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Section 503 Solutions P. Yasskin
Multiple Choice: (4 points each. No part credit.) 13 15 | Total /104

1. Find the point where the line x=2t, y=4-t, z=-2+1t intersects the plane x-y+z=-2. At
this point X+y+z=

-2

Correct Choice

® 92 0 T o
o A O

X—-y+z=(2)-(4d-t)+(-2+t) =4t-6=-2 t=1
X=2, y=3, z=-1, X+y+z=4
2. Find the plane tangent to the graph of z= x?y® atthe point (2,1). The zintercept is

a. 24
b. =16  Correct Choice
c. 4
d. 0
e 4

fxy) =x%y®  fuxy) =2xy*  fy(xy) = 3x%y?

f2,1)=4 fK(21)=4 f,(2,1)=12

Tanplane: z=4+4(x-2)+12(y-1) =4x+12y-16  zintercept = -16

3. Find the line perpendicular to the cone z>-x?-y? =0 atthe point P = (4,3,5). This line
intersects the xy-plane at

a. (3,4,0)

. (-4,-3,0)

. (8,6,0) Correct Choice
. (-6,-8,0)

5:5:0)

F=2-xX-y2 VF=(-2-2,227) N=VF|

o o T

®

= (-8,-6,10)

435
X =P +tN = (4,3,5) + t(-8,-6,10) = (4 — 8t,3 - 6t,5 + 10t)

Intersects the xy-planewhen z=0 or 5+10t=0 or t= -1

2
So x=4—8<—% -8 and y=3—6<—%>=6



4. A box currently has length L = 20cm which is increasing at 4 cm/sec, width W= 15cm which
is decreasing at 2 cm/sec, and height H = 12cm which is increasing at 1 cm/sec. At what rate
is the volume changing?

a. 3cmd/sec

b. 7cm3/sec

c. 540 cm?3/sec  Correct Choice
d. 1500 cm3/sec

e. 3600 cm3/sec

_ av _ \ypdl aw dH _ 15.12.4-20.12. .15.1 =
V=LWH o = WHEE + LHSE + LW=et = 15-12-4-20-12-2+20-15 - 1 = 540

5. Duke Skywater is flying the Millenium Eagle through a galactic dust storm. Currently, his position is
P = (30,-20,10) and his veI(lcity is V= (-4,3,12). He measures that currently the dust density is

p =450 and its gradientis Vp = (2,-2,1). Find the current rate of change of the dust density as
seen by Duke.

a. =2 Correct Choice
b. 2

c. 110

d. 448

e. 560

Vip =V+Vp = (=4,3,12) - (2,-2,1) = 8- 6+ 12 = -2

6. Under the same conditions as in #5, in what unit vector direction should Duke travel to decrease the
dust density as quickly as possible?
a. (-2,2,-1)
b. (2,-2,1)
4 -3 -12
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( 3373 ) Correct Choice
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g Vo _ —(2-21) _ <__ 2 __1)
Vp|  VA+4+1 3'3'3



2\,2 _
7. The point (2,-1) is a critical point of the function f = xy+x—§/x4y Use the Second Derivative
Test to classify the point.

a. Local Minimum

b. Local Maximum  Correct Choice
c. Inflection Point
d
e

. Saddle Point

. Test Fails

w2 _ 4 _y. 4 2

f_xy+7_7 fx—y"r‘? fy—X—W

fXX=—X—%=—1<o fyyzy%=—4<o fy=1 D=4-1=3>0 Maximum

8. Compute §|3 - ds counterclockwise around the rectangle 0<x<z and 0<y<2r for
F= (ysinx + siny, Xcosy + COSX).
HINT: Use the Fundamental Theorem of Calculus for Curves or Green’s Theorem.

a. —16r

b. -8t  Correct Choice
c. 0

d. 87

e. 16r

By Green’s Theorem: F= (P,Q) P =ysinx+siny Q= XCOSy + COSX

§F .ds = H(ﬁ -~ a—y)dxdy— ”(cosy— sinx — sinx — cosy)dxdy = _[0 IO —-2sinxdxdy

= 47r[cosx]0 = -8r

9. Compute ”_V’ x F -dS over the sphere x2+y2+ 2% = 4 with outward normal for
F = (xy2z, 22X, 222y).

HINT: Use Stokes’ Theorem or Gauss’ Theorem.

a. 4r
b. 12r
32
C. 37r
64
d. 371

e. 0 Correct Choice

By Stokes’ Theorem, ”_V' xF.dS= iﬁ -ds= 0 because there is no boundary curve.

— -

By Gauss’ Theorem, ”%xﬁ-dﬁzﬂﬁﬁxﬁdvzo because V-V xF = 0.



10. Find the area of the piece of the paraboloid z = x?+y? above the circle x?>+y? < 2.

Note: The paraboloid may be parametrized by ﬁ(r,e)) = (rcosé,rsing,r?).

a. —Z5[In(2y2 +3) - 102/2 ]

b. %[In(Zﬁ +3) +62 ]

C. %)’” Correct Choice
T 32

d. 6 (5 1)

e. +(17%7-1)

i 7k
€ = |(cos® snd 2r)
€ =|(-rsinf rcosf 0)

—

N = i(—2r2cosh) — j(2r2sind) + k(r) = (-2r2cosf,-2r2siné,r)
|N| = Jart+r2 =rJar2+1

_ 26m _ 13n

2r 042 JZ
_ _ 2 _ 21 (2 32 _ T \d2_ T
A-”ldS— IO IO ryar?+1drdd = 1 (4re+1) . 9 6 6 3

6

11. Use Gauss’ Theorem to compute ” F.dS outward through the complete surface of the
tetrahedron with vertices (0,0,0), (2,0,0), (0,3,0) and (0,0,6) for F= (X2, Xy, X2).

Note: The top of the tetrahedron is the plane z = 6-3x - 2y.

a. 4
b. 6
c. 9
d. 12  Correct Choice
e. 16

-

VeF = 2X+ X+ X = 4X

[[F-ds=[[[v-Fav= jzjz_%xjj3x_2y4xdzdydx: IZI:%X4X(6—SX—2y)dydx
oV \Y

= fz[24xy— 12x2y - 4xy?]% 3 dx = | 2[24x(3— 3x) ~ 12 (3~ 2x) - 4x(3- $x)* ] dx
2

- j [72x— 36X2 — 36x2 + 18x3 — 4x(9 —Ox+ %xz }dx
0

2 9 2
- j (36x — 36x2 + 9x3) dx = [18x2 ~ 1233 + —xﬂ - 12
0 4 0



Work Out: (Points indicated. Part credit possible. Show all work.)

12. (15 points) Compute ”xdxdy over Y
o |

the "diamond shaped" region D inthe

first quadrant bounded by the parabolas
y = 16— x2 y =8-x2
y=4+x2 and y = x?

HINTS: Use the coordinates: u=y+x?, v=y-x2  Solvefor x and v.

_ 2 _ 2 2 _ U—V _ |u=-v _ u-—Vv _ uU+v
y=V+X u=Vv+2X Xt =5 X = 5 y=v+ =5 y="-5
11 1
. U—V 2 2
:‘6(x,y) _ 2 _ 11 _ 1
a(uiv) —1 __1 l — — —
— 7 3 8/u v 8/u v 4|u=V
o [UZV 2 2 2
2
Integrand: x = u;v Boundaries are:
y=16-x> =>y+x>=16=u=16 y=8-x¥>*=>y+x>*=8=u=8
y=4+x> >y-x>=4=v=4 y=x2=>y-x2=0=v=0

[[ xaxdy= jgj:s | =5+ —=L— dudv- jzj:’%dudv: Lupvis - 2@ -8




13.

14.

(15 points) Find the area and y-component
of the centroid (center of mass with p = 1)
of the upper half of the cardioid r = 1+ cosé.

In polar coordinates: 0<r <1+cosf§ and 0<6 <.

A= IZI:+Coselrdrd0 - IZ[V—;]:osgde _ IO (1+c:2089)_2 do

1 "+ 2050+ cos0)do = L[0+2sn0+ (Lo+ 02 )"
36 ()

J. J.lJrcosergnQrdrdQ J‘ |: :|1+Cost98|n0d0: ”(]'Losefsnede

r=0 3
J‘u_ u4 ~ (A+cos®)* |” 0.2 _ 4
3 N 12 0_ 12 3
y=Mx _ 4.4 _ 16
A 3 3r Or

(10 points) Find 3 positive numbers x, y and z whosesumis 120 suchthat f(xy,z) = xy’z’
is @ maximum.
METHOD 1: Lagrange Multipliers:  x+y+z= 120
f=xy22®  Vf= (22, 2xy3,3xy?22) g=x+y+z Vg=(111)
Vi=AVg = Y22 =1, 2XYB =1 32 =1 = Vy2B=2xyE, Y2 =3xP2
= y=2 zZ=3X = X+y+zZ=X+2X+3X=120 = 6x=120 = x=20
x=20, y=40, z=60

METHOD 2: Eliminate a Variable: X+y+z=120
X=120-y-z = f=(120-y-2)y?z® = 120y?Z® - y32° - y?7*
fy = 240y28 — 3y?z3 - 2yZ = 0 - 240-3y-2z=0
f, = 360y2z> — 3y3z° — 4y’ = 0 360-3y—-4z=0
Subtract: 120-2z=0 = z=60
Substitute back: 240-3y-120=0 = y=40
Substitute back: x=120-y-z=120-40-60 = 20



- —

15. (20 points) Verify Stokes’ Theorem j VxF.dS= § F.dd
H oH

for the vector field F = (Y, —X,XZ+Yy2)

and the hemisphere z= ,/9-x2-y? oriented up.

Use the following steps:

a. Parametrize the boundary curve and compute the line integral:

r'(0) = (3cosh,3sin,0)
V() = (-3sinf,3cosh,0)  oriented counterclockwise - OK

F(T(0)) = (3sing,—3cos0,0)

§F. 8- jjﬁ Vo — jz”—gsinze— 9cos20d0 —9[2” do — —187
oH

b. Compute the surface integral using the parametrization:
R(p,0) = ( 3singcosd, 3sinpsing, 3cosp )
€, = ( 3cospcosd, 3cospsing, —3sing )
€ = ( -3singsing, 3sinpcosd, 0 )
N = 1(9sin2p cosh) — j(-9sin2p sind) + K(9sing cosp cos?) + 9sing cose sin?0)

= (9sin?p cosh,9sin?p sinf,9sinpcosp)  oriented up - OK

T 5 k
VxF=|0 8y o |=12-j@2+k-1-1)=(z-2-2) = (3cosp,-3c0sp,~2)
y X Xz+yz

— - — — - - 2r w2
”VxF-dS= IIVxF-Nd¢d@=I j (27sin?¢p cosg cosh — 27sin?p cosp sSind — 18sing cose) dp dd
0 0
H H

2 prl2 . 2r 2r
= I (—18sing cosg) dp d becauseJ. cosfdo = I snfdd =0
0 Y0 0 0

nl2 i N2 nl2
= 2z [ (-18singcosg)dp = ~36r| oL | = -18¢
0 2 0



