 is used to approximate In(x)
on the interval [2,5], use the Taylor’'s Inequality to bound the error.

Taylor’s Inequality:
Let Tn(x) bethe n"-degree Taylor polynomial for f(x) centeredat x = a
and let Rn(xX) = f(x) = To(X) be the remainder. Then

IRn(X)I — (n M1)|

provided M > [f{™D(c)| forall ¢ between a and x.

| _ |n+1

Solution: Here n=3 and a=3. Since c isbetween 3 and x, while x
can be anything in [2,5], then c¢ can be anythingin [2,5].

f4(c)| = ‘C_EE“ is largeston [2,5] when x=2. So we take MZZ_GZ:%
For x in [2, 5] the Iargestvalue of x-3] is [5-3|=2

4 4o _ 3 Ha_ 1
So |R3(x)|_ ar x—4]" = |x 4" < P 4I2 "




17. (4 points) When a ball with mass, m, is dropped from a height, h, and falls under the

forces of gravity with acceleration, g, and air resistance with drag coefficient, k, the altitude,
y(t), satisfies the differential equation,

dy _ dy
Mz = M9 K

The solution is

2 _ﬁ 2
y(t) = h—%ge m +% - Mgt

Verify that this solution reduces to the standard freefall formula (no air resistance) by taking the
limit of the solution as k approaches 0. (DO NOT SOLVE ANY DIFFERENTIAL
EQUATIONS.)

Solution: We use the Maclaurin series e = 1+ X+ lx2 +

2
kt
limy() = Liirg(h— M gem o Mg mgt>

1

. _ kt
6x3+ - With X =

2

18. (4 points) Thecurve x=y? for 0<y< /2 isrevolved around the x-axis. Find the area
of the resulting surface.

o dx
Solution: dy 2y

2 2 2 J2
_ _ dx _ 2
A—fo ands—fo 2y (dy) +1dy—_|.0 2y, J4y? + 1 dy
Let u=4y>+1, du=8ydy %du=ydy

_1(° T12u%27° _ 1,032 1y 1 13
A_leznmdu_[4 L ]1_6(9 1) - L28) - &



