Name Section:
MATH 221 Final Exam, Version A Fall 2023
502,503 Solutions P. Yasskin

Multiple Choice: (5 points each. No part credit.)

1. Consider the triangle with vertices 4 = (2,4), B=(1,1) and C = (0,3).

Find the angle at B.

a.
b.
c.
d.

e.

Solution: BA =A-B = (1,3)
|E1’| - /12132 = /10
_— —
BA -BC

cosf = =
[24][z¢]

2. Find the arc length of the curve 7#(t) = (e’,2t,2¢™") between (1,0,2) and (e,2,2e™").
Hint:

a.
b.
c.
d.

e.

30°

45° Correct

60°
120°
135°

—_
BC=C-B=(-1,2)

B_c’*| —J12+22 = 5

e+2e’!
e+2e!-3
e—2e’!
e—2el+1

e—2e -1

Look for a perfect square.

Correct

Solution: V= (¢/,2,-2¢™")

s _
S50

1 o
Y, 2

1-12 /60 14 /10
13 /10 15 124
Total /104

=-1+6=5

V] = JeX +2+4e¥ = [(e'+2e7) = e +2e

1 1
L= jds - j0|7|dz - Io(et+26’t)dt —le'—2e]) = (e—2e)-(1-2) =e—2¢ +1




3. Find the point where the lines (x,y,z) = 3-t2+t2t) and (x,y,z) = (-1 +2t,5-t3+1¢) intersect.
At this point x+y+z =

a. 17

c

2
9 Correct
25

o

3
d 11

e. They do not intersect.

Solution: Change the name of the parameter in the second equation: (x,y,z) = (-1 +2s,5-s5,3+5)
Equate x, y and z components: 3—t=-1+2s, 2+t=5-s, 2t =3+s

Add the first 2 equations: 5=4+s So s=1

Plug into the 2nd equation: 2+¢t=5-1=4 So =2

Check the 3rd equation is satisfied: 2r=4 and 3+s=4 OK

Plug =2 into 1stline: (x,v,2) =3-12+12t) = (1,4,4)

Plug s=1 into2ndline: (x,y,z) = (-1+2s,5-53+5s) =(1,4,4) SO x+y+z=9

4. Find the equation of the plane tangent to the graph of f(x,y) = x*y + xy*> at the point (2,1).
Its z-interceptis

a. —-12  Correct
b. -6
c. 0
d 6
e. 12
Solution: f{x,y) = x*y + x? fi(x,y) = 2xp + 3?2 fy(x,y) = x? + 2xy
f2,1) =6 £(2,1)=5 f(2,1) =8

z=f2,)+£C2,DNx-2)+£2, 1) -1)=6+5(x-2)+8(—-1)
z-intercept = 6-10-8 = -12

5. Find the plane tangent to the surface x2z%> +y* =5 atthe point (2,1,1).

a. 2x+y+z=6
b. 2x+y+z=5
c. x+y+2z=5  Correct
d x—y+2z=3
e. x—y+2z=6

Solution: f=x22+)* P=2,1,1) Vf=(xz2,4°2x%z) N=_v’f|P=(4,4,8)
N-X=N-P 4x+4y+8 =8+4+8=20 x+y+2z=5



6. The dimensions of a closed rectangular box are measuredas 70 cm, 50 cm and 40 cm
with a possible error of 0.2 cm in each dimension. Use differentials to estimate
the maximum error in the calculated surface area of the box.

a. 8
b. 16
c. 32
d. 64
e. 128  Correct

Solution: A4 = 2xy + 2xz + 2yz

_ 04 04 24 4, _
dA = pw dx + oy dy + pE dz=2(y+z)dx+2(x+z)dy+2(x+y)dz

dA = 2(90)(.2) +2(110)(.2) + 2(120)(.2) =.4(320) = 128

7. Compute the line integral I—ydx +xdy clockwise around the semicircle x?>+y? =9
from (-3,0) to (3,0).
HINT: Parametrize the curve.

-9 Correct

-3z

T

3r

or

» 20 T 9

Solution: 7(0) = (3cos6,3sinf) ¥ = (-3sin6,3cosh)
For clockwise, reverse v = (3sin6,-3cos0).

F = (—y,x) = (-3sin0,3cosf)  F+¥ = —9sin%0 — 9c0s?0) = —9
[ydr—xdy = [Feds = [Fevao = [ 940 = -9z
0

8. Compute I?-d? for F = (y,x) along the curve (1) = (e(?),esn(*)) for 0 << /x.
HINT: Find a scalar potential.

_1
a. e—

b. —e Correct

® 2 o
R NSRS

§o|u}ion:
F=Vf for f=xy A4=F0)=(%e) =(e,1) B=HJT)=(me™") = (e7,1)

By the FTCC: jj?-a@: jj‘v’f-ﬁzf(B) “fA) = fle 1) ~fle) = (e 1)~ (e-1) = L —¢



9. Compute §S17“ .ds for F = (—xp+x3,x%y—13)
counterclockwise around the square [0,3] x [0,2].
Hint: Use a theorem.

a. 6

b. 12
c. 16
d 24

e. 36 Correct

Solution: Weidentify P =-xy>+x> and Q =x*-3>. So 0,0-0d,P = 2xy——2xy = 4xy.
N 2 03
By Green’s Theorem: J. Feds = ” (0.0 — 0,P)dxdy = J. J. 4xydrdy = [x*]3[y*]; = 36
oS S 0v0

10. Find the mass of the region inside the
upper half of the limagon r =2 —cos@
if the surface density is 6 = y.

a. 23—0 Correct
b. 1>
. 12
d L
e $
Solution:

2—cosf

M= [[6a4=[yas = I:Ii_cosersinﬁrdrdﬁ - jo[gi] - sin0do = = jZ(z — cos6)> sin0.db
w=2—-cosO  du—sinOdo -
u-gfva-[g] - -2

12



11. Consider the vector field 7 =V x G where G = (x2z,%z,x3 + %),
In which quadrant is F always diverging?

a.

b.
c.

d.

1
17
i
s

e. None of them Correct

- - -

Solution: Since V-VxG=0 for any G, we know V-F=0 everywhere. F never diverges.

12. Consider the cylinder C given by x? +y? = 4

for 2 <z <4 with normal pointing outward.

Let T be the top circle and B be the bottom circle
both oriented counterclockwise as seen from above.
For a certain vector field Z we have:

“_V'xlj“-dgz 14 and §ﬁ-d§=3
C B

Compute :ff? . ds.
T

e.

T o

17

11

8

—11  Correct

-17

Solution: By Stokes’ Theorem: J.J._V’ x FdV = —§17“ o ds + §17“ o ds
C T B

The minus sign reverses the orientation of 7 to point clockwise. Thus

§?-d§=§ﬁ-d§—jj‘v’xﬁd1/=3—14=—11
T B C



Work Out: (Points shown. Part credit possible. Show all work.)

(10 points) Find the dimensions and volume of the largest box
which sits on the xy-plane and whose upper vertices
are on the elliptic paraboloid z + 2x? + 3y? = 12.

You do not need to show it is a maximum.

Solution: We maximize V =LWH = (2x)(2y)z = 4xyz subject to the constraint
g=z+2x?+3y? = 12.

VY = (4yz,4xz,4xy) %g = (4x,6y,1)

VY = l%g = 4yz = Mx  4dxz =216y 4xy =1

A = 4xy = dyz = 16x%y  4dxz = 24x)?

Since V+0, wecanassume x+0 and y+0 and z =+ 0.
So z=4x? z=6y? 2x?=73y°

The constraint becomes:  4x? + 2x?> +2x> = 12 or 8x? = 12

x—‘/; y \/:x 1 z =4x 6

The dimensionsare: L=2x=,6 W=2y=2 H=z=6
The volumeis: V= LWH = J6(2)(6) = 12J/6

. (10 points) Find the mass and center of mass of the conical surface z = /x?+)> for z<2
with density & = x2 +y2. The cone may be parametrize as R(r,0) = (rcos6,rsin6, r).

A
A

1} J k
Solution: ¢, = (cosf, sinf, 1)
é9 = (—rsin@, rcosd, 0)

N = 8y x &. = i(—rcos0) — j(rsin0) + k(rcos20 + rsin®0) = (—rcos6,—rsiné, )

|]_\7| = Jrrcos?0 + r2sin?0 + = ry2 5=r2
M= [[sas=[[r|N|ardo = Ijﬂfzr3ﬁdrd0 - 27:,/5[ ! T — 872

r
4 Jo

X =y =0 bysymmetry.

cmom < .= [[esas = [ §ar = [ [ 23 5], - S852

M, 64m2 8

M 5 812 5

N1



15.

(24 points) Verify Gauss’ Theorem

mV%-ﬁde ”Wﬁ-a@

for the vector field F = (x,y,2z) and the solid
bowl filled with water bounded by the surfaces

z=0 and z=3 and r=z+1.
Be sure to check orientations. Use the following steps:

Left Hand Side:
a. Compute the divergence of F:

Solution: V.-F=1+1+2=4
b. Compute the left hand side: (Be careful with the bounds on » and :z.)
N 2n 3 pz+l 3 z+1 3
ion: V. = - 2 _ 2
Solution mV Fdv jo jo jo drdrdzdd = 21 jo[zr | d==4n jo(z+ 1)2dz

4] et D 3:4n(ﬁ_i>:84n
3 o 3 3

Right Hand Side: The boundary surface consists of two disks and the side surface.
Side Surface S:
The sides may be parametrized by ﬁ(r,é)) = (rcos0,rsinf,r— 1)
c. Compute the normal vector and check its orientation:
Solution: i 7k

¢, = ( cosf, sinf, 1)

—

eg = (-rsinf, rcosf, 0)

N = i(-rcos@) — j(— —rsinf) + l:f(rcosze — —rsin®Q) = (—rcosO,—rsind,r)
This is up and in. We need down and out. So we reverse it: N = (rcos,rsinf,—r)

d. Evaluate F = (x,y,2z) on the sides:

Solution: 1_5|§( 0 = (rcosf,rsin,2r —2)
e. Compute their dot product:
Solution: F-N = 12cos20 + 12sin20 — r(2r —2) = 1> — 212 + 2r = =12 + 2r
f. Compute the flux through S: (Be careful with the bounds on r.)
N N 2 4 5 S 2n 4
Solution: F.dS= F «Ndrdf = —r2 +2r)drdo
[ Feds= | | F-Ndrdo =[] (s 2r)ar

- 27{—% +r2:|? - 2n(—63—4 +16+ 1 - 1) —r(=21+16-1) = —127

(continued)



Top Disk T:

g. Parametrize the top disk 7. (Start from cylindrical coordinates.)
Solution: R(r,0) = (rcosf,rsin0,3)

h. Compute the normal vector and check its orientation:

Solution: [ J k N= (0,0,7)  This points up as required.

-

e, = ( cosf, sinf, 0)

éo = (-rsinf, rcos6, 0)

i. Evaluate F = (x,y,2z) on the top disk:

Solution: 7?|ﬁ( ,, = (reos6.rsind, 6)

j- Compute the flux through T7: (Be careful with the bounds on r.)

Solution: jjT?-dfq - j;ﬂjz?-ﬁdrde - jz jz 6rdrdd — 2n[3r2]z — 9%6n

Bottom Disk B5:
k. Parametrize the bottom disk B. (Start from cylindrical coordinates.)

Solution: R(r,0) = (rcosd,rsin6,0)
I. Compute the normal vector and check its orientation:

Solution: I J k N = (0,0,r) Backwards. Reverse: N = (0,0,-r)
é, = ( cosf, sinf, 0)

eg = (-rsinf, rcosf, 0)

m. Evaluate F = (x,y,2z) on the bottom disk:

Solution: F

. = {(rcosf,rsinf,0)
R(r,0)

n. Compute the flux through B: (Be careful with the bounds on r.)

Solution: “Blj“- ds = Iz” J';I?“-derde =0

o. Compute the TOTAL right hand side:
Solution: [[ F.ds=|[[ F-dS+[] F-dS+[[ F-dS=96n+0-12n = a4r

which agrees with (b).



