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MATH 221 Exam 1 Fall 2021
. . . 11 /10| 13 /35
Sections 504/505 Solutions P. Yasskin
Multiple Choice: (5 points each. No part credit.) Total 105

1. A point is given in cylindrical coordinates by (r,0,z) = (3 Z 3).
Find its spherical coordinates.

(py0,0) = (__, , )
Solution: p=2+22 = 32432 = /I8 =3J2 cosp=2 =3 =L
’ TR
1 fid
= arccoS —— = —

o) =( 32_,_ %, Z

2. A sphereis centered at (1,3,5) andis tangent to the plane y = 1.
What is the equation of the sphere?

a. x—D?*+0-3)2+E-5*=0 f.x—-1)2+@0-3)>+@E-5%*=5
b. - 1)+ -3)+(E-5%=1 g. -1+ -3)7+(-5?=6
c. -+ -3) +(E-5*=2 h. c - D+ (-3 +@E-5*=7
d -1D)*+@-3)+(E-5%=3 -2+ -3)+@E-5?%*=38
e. x—1D?+(-3)2+(E-52?=4 Correct j.(x-1)*+@-3)*+=-5)?*=9

Solution: The radius is the distance from the center (1,3,5) tothe plane y =1 whichis
r=3-1=2. Sotheequationis

(x-—a)Y+@-b)+@E-c) =r
-1+ -3) +(E-5*=4
3. This is the contour plot of which function? ———

2
a. f(xay) :y_xT

b-fUJ)=y+%%

.

c. fix,y)=x- yT Correct Choice
2
d. f(x,y)=x+yT ===
Solution:  Each contour is a curve f{(x,y) = C.
Y- ’2—2 = C is a parabola opening up. Y- ’2—2 = C is a parabola opening down.
2 2
X - yT = C is a parabola opening right.  x - yT = C is a parabola opening left.



4. Write (5,5,5) as alinear combination of (3,-1,2) and (1,3,2) ortype "impossible" in both
boxes.

5,5,5)=_ (3,-1,2)+  (1,3,2)

Solution: Let (5,5,5) = a(3,-1,2)+ b(1,3,2). Then

(1) 5=3a+b

2) 5=-a+3b

(3) 5=2a+2b
From (1): b=5-3a Then(2)says: 5=-a+3(5-3a)=-10a+15 or 10a=10 or a=1and
soO b=5-3(1)=2. So(3)says 5=2(1)+2(2) =6. Impossible!

5. Find the angle between the vectors (2,-2,1) and (1,-4,-1).

a. 0° f. 120°
b. 30° g. 135°
c. 45°  Correct Choice h. 150°
d. 60° i. 180°
e. 90°

Solution: Let @ =(2,-2,1) and b =(l,—4,—1). Then

cosf = b _ 2481 9 _ 1
@ls|  VETAFTVIFI6=1  3/18 2

So 0 =45°

6. Write ¥ =(2,-8,-2) as the sum of two vectors p and ¢ where p isparallelto u = (2,-2,1)
and ¢ is perpendicularto u.

T; = <25_89_2> :]_}J’_a
where

p=(_ ., ) and g=(_, ., )

R S N R
2 = 2o (22 1) = 2(2,-2,1) = (4,-4,2)

= prOjJﬂT} = V—prO_];T} = <27_8a_2> - <47_432> = <_23_47_4>

Check: B +q = (4,—4,2) + (=2,—4,-4) = (2,-8,-2)
p = (4,-4,2) isamultipleof u=(2,-2,1) qGe-u=(2,-4,-4)-(2,-2,1)=-4+8-4=0

Solution: p = proj;v =

L=

1=



7. If 3 points DOWN and b points SOUTHWEST, in what direction does @xb point?

a. NORTH f. NORTHEAST

b. SOUTH g. NORTHWEST Correct Choice
c. EAST h. SOUTHEAST

d. WEST i. SOUTHWEST

e. DOWN j. UP

Solution: Hold the fingers of your right hand pointing DOWN with the palm facing SOUTHWEST.
Then your thumb points NORTHWEST.

8. Find the volume of the parallelepiped with edge vectors
p=2,1,3) ¢=(3,2,00 7=(401)

V=___
213
. 5 oo 13 21
Solution: pxqg-r=|3 2 0| =4 5 0 +1 3 5 =40-6)+14-3)=-24+1=-23
4 0 1

V=pxq-7 =23

9. Find the standard equation of the plane which passes through the point P = (3,2,1) andis
perpendicular to the line 7#(¢) = (2 +1,3 —2t,1 + 41).

X+ v+ z=
Solution: HThe normal to the plane is the direction of the line which is the coefficients of ¢ inits
equation. N =7 =(1,-2,4) Then the equation of the plane is:

N-X=N-P
Ix—2y+4z = 1(3) —2(2) +4(1) = 3



10. Identify the surface
9x? —36x -4y + 8y +z> +4z+36 =0

a. Sphere f. Elliptic Paraboloid

b. Ellipsoid g. Hyperbolic Paraboloid
c. Hyperboloid of 1 sheet h. Elliptic Cylinder

d. Hyperboloid of 2 sheets i. Hyperbolic Cylinder

e. Cone Correct Choice j. Parabolic Cylinder

Solution: The plusses in front of x> and z> and the minus in front of y? say it is a hyperboloid
or cone. We complete the squares:

O9x? —36x -4y + 8y +2z> +4z+36 =0
9(x? —4x) —4(? - 2y) + (22 + 4z) = =36
O(x?2 —4x+4)—402 -2y + 1)+ (22 +4z+4) = -36+36 -4 +4
Ox-2)" -4 -1 +(=z+2)*=0
So it is a cone.

Work Out: (Points indicated. Part credit possible. Show all work.)

11. (10 points) Find the point of intersection of the line
x+2 _Y+tS _ z45

2 3 4

and the plane:
x-y+z=4
(You will be graded on your work.)

Solution: We convert the line into parametric form:

x+2 _y+S _z+5
2 3 4

x=-2+2t y=-5+3t z=-5+4t
Then we plug into the plane to find the value of

x-y+z=4
(2+2t) - (-5+3t)+(-5+41) =4
-2+3t=4

t=2

Finally, we plug ¢ =2 into the parametric line:
x=-2422)=2 y=-5+32)=1 z=-5+4(2)=3
So the point is:
P=(2,1,3)
To check we plug the point into the plane:
xX-y+z=2-14+3=4



12. (10 points) Consider the two planes
Py : xX+y+z=3
P x—y+2z=1
Compute each of the following quantities. (You will be graded on your work.)

a. The normal vectors to the planes:

Ny =
N, =
Solution: Read off coefficients of x, y and :z:
Ny =(1,1,1)
]_\)]2 = <15_192>

b. The direction of the line of intersection:

N
Vv =

=~
>

Solution: V=N;xN>=| 1 1 =i2--1)=j2-1)+k(-1-1) = (3,-1,-2)

[\®] — 0

c. A point on the line of intersection:

P =

Solution: Set z =0 inboth planes and solve: x+y=3 x-y=1
So 2x=4 x=2 y=1. So P=(21,0)

d. The equation of the line of intersection:

() =

Solution: 7(t) = P+ & = (2,1,0) + £3,-1,-2) = (2 + 3,1 —,-2¢)



13. (35 points) Consider the parametric curve 7#(¢) = (tz,%ﬁ,%t“).
Compute each of the following quantities. (You will be graded on your work.)

a. Velocity ¥
Solution: v = (2£,21%,13)

b. Acceleration g =
Solution: a = (2,4¢,3¢)

c. Speed || =

Solution: [V| = V4 +4 + 15 = tJ4+42 + 1 =1+ ) =12 +8) =2+

d. Unit Tangent Vector 7 =

v
=n
V|

Solution: 7 =

@20 = 7o) - (25525, S0

1
(2 +1%) 2+ 2427241272412

e. Arc Length between 4 = (0,0,0) and B = (4,13—6,4) L=

Solution: L = des = Iz|7|dt = I§(2t+t3)dt = [ﬂ + %}z =4+4=28

f. The Scalar Line Integral of f{(x,y,z) = x between A4 = (0,0,0) and B = (4,13—6,4)

jj fds =

Solution: f(#(¢)) = x(t) = >

jjfds - j‘jf(?(tmﬂdz: Ij](?(t))|7|dz= Izt2t(2+t2)dt: Iz(213+15)dt: [%+%}Z

g. The Vector Line Integral of ﬁ'(x,y,z) = (4z,3y,2x) between A4 = (0,0,0) and B = (4,%,4)
B
j Feds =

A
Solution: Recall: x=1¢*, y= %ﬁ, z= %t“ and V= (2t,2¢%,1%).
So F@(1) = (4,283,282 and F-% =25 +4£5 +265 = 8. So

jjﬁ-a@: jzﬁ(m)) -Vt = j§8t5dt= [%"]z - 236



