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Work Out: (Points indicated. Part credit possible. Show all work.)

1. (15 points) Given the vector field ?'(x,y,z) = (xz2,yz2,z3), compute the triple integral

“J‘_V> .FdV ofits divergence over the solid between y =x?> and y=2x for 0<z<3.

Solution: The curves y =x?> and y =2x intersectat x = 0,2. Between these, x? < 2x.

The divergence of F is V.F =z2+22+ 32 = 522, So the integral is:

([[V-Far- jzjjjﬁsﬁdzdydp IZSz2dzIszjldydx - [SEi]ZIj[y]id

=45 j§(2x—x2)dx = 45|:x2 - )§—3i|j = 45(4— %) = 60

B
2. (15 points) Given the function f(x,»,z) = xy+3z compute the vector line integral IA Vf.ds

along the twisted cubic 7#(¢) = (t,ﬂ,%ﬁ) between 4 = (1 ,2) and B = (3,9,18).
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X

Solution: The gradient is _V’fz (r,x,3). Along the curve, this is _V'f|ﬁ([) = (2,1,3).

The velocity is v = (1,2¢,2¢*). The endpoints are
A= (1,1,% = (1) B = (3,9,18) = 7(3)

So the line integral is:

B 3 3 3 3
[ Vfeds = [ (3) - (12020 dr = [ (2 + 20 + 60)de = [ OF)dr = [36°] = 81-3 =78
A 1 1 1 1




3. (15 points) Compute Ifjme—xz—yzdydx

Hint: Change coordinates.

Solution: joﬁ j'/4_ e dydx = ji jze—rzrdrde - [l -z }[—le-ﬂ T = Z(1-e)
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lj'
4. (20 points) Compute “ xy2dA over the diamond shaped
D
region in the first quadrant bounded by the curves
4 9 2 4
X = — X == y == y =
yz yz X X
2
HINT: Let u=x? and v=xy. Whatare Y- and £?
5
Solution: Let u =xy? and v =xy. Then the boundaries are:
u=x?=4 u=x*=9 v=xy=2 v=xy=4
2,,2 2
Notice ‘Zl—z = );yyz =x and % = % = y. So the position vector is

- 2
() = R = (35, 4).
The Jacobian determinant is
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The integrand is xy? = "72(%)2 = u. So the integral is

”nysz = J‘;‘J‘ju%dudv = J.;‘J.j ldudv = [v]z[u]j =(2)(5) =10

So the Jacobian factoris J = |—



5. (20 points) Consider the solid cylinder x?+3? <4 for 2<z<6 withdensityis &= (x?+)?)z

a. Find the mass of the cylinder.
Solution: In cylindrical coordinates, the density is § = 7?z.  So the mass is:
M= mc sdv - jj j; jz Pzrdrdfds — [% :|j[27r]|:2—4 }2 = 36=4 (om)(4) = 1281
b. Find the center of mass of the cylinder.
Solution: By symmetry, x =5 =0. The z-momentis:

M. = mczade jj j;jz 2 2zrdrdfdz = [%}2[27:][2 ] 216=8 (3r)(4) - 1664 1
6641

So the z component of the center of massis z = M. _ 1664n 1 _ 13

M 3 1287 3

6. (20 points) Given the vector field 17“(x,y,z) = (yz2,—xz%,z*) compute the vector surface integral

” VxFe.dS along the side surface of the cylinder x> +3y* =4 for 2 <z <6, oriented outward.
C

(There are no ends on the cylinder.) Parametrize the cylinder by 7{(2,9) = (2c0s0,25in0,z).

Solution: The tangent vectors and normal vector to the surface are:
i ik
é.=( 0, 0, 1)
ép = (-2sinh,2co0sh,0)
N= (—2cosf,-2sin6,0)
Tohave N oriented outward, we reverse it:
= (2c0s0,2sin6,0).
The curl of F is:
iP5k
VxF=| 23, 8 0
= i(2xz) — j(=2yz) + k(=22 — z2)
= (2xz,2yz,-2z%)
On the surface, this is:
[% x 17“]}(9’2) = (4zcos0,4zsin 6, —222)
The necessary dot product is:

VxF«N = 820820 + 8zsin%0 + 0 = 8z

So the surface integral is:

jjc‘v’xﬁ.a@: jjjz”‘v’xﬁ.ﬁdedp jzjjﬂSZdez - 27:[422];’ = 87(36 - 4) = 2567



