Spring 2005 Math 152 3. (e) The arc length of the curve
Exam 2A: Solutions rt) =[x,y =[Bt+1,4-1t,1<t <3
Mon, 28/Mar ©2005, Art Belmonte sL=/2[ro] dt= /2 /dx/dn? + dy/dp?dt

_ 3 /2 24t — 3./10dt — 270 &
For specificity, lengths are in centimeters unless stated otherwise. = /1y @+ @®7dt= [ v10dt = 2V/10~ 6.32cm
4. (b) Letf (x) = Inx. We'll determineK = max | f” ()|,
2<x<5

1. (d) then employ the Trapezoidal error estimate.
- 1
e For n03n STEPS folksiVe have o Now f/ (x) = = x~Landf” (x) = —x~2. Thus
Mk K = max i = }
g k=1 _OD+OE+ME 14 S 2<xs5\x2) 4
3 34547 15 e Therefore,
> m e Kb-a® 36-2° 2 o
(Note that this only gives you the-coordinate of the 1n 12(4) 34 256
center of mass, not the entire center of mass.) 5. (a) The surface area is given by
e For STEPS folkstetp = [3, 5, 7] be the row vector of b 4y 2 3 1\ 2
masses and S:/ands:/ 2rx 1+(—y) dx:/ 27X 1+(—) dx.
1 2 a dx 1 X
r = —2 5 X2A [ 5: Surface of revolution
3 1 X2A | 5: Curve to be rotated about y-axis
be a matrix whose rows are position vectors of the 35 = “ane
points. Therm = sum(p) =3+ 5+ 7 = 15is the SRR T
total mass. 2 !
The center of mass is a0 /
- - 1 }l (‘) 1 2 3 4
X, = —(pr x
(X, V] — (PN
1 . i i .
— 110421642547 6. (c) The improper integral convergestp4
15 00 1 t 1
14 38 / ——dx = lim dx
= — — . 1 x2+1 t—>o00 Jq X2 +1
15 15 t
= lim (tan*1 x) }
So thex-coordinate of the center of massxdis= %. foo 1 ! 1
(Remark:pr represents matrix multiplication, realized = t'_'[g() (tan‘ t—tan- 1)
by taking the dot products of rows with columns. This T 7T w
immediately extends to 3-D center of mass problems in = 272712

Calc 3.)
7. (a) Theslope of the curvat a point(x, y) is x3y? and the
2. (a) Putthe differential equation in standard linear form. curve passes througi, %). This gives us a separable

differential equatiordy/dx = x3y? and an initial condition

3
dy + 24X y= 2X y(0) = % Solve this initial value problem.
dx  x2+1 xc+1
_ _ . y2dy = x3dx
Then an integrating factor is 1
Iyt - Légce
n = exp N SE] X) = exp( n (X + )) —12 = C [Substitute the initial condition.]
2 - = ly4_
= exp(ln <x2 + 1) ) y 7<= 2
2 _ 1 4
= (x2+1) . y = 2_‘_11x4_8—x4



8. (d) We have

o0
0< ———dx <
_/o VX + el -

= lim
t—o0 0

o0 l o0
/ o dx—/ e 10 gx
o € 0
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= Jm (e ) =
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0
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Therefore,/ convergesto a value < 7.
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9. (d) Withy = 3 (x — 1)¥2,1 < x < 4, the arc length is

/ab‘/1+ (%)zdx
= /14,/14— (ﬂ)zdx
/14x1/2dx

4 16 2
1 3 3 3
; b— 2-1
10. (b) The step size ls= 28 = <32
5 3
are[l, 15

Th = step sizex (avg of endpt func valg- ) interior func vaIQ

= 3. Partition points
5 2}. The Trapezoidal Rule gives

orT, = %(f(l)+2f<)+2f()+2f<)+f(2))

5 3
= é(In1+2lnz+2ln§+2lnz+ln2>

1 5 3 7
= §<In2+2lnz+2ln§+2lnz>

11. Here is a diagram of the submerged plate.
Triangluar plate submerged in fluid

surface of water

o Via similar triangles we have/3 = w/y; sow = :—gy.

e Aslice of the plate is at variable depthBuild up your
integral step-by-step?, dA, dF, F = [dF.

P = 8z=8(y—(-2)=38(y+2

dA = wdy=Zydy
dF = PdA=3sy(y+2) dy
5
F = %5/0 y?+2ydy
5
- 5]
= 260 (15°+25) = 2400 Ib.
12. The surface area= [ 27r dsor

d dx\? 2
/2ny1/l+(a/> dy = /Zny\/1+(2y)2dy
c 1
2 1/2
- n/ <1+4y2>/ 2y dy
1

2 (3) )2
_ % (17J1_7— SJE) ~ 30.85 cnt.

X2A [ 12: Curve to be rotated about x-axis

X2A 1 12: Surface of revolution

curve

2.5 — — — axis of symmetry

0.5

-0.5

13. The density is constant. First compute the mass

= dA= dA=pA=p(ir(2?) =
m //Dp p//D P p(4n()) pT

then compute, thex-coordinate of the centroid.

1
X = p~ // pXdA [STEPS folks here; others below.]
D

1 2 JA-x2
= _// pxdydx
y=v4-x? .
= —/ xy‘ dx [p is constant]
X = —/ —x) xdx [i.e., i/bxf(x)dx]
a
= (D FH e
8
- 0_< 371)

3



14. (a) Factor to see that the differential equation is separaple. Multiply the SLF byu and solve.

100 1 100 t/100
%’ = 1+t-yt—y=@+D—yt+1) e/10" 4 15pe!/1%% = s
/
d gt/100 _  5el/100
o = +DA-y=-C+Dy-1 (%)
L gy = —trpa Py = 500
y—17 = y = 500+ Ce /100
Inly—1 = —%(t+1)2+A 0=y(@0) = 500+ C [initial condition]
ly—1 = eAtHD?/2 _ gAg—(t+D?/2 C = -500
ty-1 = Be+V2 y = 500- 5001
y = 14Ce+D2 y(10) = 500—500e 10100~ 4758 kg

(b) The differential equation is already in standard linear
form (SLF):y’ — 2y = x. An integrating factor is
1 = exp(f —2dx) = e~2*. Multiply the SLF byu

and solve.
e—2xy/ N 2e—2xy — Xe—2x
/
(e—2xy> — xe 2
e Xy = (—%x — %) e X4 C
y = —3x—3+Ce
1=y = —7+C [initial condition]
5
C == Z
v = -} i
In the third step we integrated by parts. With= x and
dv = e"2 dx we havedu = dx andv = —3e~2X.
Therefore,
1 1
—2X —2X —2X
e “*dx = —=xe€ —e “d
/x X 2x +/ > X
1 1 —2X
= [—-=x—=)e C
< 2 4> i

15. Lety = y(t) be the amount of salt in the tank at timeSince
the tank initially contains pure water, we hay@) = 0 kg of

salt in the tank at the start. The classical balance law gives
dy .
— = ratein— rate out
dt
dy L . 1kg L Yy kg
dy 1 k
gt = ° 1Y i

Y+ 150y = 5

The differential equation is both separable and linear. Let
find an integrating factor for the standard linear form (SLH

in the last equation above: = exp(f 1—(1)0dt) = ¢l/100,

(%)
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