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MATH 221 Final Exam Version H Fall 2019 1-11 5] 13 10

Section 204 Solutions P. Yasskin 12 /15 14 125
Multiple Choice: (5 points each. No part credit.) Total /105

1. Atriangle has vertices 4 = (3,2,1), B=(3,3,2) and C = (4,4,2). Findthe angle at 4.

a. 0°
b. 30°  Correct Choice
c. 45°
d. 60°
e. 90°
Solution: AB=B-4=(0,1,1) AC=C—-4=(1,2,1) |Z§|=,/§ |A_c’|=,/€
TB-AC-042+41-3 cosh--ABAC _ 3 A3 4 5
|E’||A_(’:| 206 2

2. Find the area of the triangle with vertices 4 = (3,2,1), B =(3,3,2) and C = (4,4,2).

a. 2/6
b. J6
J6

¢

d. /3

e. g Correct Choice

— —

Solution: 4B =B-4=(0,1,1) AC=C-4=(1,2,1)
ik

—_— — N n A ﬁ

ABxAC=]0 1 1| =i1-2)=j0-D)+kO0-1)=(-11-1) 4=
1 2 1



3. Find the arc length of the curve 7#(¢) = (¢?,2t,Int) between (1,2,0) and (e?,2e,1).

a. e?+1

b. 2 -1

c. ¢  Correct Choice
d Je?+1

e. Jye?+1 -1

2 2 2
Solution: |T/')| :‘/ %) +(%) + %) — ‘/(21)2_*_(2)2_*_(1‘71)2 _ '4t2+4+t% :21_*_%

L= jfds - jfmdz: jf(zw Dar = [t2+lntI —@+1)=(1-0) =2

4. Find the average value of the function f(x,y,z) = x along the curve 7(t) = (#*,2¢t,Int)
between (1,2,0) and (e?2e,1).

e? 1
a & - —
2 T2
b.€2—4—€72—1
e 1 1
R T N
d.‘32—4+672—1
¢ v 1L_ 1 Correct Choi
e. 7-}-?——2 orrec oice
Solution: f,,, = 1 jfds_—j x[ldt = jt(zt DY = 1 j(zz3+z)dt %[% %}

2 +
:(7 %)‘%(z %) L

5. Find the plane tangentto xsiny+2zcosy =2 at (x,y,z) = (ﬁ,%,%) The z-intercept is:

a. 2
b. /2  Correct Choice

1
c. —

J2

1
d ——

2J2
e. 0

Solution: Let f= xsiny+2zcosy and P = JZ2.E L ) Then

; v

Vf = (siny,xcosy - 22siny,2cosy> and
v ey ﬁ 2\

So the tangent planeis N-X=N-P or —Lx+ L

The z-intercept occurs when x =y =0 or J/2z=2 or z=

—



6. The velocity field of the water in a sink is V= (-=x?y,xy?) Find the circulation of the water,
Circ = §I7- ds, counterclockwise around the circle x> +y? = 4.

a. 2n

16
b.37r

c. 8¢ Correct Choice
d. 32n
e. 64r
Solution: Circ = §I7- ds = §de +Qdy where P=-x* and QO = xy*.
By Green’s Theorem, Circ = “ (0:0 — 0,P) dxdy = ”@2 — %) dxdy = ”(x2 + ) dxdy

4

2 02 2
In polar coordinates, Circ = J. j r’rdrdf = 27:[%] =8
0 0 0

7. Compute J‘I?-df for F = (4x3,3y2,2z) along the curve

() = (tsin(%t),?cos(%t),2’sin<%t>> from t=0 to ¢t=1.

0
1
2
3
4

» 20 T 9

Correct Choice

Solution: A scalar potential is f'= x* + 3 + 2%
The endpoints are 4 = 7#(0) = (0,1,0) and B =7(1) = (1,0,2).

By the FTCC, [F-ds = jj‘v’f.ds*:ﬂB) CRA) = (14 +22) = (1%) = 4

8. Compute J.J.SIT“- dS for F = (0,0,-2) over the surface 73(1*,0) = (rcos0,rsinf, 16 — r*)
for 0<r<2 and 0<6 <2z oriented up and out.
HINT:  Find a vector potential.

—8r  Correct Choice

—4r

—2r

2

4

P 2 0 T o

Solution: We look for a vector potential with 45 = 0. So we need to solve:
0.4y =F, =0 8.4, =F, 0,Ay—03,4, =2

So Ay =flvy) Ai=gky) Of-0g=-2 = [==x g=y Ad=(@-=x0)
The boundary curve (r=2) is 7#0) = (2cos6,2sinb, 0). This correctly points counterclockwise.
The velocity is v = (-2sinf,2co0s0,0). On the circle, 4 = (2sin0,-2co0s0,0). By Stokes’ Theorem:

“S% x A +dS = §652i o ds = IE”E Vdo = I;ﬂ—4sin29—4cos20d0 S



10.

11.

Find the centroid of the solid hemisphere 0 <z < J4 —x? -2,

a (o,o, 1

b. (0,0, % Correct Choice

c. (o,o,i)

d. (0,0,47)
e. (0,0,27)

Solution: By symmetry x =3y = 0.
In spherical coordinates, z = pcosep and dV = p?sinpdpdedo.

Vo= [[[zar = [ [ pcospprsingdpdods - 27{%}?2[%4]2 _ in

yol4,s_ 16, _V:_3-4x _3

23 3 Vv lorx 4

Find the area of the surface R(u,v) = (u,v,u+v) for 0<u<2 and 0<v<3.

a. 122
b. 12,3
c. 62
d. 6/3  Correct Choice
e. 3/2

Solution: ¢, =(1,0,1) &, =(0,1,1) N=¢,x& =(-1-1,1) |N|=/3
N 3 62
A=”|N|dudv=joj'oﬁdudv=6,/§

Find the flux of F = (y,—z,x) upward thru the surface I_é(u, v) = (u,v,u+v)
for 0<u<2 and 0<v<3.

a. 30

b. 24

c. 18

d. 12 Correct Choice
e. 0

—

Solution: N =32,
[[F-dS=[[F-Nauav - jz jz(—v— (=t —v) +u) dudv = jz jzzududv - W22 = 12

x 3, = (-1,-1,1) which is correctly upward. F = (y,—z,x) = (v,~u — v,u)



Work Out: (Points indicated. Part credit possible. Show all work.)

12. (15 points) The Ideal Gas Law says the Pressure, P, Density, 6, and Temperature, 7, are

13.

related by P = koT for some constant k. We will assume the atmosphere is an ideal gas with
k = 2. A weather baloon measures the Density and Temperature to be

5=0122 T = 270°K
m
and their gradients to be
VS = (0.01,0.02,0.03) VT = (3,1,-1)

Find the gradient of the Pressure.

ion: 0P _ _ P s _2.01<
Solution: 5 kT =2 270 = 540 oT k6=2.0.1=0.2

By the chain rule,

oP _ 0P 05 , OP OT . .3 =
=t =540+0.01+0.2:3 =6

oT ox
QP _ 0P 85 , 0P oT _ _
oy a5 oy + oT oy 540+0.02+0.2-1 =11

OP _ 0P 85 ., 0P 3T _ 4. (1)
= s+ Sn S =54040.03+0.2(-1) = 16
So

VP = (6,11,16)

(10 points) Find the largest value of f= xy?z® onthe plane 2x+3y+ 6z = 72.

Solution 1: Lagrange Multipliers: Let g = 2x+ 3y + 6z.

Then Vf= (223,2xy2%,30%22) and Vg = (2,3,6).

The Lagrange equations are:  y?z° =24,  2xyz® = 34, 3xy%z% = 64
4

Then xy?z3 = 22x = %/ly =21z or y= 3X andz = x

From the constraint, 72 = 2x+ 3y + 6z = 2x + 4x + 6x = 12x.
So x=6, y=8, z=6 and f=x’z>=6.82.6°

W =36—37y—3z. Then

f=xy223=(36—37y—3z)y = 36y2z3 —gyz - 3y2z*
We find critical points:

fy =T12yz% - %y223 6yz* = iyz3(48 -3y—-4z)=0

£ = 108222 — %y3zz 12223 = ?y 2,272 -3y - 82) = 0

Solution 2: Eliminate x =

Since y+0 and z+0, weneedtosolve 3y+4z=48 and 3y+8z=72
We subtract 4z=24 or z=6
Substituting back gives:  3y+24 =48 3y =24 y=38

and x—36—32y 32=36-12-18=6. S0 f=xp?2 =6-82.6



14. (25 points) Verify Gauss’ Theorem J.J.J.V Fav = ”F dS

for the vector field F = xz,z,3z,|x% + 2 ) and the solid

cone Jx?+y? <z<4.

Be careful with orientations. Use the following steps:

First the Left Hand Side:

a. Compute the divergence:

VeF=z+z+3 x? +y?

b. Express the divergence and the volume element in the appropriate coordinate system:
V.F=2z+3r dV = rdrd0dz

c. Compute the left hand side:

mv Fav - I Izj (2Z+3r)rdzdedr_2nj [2+32]" rar

z=r

=2r IO[(16 +12r) — (r* + 3r2)}rdr =2 J.O(16r+ 1212 — 4r3) dr = 2r[8r* + 43 — r4]g
=27(8 + 42 +4 4% —4%) = 2567

Second the Right Hand Side:

The boundary surface consists of a hemisphere H and a disk D with appropriate

orientations.

d. Parametrize the disk D:
R(r,0) = (rcos0,rsin6,4)
e. Compute the tangent vectors:
é, = (cos, sin@, 0)
&9 = (-rsinf, rcosf, 0)
f. Compute the normal vector:
N = i(0) = j(0) + k(rcos?6 — —rsin20) = (0,0,r)
This is up as required.
g. Evaluate F = (xz,)z, 3zm> on the disk:

1_5|4 = (4rcos0,4rsinf, 12r)
R(r0)

h. Compute the dot product:
F.N=127
i. Compute the flux through D:
“ﬁ-c@ - jif: 12/2drdf = 2x[43]} = 2744 = 5121



j. Parametrize the cone C:

R(r,0) = (rcosb,rsind,r)
. Compute the tangent vectors:
é, = (cos0, sinf, 1)
ég = (—rsinf, rcosf, 0)
. Compute the normal vector:
N = i(-rcos®) — j(rsin0) + k(rcos?0 + rsin0)
= (—rcos,—rsin6,r)
This is oriented up and in. We need down and out. Reverse it:
N = (rcos@,rsinf,—r)
. Evaluate F = (xz,yz, 3ZW> on the cone:

|4 = (r*cos®,r*sin0,3r?)
Rr0)

. Compute the dot product:
F N = r3cos?0 + r3sin20 — 373 = —243
. Compute the flux through C:

[[#-ds = jif: _23drdd = —27:[3—4]2 — 447 = 2561
C

. Compute the TOTAL right hand side:

“.Ij“ .dS = “.Ij“ .dS + ”17“ .dS = 5127 — 2567 = 256z which agrees with (c).
14 D

0 C



