Name

MATH 172H Final Exam Fall2o1g | 13 /65| 16 /20
Sections 202 Solutions P. Yasskin 15 /10 17 /10
Multiple Choice: (5 points each. No part credit.) Total /105

/4
1. Compute | cosOsin’0d0
0

a L
b. &
e L
d. % correct choice
e 35

- . n/4 . Sln40 /4 1
Solution: u =sinf®  du = cos6db J' cos@sin’*fdx = [—:| = r—
0 4 0 4 2 16
In2
2. Compute J. xe™dx

0
a. lln2+l

2 2
b. —%ln2+ % correct choice

1 _1
C. 3 In2 >

_1 _1
d. 21n2 3
e. Divergent

= dv =e>d

Solution: Parts: = voe

du = dx y=—e*

J'(l)nz xe™dx = [—xe*" + J.e*x dx}:)nz = [—xe*x - e*x};nz = (=In2e™M2 —e™M2) — (-1) = —%ln2 - %

3. Find the average value of f{x) = cosx ontheinterval - Z <x<

4
2J2

T

V2

T
4

correct choice

)

e o

1
J2
/.
J2

. /4 Y7 22
Sotution: f, = 1y [ cosrar = 2] - (L )-3(- k) - 5 - 2




1

4. The partial fraction decomposition of —; is
X" =X
1 1
a. 1 +Y
b. 1 _ 1 correct choice
x—1 X
1 1
A
1 1
d. x+x+l
I 1
€ T+1 X
PO 1 _ 1 _ A B _ _ - _
Solution: oy -1 Yty l1=A(x—-1)+Bx=(4+B)x
= A+B=0, -A=1 = A=-1 B=1 = 1 -1, 1
xz—x X x—1
32 [y2 _
5. Compute J. ngdx
3
1
a — -1
J2
1
b. 1-—
J2
_ T i
c. 3(1 4> correct choice
T _
d. 3(4 1)
e. ®
Solution: x = 3secO dx = 3secOtan0do
3J2 / _ w4 [ 2 /4
I X -7 I 9sec’d — 3sec@tan0d0=3j‘ tan26 do
" 3sech
—3I sec29—1d0—3[tan0 9 —3(1— )
6. Find the arc length of the curve y:%_lnTx between x=1 and x =e.
e 1
a 72
et 1
b. > 3
e 1
¢ 273
et 1
d 4 -4
e 1 -
e. 7] + 7] correct choice
Solution: 1+(dy) 1+ ——L>2=1+ix2—l+L=lx2+l+L
2 2x 4 2 4y2 4 2 4y2

p-f (Y w34




7. The base of a solid is the semi-circle between y = 9 -x?> andthe x-axis.
The cross sections perpendicular to the x-axis are squares. Find the volume of the solid.

9
3

or

9

18

36  correct choice

p

> 2 0 T

Solution: This is a x-integral. The side of the squareis s = y9—x?. So the area is
A =s*=9-x% Sothe volume is

V- j:Adx - j:(9—x2)dx - |:9x— 93—3]33 ~2(27-9) = 36

8. The region boundedby x =0, x=cosy, y=0, y= % is rotated about the x-axis.
Which integral gives the volume of the solid of revolution?

/4
a. 2mcos?ydy
0
22
b. j

0
/4

2mx arccosxdx

c. 2rycosydy  correct choice
0
J272
d. j n(cos’x —x?)dx
/4
e. j 2my* dy
0
10T
y o
Solution: y-integral  cylinders
03 r=y h=Xx=cosy
1 /4 /4
0.0 = I = ! V= _[ 2nrhdy = I 2rycosydy
0.0 05 1.0 0 0
X
9. As »n approaches infinity, the sequence a, = 1‘#
n

l\)|»—*

a. convergesto -
b. convergesto 0  correct choice

c. converges to %
d. convergesto 1
e. diverges

Solution: Since 0 < 1‘% < % and limL2 =0, the Squeeze Theorem
n n

n n—o

says lim L=cosn _

—>00
n n



9
a. 3
b. 3
c. 4
d. 9 correct choice
e. Diverges
) w 9
i 32 9 _3 3" __ 4 __9 _
Solution: a= 57 =7 = <1 1 -3  4-3 ?
n=2 4
S n__n+l
11. Compute §<—n+l A
a. —% correct choice
1
b. 5
c. 1
d 2
e. Divergent
k
C o n__n+lY_(1_2 2 3Ny o(_k  _k+1N_ 1 _k+1
Solution: Sk_;(n+l ) -(3-3)-G-) - Fr-ar) -1
(Ll k1Y) _ _1
§=lml 7~ %2 2
12. Compute limw
x-0 3x
_1
a. 9
b. —4
_8
c. 9
_4
d. 3
e. —% correct choice

Solution: lim S(Z) —2x
x50 3x3 -0 3x3




13. If g(x) = cos(x?), whatis g®(0), the 8" derivative at zero?
HINT: What is the coefficient of x® in the Maclaurin series for cos(x?)?

a. 1

8+76+5
b. 4!

1
C. ﬁ

d 8:.7-6-5 correct choice

1
e. g
Solution: On the one hand, the Maclaurin series for cos(z) is cos(?) = 1-— 7 + 2—4' -
So the Maclaurin series for cos(x?) is cos(x?) = 1 - 2—:‘ + 4—? —
On the other hand the Maclaurin series for any function g(x) is
8) 0
g() = g(0) + g/ )+ + Oy o
i ; 8 . g®(0) 1
Since these must be equal, the coefficients of x®* must be equal: TR

So g®0)=3L-8.7.6.5=1680

Work Out (Points indicated. Part credit possible. Show all your work.)

0.1
14. (10 points) Estimate _[ sin(x?)dx to within an error of |E| < 107S.
0

Be sure to say why the error is less than 1076.
HINT: Use a Maclaurin series.

3

x

ion: sinx = x— X 4 ... inx? = 2 X% L T in(e)dx = X
Solution: sinx = x c T sinx* = x ¢t Io sin(x?) dx 3 p)
0.1 3
Using 1 term: j sin(x?) dx ~ ©.1) .
0 3
Since this is an alternating series, the error is less than the next term |E| < ©. 1) <107°

42



5. (20 points) Find the radius and interval of convergence of Z M.

n=2

endpoints. Name or state any test you use and check the conditions.

(x _ 3)7’!

Solution: Ratio Test: a, = App1 =
41nn

G=3)"" 4mn

an+1
i An(n+1) (x—3)"

n—->owo apy | n—o0

= b= 3|lim

Nn—00

Solution: Convergesif 2 < x < 4.

Il

4lnn

At x =2 theseriesis Z

The (-1)" says it alternates. The ln

B (x _ 3)n+l

4In(n+ 1)

In(n +

Inn

decreases and hm

|

% 4

= v - 3|lim
Nn—00

1
Inn

1
n
1

n+1

Be sure to check the

k-3 <1

Radius: R =1.

—L__o

which converges by the Alternating Series Test.

At x =4 the seriesis Z ﬁ We apply the Comparison Test with Z % which is a
n=2

divergent harmonic series. Since »n > Inn we have

diverges.

1
3n

<

1

3lnn

and hence Z

n=2

also

3Inn

Interval: [2,4).




16.

(10 points) The Taylor Remainder Theorem states:

If a function f(x) is approximated by its k™ degree Taylor polynomial

k n
Tif(x) = Z IA )(a) (x—a)" then the Taylor remainder R;f(x) = f{x) — Tif(x)

k+1)
is Rif(x) = j(((k ic)e( a)"! forsome ¢ between a and x.

The Maclaurin series for f(x) = 5 L s

=

I B 1 4
Tfx) = anH =% + 55X X+ 125x + 625x + O(x*)

n=0

If the 2" degree Taylor polynomial, T,/(x) = = + %x + %)ﬂ is used to

approximate 5—lx at x =3, usethe Taylor Remalnder Theorem to find a bound on the absolute

value of the Taylor remainder, |R,f(3)|. Here are three plots:

y0.4 y0.4
0.2 0.2
—— 0.0 ——F——"F+—+—"F—+—"1—+— 0.0 ——t—+——F—"+—"F—+—"1—+—
4 5 0 1 2 3 4 5 0 1 2 3 4 5
X X X
1 1 1
(5-x)° (5-x)° (5—x)*
"
Solution: sz(x)zf3('c)x3 forsome ¢ between 0 and x. Here x=3. We compute the
ot _ 1.
derivatives of f(x) = g
)= [ff="7—F [f'0=-"T"—
(5— x)? (5— x)? (5— x)*
Since —9% _ isincreasingand ¢ e 0,3 "(c) = < 6 -6 _3 g0
-2 ] O s LN TR URE U
fm(c) 3 3 3 _ 27
RS = 3 8. 3'3 - 16



