Name
MATH 172 Final Spring 2021
Sections 501 Solutions P. Yasskin

Anything above 100 is extra credit.
Multiple Choice and Short Answer: (5 Points Each)

1. Compute Ie3x2lnxdx.
1

2.3 1 2.3 23,1

a. Fe -3 d. 3¢ 9. Fe +3

4 3 1 4 3 4 3,1

b. 3e 3 e. 3e h 3e+3
c. 2¢3 % . 2e° i 20341
u = Inx dv = 3x2dx

Solution: Integrate by parts X

du:%dx V=Xx

J'j 3x%Inxdx = [x”an —Ijx2dx = |:x3lnx— 3§_3:|j - |:e3 _

/4

2. Compute J. sin%x cosx dx.
0

a. 3% correct choice
T
b 16
ya
c. 3
ya
d 3
ya
e. 7

1

Solution: sin(2x) = 2sinxcosx So sin’xcos’x = Zsinz(Zx) =

[e-]

n/4 ) ) 1 /4
Io sin“xcos“xdx = < Io 1 —cos(4x)dx = < 4 .

/4

1-12 /60 14 15
13 /15 15 /15
Total /105

correct choice

1 1—cos(4x)
4 2
_lrn _
8 4 32




3. Compute Imdx

x? -4 1
a. X +C C. —arctanx + —2* 4+ C e. LarctanL +C
4x 2 2 4 /xz +4 2 2
b. —X 4+ C correct choice d. L arctanX + Jx -4 +C f. Zarctan +C
C4xT+4 4 4 4x 4 2
Solution x =2tanf dx = 2seczed9
2sec?6db _sec?0df  _ 1 _ 1
j (x2 +4)3/2 _j (4tan20 + 4)2 4 j (sec29)’? 4 jcosede gm0+

Since tanf = X, draw a triangle with opposite side x and adjacent side 2.

2 1
Then the hypotenuse is x> +4 andso sinf = —2—. Therefore:
Jx*+4
'[ (x? +4)>? 4 3ty
Va2 +4 —x—2—
Check: 41 __x  _ 1 DE S S W € k) Bk S 1
A4 [Ty 4 x?+ 4 Y2y ed (2 +a)”

4. Find the area between the line y = x and the parabola x = 5y —y?.

a. 36
b. &
c. % correct choice
d. 18
. X

Solution: We do a y integral. To find the limits, we equate 5y —y> =y 4y—-32=0 y=0,4
To see which is bigger, we plugin y=2. x=y=2 x=5-»?=10-4=6

A:f(s — 2 —y)d =j4(4— 2y = | 22— L PR R
oyy yyay O)’)’ 'y Y 3 . 3 3

5. Find the average value of the function f(x) = 6x-x> on [0,6].

a. 180

b. 36

c. 30

d. 6 correct choice
9

e. 3

6 6
Solution: f,,e = + [ (6x—x?)dx - %[3;9 - 93—3} - L1(-36-2-36) = 6
0 0



6. Find the center of mass ofa 2 m bar whose density is § = % for 2 <x<4.
X

A
a. 3

1
b. 7

3
C. 3
d. % correct choice

S
e. 5
Solution: 4 4 1 7 1 | 4_1 3
oution: i1 = [ ods = [ deax = [ 2k | -+ - 45t -5

4 4 4

_ _ 1 _[=1 1,1 _1 s M _ 132 _ 8

My = JQX5“k "Jz Y [F L= 7 =1 F 3

8
b. 3
C. % correct choice
d 2
4
e. 3
jon: 4x _ ﬂ: 2
Solution: 7 =t )
V3 2 d 2 5 N (1+12)3/2 3
= dx ay _ 2 (22 g T
L—IO J<dt> +(dz)dt IO ()" + (%) dt IO t1 + 1% dt [—3 0
R N OO A N
- 3 3 3 373

8. The region between the parabola x = 6y —y?> andthe y-axis is rotated about the x-axis. Find the
volume swept out.

a. V=2.6r

b. V=3.6x

c. V=61  correct choice
64

d V= Tﬂ

e. V=5.6%

Solution: We do a y-integral. The rectangles are horizontal. A rectangle sweeps out a cylinder. The
radiusis y. Thelimitsare y = 0,6. So the volume is:

V= 62 hdy = 62 6v—12)dy =2 23_£ 6:2 2.63__64 - 63
nrhdy my(6y —y°)dy = 2rm| 2y T T
0 0 4 |, 4



9. Find the area inside the spiral » =¢? for 0 <0 <.

L 2r _ i H l 2n l 2

a. 4 (e 1)  correct choice . 1 9 4 (e +1)
1 pom i 1 o 1o

b. 3 (e 1) e r 5 (e +1)

c. e-1 k. e s. e”+1

d. 2(e*-1) . 2e%" t. 2 +1)
L T __ l T l Vi3

e. 4(e 1) m. 1 u. 4(e +1)
L T _ l T l T

f. 3 (e"—1) n. —e Vo5 (e"+1)

g e-1 o. e€” w. e"+1

h. 2(e”-1) p. 2e” X. 2(e™+1)

Solution: 4 - j Lr2ap - j Levay - Heﬂz =L Lo Loy
0 0

10. Find the arc length of the spiral »=¢? for 0<60 <.

a. e +1 g. e m. e -1

b. J2(e* +1) h. J2e n. J2(@”-1)

c. 2(e’™+1) i 2e’ k. 2(e**-1)

d e"+1 j. er 0. e"+1

e. J2(e"+1) k. J2e" p. J2(e*—-1) correct choice
f. 2(e™+1) . 2e” qg. 2("™-1)

T 2 T T
Solution: L= [ |r2+ %) do = " J")?+ (") do = [ J2e7 do
0 0 0

=IZﬁe9d0= [ﬁee]z = J2(e"—e%) = J2(e" 1)



11. Find the Taylor series for f(x) = % about x = 2.

a 3 L e 3 Al

b. Zz—g(x 2)" f Zg—(x 2)"
n=0 n=0

. i(}?nx" . i(—lgnn!xn
n=0 n=0

d' i (_zln)n (x_2)n h i (_lz)nnl’l' (X

3
Il
=

3
Il
=

Solution: We make a table of the function and several derivatives and evaluate at

We then generalize to the »'" derivative:

oy,

n=0

e -2y
n=0
o0 _1 n

k. Z (2n+)1 x"
n=0
> Sty
n=0

f) = % f2) - %

fx) = —x% @) =--L
]”/(X)=XL3 f(z):_

S = =3k @) =-3L
SO = G f0@) = (—1)”’1_!

Finally, we plug into the Taylor series:

> (-1)" 2
y-3

2n+1
12. Compute ;i_rgn{l - cos(%) ]

(x—a)"

-1

(=]

a
b.

d.
e

C.

1
4
f. % correct choice

A= )=

Solution: As n — «, we have %

So the limit has the indeterminate form o«.0. Let ¢= 1

. B cos(t) I'H sin()
;gn n I:l COS( ) ] z—»O+ —0t 2t
Or using the Maclaurin series

—cos(t)

hmn [l—cos< )} le

— 0, and cos

2n+1

-2y = Y LD -y

n=0
g 1
h. =
i. 2«

57+ Then
' cos() 1
S0t 2 B 2

(1__+ ) 1

tHO+

t2

correct choice

}1 — 1, and l—cos(%> — 0.



13.

14.

Work Out: (Points indicated. Part credit possible. Show all work.)

(15 points) Work Out Problem

A water tank has the shape of a cone with the vertex at the top.

Its heightis H =16 ft anditsradiusis R = 8 ft. Itis filled

with salt water to a depth of 10 ft which weighs 6 = 64 %
ft

Find the work done to pump the water out the top of the tank.

Solution: Putthe y-axis measuring down from the top.

The slice which is a distance y down from the top is a circle of radius r.

r_R _ 8 _ 1 _ 1
Y- H 16 "2 S0 =3V
7Ty2 2

4

2
It weighs dF = 6dV = 64% dy = lény*dy. ltis lifted a distance D = y.

There is water between y =6 and y = 16. So the work done is

By similar triangles,

The areais A4 = nr? = and the volume of the slice of thickness dy is dV = Ady = Ldy.

16 16 p 16
W= | Dar=| yi6mydy = | 1672~ | = 4r(16*-6*) ft-lb
6 6 4 |

(15 points) Work Out Problem

Find the length of the infinite zigzag within ﬁ

the 45° right triangle, shown at the right. - 1
Each diagonal is at  45°.

The total length includes the base.

L= _2+J2

Solution: Each horizontal line has half the length of the previous and starts with 1.

V2

Each diagonal line has half the length of the previous and starts with >

So the total length is

Lz(1+%+%+~~)+@(1+%+%+---)=(l+g>ﬁ=2+ﬁ

2



15. (15 points) Work Out Problem

Find the interval of convergence of the series Z CD” _,,4) .
= i+l 2
a. Find the radius of convergence.
Solution: We apply the Ratio Test:
|an| = 1 |x_4|n |an+1| = 1 |x_4|n+l
Jo+1 2" Jnrl +1 2™
. —4|”Jrl ﬁ +1 on
= lim lan] _ = lim 1 b -
P e T T T a1 27 T k-4
|x 4| 1’1’1 ‘/_+1 |x_4| lim 1 —n"'7 — |x_4| <1

2 0 vl +1 2 PP )2
k—4/<2 R=2 Open interval:  (2,6)

b. Check the convergence at the left endpoint.
Be sure to name any convergence test you use and check out all conditions.

Solution: x =2: 3 ’ ;
. n= n=2
We compare to Z % which is a divergent p-series since p = é < 1. We compute the
limit: -
_IH&?[)__LLIE nn+1 :Li%ﬁzl Since 0 < L <

by the Limit Comparison Test, the original series also diverges.

c. Check the convergence at the right endpoint.
Be sure to name any convergence test you use and check out all conditions.

. v (D" @'~ D
Solution: x = 6: — = =)
; Jo+1 2 ; Jn+1

This converges by the Alternating Series Test, because b, =

is positive, decreasing

Jn +1

and Li_ggb,, hm

J_ +1
d. State the interval of convergence.

Solution: The interval of convergence is  (2,6].



