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Points indicated. Part credit possible. Show all work.

Total /110

2/Inn
1. (10 points) Compute L = %HE‘O(%) .

2/Inn )
Solution: InZ = Jim In( 3 ) " = Ji ;2 tn( 3 ) Jimy 2
n—00 n

n—0 lnl’l n4 n—0 L
n
2n (=12 \ _ ;.. =24 _ _ _ ,-8
= lim 3 ( n5> lim 3 8 L=e
n4

1
2. (10 points) This rectangular spiral is made by starting 2 |
at (0,0), moving rightby 1, up by % left by %
down by % and repeating with each step being %
as long the previous step.
Find the coordinates of the limit point. 0 i
Solution: The x coordinate starts at 0 increases by 1, decreases by % increases by %
. . . . . _ _ —_1 — - __1 " — i
etc. This is a geometric series with a =1 and r = 7 So «x Z( ) ) T 5
4
The y coordinate starts at 0 increases by % decreases by % increases by % etc.
. . . . _ 1 _ -1 - 1 -2
This is a geometric series with a = > and r 7 y= ZO 3 ( ) L 5
"= Y

The limit pointis  (v,») = (4.2



3. (20 points) Determine whether each series is absolutely convergent, conditionally convergent or

divergent. Be sure to name any convergence test(s) you use and check out all of its conditions:
n’+Inn
a Z_; nd+Inn

0

Solution: We compare to Z L which diverges because it is the harmonic series.

n
n=0
We use the Limit Comparison Test.
1 4+ lnn
- . nd+nlnn _ g n’
L=lim&s = hmw = |jm =R _ T
=% by =opd4lnn 1 2% pd4lnn R ln3n
n

Since 0 <L =1 < w, the original series also diverges.

o0

b. Z 27’l+32

= (n*+3n)
Solution: We apply the Integral Test:
? _2n+3 -1 1" -1 _ 1
_2n+3 4, :[_} _og_=L _1
Il (n? +3n)° " n*+3n Jy 4 4

Since the integral converges, the series also converges. Since the terms of the series are
positive, it is also absolutely convergent.

c. Y (-t %
n=2

Solution: The Alternating Series Test fails because lim|a,| = hm at i =1=0.

But this limit also says the series diverges by the n"-Term Dlvergence test.

Solution: We apply the Alternating Series Test.

(1) alternating because @, = (~1)"b, With b, = —2- > 0
n

(2) decreasing in absolute value because b, = —5- gets smalleras n gets larger.
n

() limb, = lim % = 0 So the series converges.
n—aoo n

The related absolute series is Z % whichisa p-serieswith p == <1 andsois
n

n=1

3
4
divergent.

So the original series is conditionally convergent.



4
an

Prove the limit exist and find it. (You may assume a, > 0 without proof.)

4. (20 points) Consider the sequence recursively defined by a,,; =5 - starting from a; = 2.

a. Write out the first 3 terms:

ay = az = az =

Answer: a; =2 a, =3 a3=5—%=%=3.67

b. Assuming the limit exists, find the possible values.
Solution: Let L = ;i_r}goa,,. Then ,llilpoanﬂ = L also. Take the limit of the recursion formula.
L= 5—% = [?=5L-4 = L'-5L+4=0 = (L-4)L-1)=0
L=1or4

c. What do you need to prove?

Circle one: increasing decreasing

Circle one and fill in the blank: ~ bounded above by bounded below by

Answer: increasing and bounded above by 4 or anything larger.

d. Prove it is bounded above or below:
Solution: We want to prove bounded above by 4 or a, < 4.
Initialization Step: a; =2 <4

Induction Step: Assume a; < 4. We want to prove a1 < 4.

. 4 o 4 _ 4
Proof: ar < 4 = a_kZZ_l = _a_kf_l
= S-dt<s-1-4 = <4

e. Prove itis increasing or decreasing:
Solution: We want to prove increasing or a,.1 > a.
Initialization Step: a, =3 > 2 = a;

Induction Step: Assume aj. > ar. We want to prove ago > ap.

. 4 4 4 4
. > == < = — —
Proof el > ag 7T ar At ag
__4 _4
= 5 Qi > 5 ar = Aj2 > Al

f. What do you conclude. What Theorem did you use?

Solution: By the Bounded Monotonic Sequence Theorem, the sequence converges.
Since it starts from 2 and increases and the only possible limits are 1 and 4, the limit must be 4.



5. (20 points) Find the interval of convergence of the series Z W(x -6)".

n=1

a. Find the radius of convergence and state the open interval of absolute convergence.

R = . Absolutely convergent on ( , ).
n _ fn+l
Solution: We use the Ratio Test. |a,| = ”|2x;6| 1| = (n+ l)lzx 0|
(I’l + 1)2” <(l’l+ 1) + 1>2n+1
_ gntl 2 n B
p=limM:lim (n+1)|2x 3 (n +1)% _ x-6] 51
Nn—0 |an| n—o0 <(n + 1) + 1>2n+1 n|x_ 6| 2

lk—6/ <2 So R =2. Absolutely convergenton (4,8)

b. Check the Left Endpoint:

X = Write the series: Circle one:
Reasons: Convergent
Divergent
. ~ —~ (-1)"n
Solution: x = 4: —n () = D'
¥ ;(n2+1)2"( ) ;(anrl)
This converges by the Alternating Series Test because (2”—+1) is positive, decreasing and
n

lim —%— =
ngrolo (n2+ 1)

c. Check the Right Endpoint:

X = Write the series: Circle one:
Reasons: Convergent
Divergent
Solution: x = §: —n__(2)' = n
¥ 2 iy @ =

n=1 n=1

o0

We apply the Integral Test. I 2’1 0 dn = [ln(n2 + I)IO =
n
1

Since the integral diverges, the series diverges.

d. State the Interval of Convergence. Interval=

Solution: The Interval of Convergence.is:  [4,8)



6. (10 points) Compute [sec( )—sec( 1 }

Solution' The series is telescoping. The partial sum is:

5= S () s
Tl () () (1) (o) )

= sec(1) - sec(

k+1>
S = limS; = ,IILQ}O<sec(1) - sec(ki I )) = sec(1) —sec(0) = sec(1) —1

: 2
. (10 points) Find the Maclaurin series for f(x) = Sm)(cx )

Give the answer in both summation form and --- form with at least 3 terms.
Then find 7 (0), the 9" derivative at 0.

Solution: We start from the Maclaurin series for sinu, substitute u = x?> and divide by x.

. B _u_3 s (l)k 2k+1
e TH ! Z 2k +1)!
, 2__6 X0 x4 (1)k4k+2
sin® = x" = 3y + 5 7 Z Qk+1)!
s1n(x2) X (=D)kykt
Jox) = SR T Z Qk+1)!

n)
We compare this to the general Maclaurin series:  f(x) = Z A (0)

n=1
9) 2,4:2+1
So n=9=4k+1 when k=2. The n=9 termis IA (0)x9 L—ﬁ

o @-2+1) 5

So /9(0) = 3¢

cos(x?) — 1 + Pad

. (10 points) Compute lin% g 2
X— X
2 4 4 8
Solution: cosu = 1—”—+“——~~~ cosx2=1-X 4 X _ ..
2 T4
4
cos(x?) — 1 + (1—— ——~~>—1+7
lim S = lim g =
x—0 X x—0 x

-1
41



