Name Section:

MATH221  Final Exam, Version B Fall 2023 1-12 /60| 14 /10
502,503 Solutions P. Yasskin 13 /10 15 124
Multiple Choice: (5 points each. No part credit.) Total 1104
1. Which of the following lines lies in the plane: 2x—-y—-z=07?
a. (x,y,z) =(1,2,3) +#(1,1,1)
b. (x,y,z) =(3,2,1)+¢#(1,1,1)
c. (x,y,z)=(2,1,3)+¢(1,1,1) Correct
d (xy,z)=(0G,1,2)+#«(1,1,1)
e. (x,y,z) = (1,3,2) +#(1,1,1)
Solution: The starting point must be on the plane. So we set = 0 and try each point.
Only (x,y,z) = (2,1,3) satisfies 2x—y—-z=0
2. Find the arc length of the curve #(¢) = (2¢,°) between (0,0) and (2,1).
31
a. 55
61
b. X Correct
91
. 55
31
d. 9
61
e 9
Solution: V= (41,32) | = J162+9* =1tJ16+92  You may need
u=16+92  du= 18tdt.
1
_ — (1 = 2 g 1 23320 1 hg32 _ qg3ny - 1 _ _ 61
L= J.ds - j|v|dz_ jox,/16+9z di = F=[(16+9)"] = (2572 - 16%2) = (125 - 64) = §L




3. Find the point where the line =% = y-4 _ z—4 intersects the plane 3x+2y+z = 10.

At this point x+y+z =

0
2
4
6  Correct

2 0 T o

They do not intersect.

Solution: We convert the line to parametric form, plug into the plane and solve for &
x=4+3t y=4+2t z=4+t1t 34+3t)+2(4+2t)+(4+1) =10

24 + 14t =10 14t =-14 t=-1 (x,,z) = (4+30,4+2,4+1¢) = (1,2,3)

So x+y+z=6

4. Find the equation of the plane tangent to the graph of z = 3x?y—2y* at the point (2,1).
Its z-intercept is

-20  Correct
-14

14

20

40

»P Q20T O

Solution: f{(x,y) = 3x%y —2)? fi(x,y) = 6xy fr(x,y) = 3x2 — 6y?
f21)=3.22-2=10 fi21)=6-2=12 f(2,1)=3+22-6=6

z=f2, ) +£2,1)x-2)+£2,1D(ry-1) =14+ 12(x-2)+ 18(y - 1)
z-intercept = 10+ 12(-2) + 6(-1) = -20

5. Find the equation of the line perpendicular to the graph of x*y?z—2x%z?> = 10 at the point (1,3,2).
This line intersects the xy-plane at:

a. (—%,2,0)
. (2,%,0)
c. (-75,-21,0)  Correct

(21,-75,0)

(=2

Qo

o

Solution: f(x,y,7) = xy%2 —2x222  Vf = (3x2y%z — dxz2,2xyz,x%? — dx’z)

N =VA1,3,2) = (3(3)%(2) - 4(2)1,2(3)(2),(3)* - 4(2)) = (38,12,1)

X=P+iN (o2 =(1,3,2)+1(38,12,1) = (1 + 38,3 + 124,2 + 1)

This line intersects the xy-planewhen z=2+¢=0 or ¢t=-2 orat (x,y,z) = (-75,-21,0)



6. The volume of aconeis V = %nﬂh.
The radius r iscurrently 3 cm andisincreasing at 2 cm/sec.
The height & is currently 4 cm and is decreasing at 1 cm/sec.

Is the volume increasing or decreasing and at what rate?

decreasing at 197 cm?/sec
. decreasing at 137 cm?3/sec

a.
b
c. neither increasing nor decreasing
d. increasing at 197 cm?/sec

e

. increasing at 137 cm?3/sec ~ Correct

ion: AV _V.dr  V.dh _ 2 adr 1 _odh _ 2 5. 1o
Solution: 7 o dr T on dr 3 nrh T3 3 w3 +4(2) + 3 n9(-1)

= (16 -3)r = 137 Since this is positive, the volume is increasing.

7. Compute the line integral I—ydx+xdy along the parabola y = x> from (1,1) to (2,4).

HINT: Parametrize the curve.

a.% Correct
S

b. 3
1

c. 3

d 1

e. 3

Solution: 7(t) = (t,1*) for 1 <t<2. V= (1,2¢t) This points right and up as needed.

F=(px)= (1) F¥=-£420=0¢

Iydx—xdy = J.I?dE’: J.I_*L-Tz’dt: J'fﬂde - [%]j = %

8. Compute I?-d? for 17“=(2x+y+z,2y+x+z,22+x+y) along the curve

7

7(t) = (tcost,tsint,te’™) between t=0 and ¢= .
HINT: Find a scalar potential.

n?(1+e*>-¢e) Correct

(1 +e? - 2e)

n?(l+e’+e)

(1 +e? +2e)

(1 +e?)

” 2 0 T o

Solution: F = Vf for f=x?+y*+z2+xy+xz+yz
A =70) = (0,0,0) B =¥#(n) = (-n,0,7e)

B B
By the FTCC. j F-dE':J. Vfeds = f(lB) —flAd) = n? + n%e* — e = n*(1 + > —¢)
4 4



9. Compute §cﬁd§ for F = (=x2y+x3 13,02 +x3 — %)
counterclockwise around the circle x* +y? = 9.
HINT: Use a theorem.
a. 324rn
b. 162z Correct
c. 144r
d. 72r
e. 36x

Solution: We identify P =-x?y+x3-3)* and Q= xp?+x3—y3.

00 9P _ ;o 2\ (222 2 1 12Y A2
So e ay—(y+3x) (=x* =3y%) = 4(x* +y?*) = 4r°.

By Green’s Theorem: §17"-d§=.[ %—g ?35 dA = _[ I 4r? rdrdf = 2x[r* ] = 1627
C

10. Find the area inside the cardioid » = 1 + cos®
but outside the circle r = 1. |

Y4
a. 7
Y4
b. >
_
c. 2 7
d 2+ % Correct
_
e. 2 >

Solution: A= [[144= /2/2 j e drdo = ji[%ﬂle -1

/2
2 1 +cos20 _
=3 I [2cosO + cos“0]dO = > I ﬂ/2[20059+ > }d@

—71'/2

71'/2

j [(1+cos0)? ~1]dd
1
2

[2sm0+ > (6+ sm20>

—/2

smn 24 I

—251n—+—<2 7



1.

12.

Compute §§f -ds counterclockwise once
around the polar curve r» = 3 + cos(49)

for the function f(x,y) = x2y.

a
b.

o

d.

e.

2
4r

6r

8

0 Correct

Solution: For a closed curve, the starting and finishing points are the same, A4 = B.
So by the FTCC, §_V)f- ds = f(B) - fld) = 0 for any function 7.

Consider the parabolic surface P given by

z=x*+y? for z <4 with normal pointing up and in,
the disk D givenby x?+3)? <4 and z=4 with
normal pointing up, and the volume V' between them.
For a certain vector field 7 we have:

”j‘v’-ﬁdem and ”ﬁ-d§=3
V D

Compute “ F - dS.
P

o

e.

T

17

11

8

—11  Correct

-17

Solution: By Gauss’ Theorem: J‘”_V' CFadV = “77 . dS - ”17“ .dS
V D P

The minus sign reverses the orientation of P to point outward. Thus

“7«“-6@:“ﬁ-d§—”ﬁ-FdV:3—14=—11
P D 4



Work Out: (Points shown. Part credit possible. Show all work.)
13. (10 points) Find 3 numbers «a, b and ¢ whose sumis 12
for which ab + 2ac + 3bc is a maximum.

You do not need to show it is a maximum.

Solution: We maximize f = ab+ 2ac + 3bc subject to the constraint a+ b+ ¢ = 12.
Solve the constraint: c=12—a-b  Substitute into the function:
f=ab+2a(12-a->b)+3b(12-a—b) = 24a + 36b — 2a* — 4ab — 3b>

Set the partial derivatives equal to zero and solve:

fa=24-4a-4b =0 da +4b = 24
fo=36—-4a—-6b=0 4a + 6b = 36
2b =12 b=6 a+b=06 a=6-b=0

¢c=12-a-b=12-0-6=6 |a=0, b=6, c=6|

14. (10 points) Find the mass and center of mass of the cylindrical surface x?>+y?=9 for 0<z<2
with density 6 = z. The cylinder may be parametrize as 13(0,2) = (3cos6,3sinb,z).

A

l J k
Solution: ¢, = (-3sinf, 3cosh, 0)
Zz = ( 07 O: 1)

N = ég x e, = i(3cosf) — j(-3sinh) + lAc(O) = (3cos6,35in6,0)

|]_\7| = J9cos20 + 9sin0 = 3 p=z

M= [[sas=[[z|N]dodz = J'ij';ﬂSzd@dz _ 27:3[ ’ T — 12n

z2
2 Jo

X =y =0 bysymmetry.

zmom = M. = [[z8ds = [ [22|N|dodz = j; j; 322 d0dz = 27:3[%}2 — 167

MZ_MZ_167Z'_4

M M 12 3

N1



15. (24 points) Verify Stokes’ Theorem
[[VxF.dS=§F-ds
¢ ac
for the vector field F = (yz?,—xz%,z3) and the

cylinder x*+y*=9 for 1<:z<2 oriented outward.

Be sure to check orientations. Use the following steps:

Left Hand Side: The cylindrical surface may be parametrized by 72(0,2) = (3cosh,3sinb,z).

a. Compute the normal vector and check its orientation:

A

Solution: [ J k
ép = (—3sinf, 3cosf, 0)
e. = ( o, 0, 1)

N = ég x e, = i(3cosO) — j(—3sinh) + l}(O) = (3¢c0s6,35in6H,0)
This correctly points outward.

b. Compute the curl of F and evaluate it on the cylinder.

iy k
i U po | 9 0 0 |_- - T(_-2 _ .2) _ 2
Solution: Vx F = > o oz |~ (0 ——2xz) — J(0 = 2yz) + k(—z* — z*) = (2xz,2yz,—2z*)
yz? —xz? 7

V x F(R(0.2)) = (6zcos0),6zsin,-2z?)
c. Compute the dot product of the curl of F and the normal:
Solution: V x F - N = 18zcos?0 + 18zsin%0 = 18z

d. Compute the surface integral:

- - — - - o 2 o21
Solution: [[VxF.dS= [[VxF-Ndodz = [ [ " 18zd0dz = 22[922]? | = 54n
170
C C
(continued)



Right Hand Side: Let U be the upper circle and L be the lower circle.
. Parametrize U. Find the velocity and check its orientation:

Solution: 7(0) = (3cos6,3sin6,2) V(@) = (-3sin6,3co0sh,0)
This is counterclockwise. We need clockwise. So we reverse it: v(0) = (3sin0,-3cos6,0)

. Evaluate F = (yz2,—xz2,z3) on the circle and compute its dot product with the velocity:
Solution: F(#0)) = (12sin0,-12cos6,8)  F -3 = 36sin%0 + 36c0s20 = 36

. Compute the line integral § F-ds
U

N 21 2r
Solution: § F-d?:j F-3do :j 36d0 = 721
U 0 0

. Parametrize L. Find the velocity and check its orientation:

Solution: 7(0) = (3cos6,3sin6,1) V(@) = (-3sin6,3co0sh,0)
This is counterclockwise as needed.

i. Evaluate F = (yz2,-xz2,2%) on the circle and compute its dot product with the velocity:
Solution: F(#0)) = (3sin0,—-3cos0,1)  F+¥ = —9sin%0 — 9cos?) = —9

j. Compute the line integral § F-ds
L

Solution: §L1j“-d3 = J.zﬂl?-VdG = J'iﬂ -9df = -18n

. Combine j; F-ds and j; F-ds toget §C17“-d§.
U L 0

Solution: § f-d§=§ Ij“-d3+§ Feds="72r— 187 = 54r
oC U L

which agrees with part (d).



