Name Sec
MATH 251 Final Exam Spring 2008
Sections 508 Solutions P. Yasskin

Multiple Choice: (5 points each. No part credit.)

1. Which of the following lines lies in the plane: 2x-y-z=07?

a. (xvy,2) =(1,2,3) +1(1,1,1)
b. xv,2) =(3,2,1)+t(1,1,1)
c. xv,2) =(213)+1t(1,1,1)
d. xvy,2 =(3,1,2)+t(1,1,1)
e. (xv,2) =(1,3,2) +1(1,1,1)

Plug each line into the plane:

Correct Choice

@ 2x-y-z=2-2-3+2t-t-t=-3+0
(b)2x-y-z=6-2-1+2t—-t-t=3=+0
(c)2Xx-y-z=4-1-3+2t-t-t=0

(d)2x-y-z=6-1-2+2t—-t-t=3=+0
(e)2x-y-z=2-3-2+2t-t-t=-3+0

2. Find the equation of the plane tangent to the graph of the function
f(x,y) = x?y +xy? atthe point (2,1). Thenthe zinterceptis

a. =12 Correct Choice
b. -6
c. 0
d. 6
e. 12

f=x?y+xy? f(2,1)=6
fx =2xy+y? f«(2,1) =5
fy=x2+2xy f(2,1) =38

z=1(2,1) +f«(2,1)(x-2) +fy(2,1)(y - 1)
=6+5x-2)+8y-1)
= 5x+8y—12

1-13 /165
14 125
15 /15

Total /105




3. Find the arc length of the curve T(t) = (€!,2t,2e) between (1,0,2) and (e 2,2e™?).
Hint:  Look for a perfect square.
a. e—2e’l
b. 1+e—-2e! Correct Choice
c.e-2¢1-1
d. e+2e?

e. e+2e1-3
V=(e,2-2¢") [N=JeF+4+4e% =¢'+2e
rt) =(1,0,2) at t=0 ) =(e22?) at t=1
1 1
L= [Ndt=[ (e +2e)dt=[e!-2e']} = (e-2e!) ~ (1-2) = 1+e-2e!
0 0

4. Find the tangential acceleration ar of the curve T(t) = (&!,2t,2e™).
Hint:  Which formula is easier?

a. e'+2et
b. €' +4et
c. e-2et Correct Choice
d. e'—4et

e. e _ 42

V= (e,2,-2e') |N|=yVer+4+4e? =e'+2e! ar= avl _ el —2et
OR

& 1 t 9 _9at 2 _ (et -t _F.3_ 1 2 _ A2 — ot _ oat
T= et+2e‘t(e’2’ 2e™) a=(e,0,2e") ar=T-a (et —4e ) =e' - 2e



5. The volume of aconeis V = %nrzh.

If the radius r is currently 3cm and increasing at 2 cm/sec
while the height h is currently 4 cm and decreasing at 1 cm/sec,
is the volume increasing or decreasing and at what rate?

a. decreasing at 197 cm?/sec

b. decreasing at 137 cm3/sec

c. neither increasing nor decreasing

d. increasing at 137 cm®/sec  Correct Choice

e. increasing at 197 cm?®/sec

dvV _vdr, Vdh _ 2 dr, 1 2dh_ 2 1o g
dt ~ar dt Tohdt - 3" Mar T3 g - 3TW@ 3D = 130

This is positive and so increasing.

6. Which of the following is a local maximum of f(x,y) = sin(x)sin(y)?

a. (0,0)

o (39

c. (m,m)

o (03)

e. None of the above Correct Choice

fx(xy) = cos(x)sin(y)  fy(x,y) = sin(x) cos(y)

Since fx<0,%> = fy<%,0> =1, the points (O%) and (%0) are not even critical points.
fu(%y) = —sinx)sin(y)  fy(xy) = —sin(x)sin(y)  fx(Xy) = cos(x) cos(y)

Since (0,00 =0 (0,00 =0 f,(0,0) =1

we have D(0,0) = fydyy — fy=-1 and (0,0) is a saddle.

Since fu(m,7) =0 fy(r,r) =0 fy(z,7r)=1

we have  D(z,7) = fufyy—fig = -1 and (O, %) is a saddle.



3
7. Find the equation of the plane tangent to the surface )Z(—z + % = 17 atthe point (3,2,1).

Then the zintercept is

a. 0  Correct Choice
b. —-42
c. 42
d. -18
e. 18

xR _ o [(2x 3y 22 =3y
Let f= ?-F? and P_(31211) Then Vf= (?’ Z3 ’ 23 + Z4 and

N = _V’f|P = (6,12,-42)
N.X=N.P 6x+12y-422=6.3+12.2-42.1=0 If x=y=0, then z=0.

8. Compute Iﬁ - ds counterclockwise around the circle x%+y? = 4
for the vector field F = (—x4y+ %x2y3,xy4 + x3y2>.
Hint: Use Green’s Theorem and factor the integrand.

An
3

8
b. 3

167
3

32
d. =3

e. &% Correct Choice

a.

Iﬁ-d%zIde+Qdy where P=—x4y+%x2y3 and Q = xy* + x3y?

J'I? .ds= ” % - ‘?—a';dxdyz ”(y“' + 3X%y?) — (—x* + x?y?)dxdy = ”(x“ +y* + 2x%y?) dx dy

= ”(x2+y2)2dxdy= Izﬂ Ijr“rdrd@ = Zn[r—g]: = &%



9. Find the mass of the half cylinder x2+y?><4 for 0<z<10 and y>0
if the density is p = x2 +y2.

a. 10x
b. 207
c. 40r  Correct Choice
d. 80r
e. 160r

M = [[[ pav = j:onjjrzrdrdedz: (10)(7r)[%l2) _ 407

10. Find the center of mass of the half cylinder x> +y?><4 for 0<z<10 and y>0
if the density is p = x2 +y2.

a. (0,1,5)
0. (0.555)
. (0.%5)
d. (0,1—6,5> Correct Choice

e (035:5)

Mz = [[[ypav=["[" [ ranorzrdrdodz= 10)[-cos T[] = 10)(2)(32) = 128

g= Mo _ 128 _ 16
M ~ 40z  5r

By symmetry, x=0 2z=5



11.

12.

Find the area inside the cardioid r = 1+ cosf
but outside the circle r = 1.
ya
a. 7
ya
b. 5
_
c. 2 7
d. 2+% Correct Choice
_
e. 2 >

A= ” 1dA = I”/Z Ii+wsgrdrd9 = jﬂlz [r—2T+wsgd0 = % J”_Tf/2<[1+cos€]2— 1) do

—nl2 a2l 2 1

=35 I_EIZ(ZCOSG + cos<0) df = 5 j_ﬂ/z 2cos6 + — do

_ %[Zsin0+ %(m Sn(20) )]”’2 - 2w+ 1(2)]-L[aen+L(Z)]=2+2

-rl2

Compute :f_V'f -ds counterclockwise once

around the polar curve r = 3+ cos(46)

for the function f(x,y) = x?y.

a. 2rn
b. 4n
Cc. 6r
d. 8r

e. 0 Correct Choice

B
By the FTCC, j Vi . dd = f(B) — f(A).
A
B
However, since it is a closed curve, B = A, and I Vi.ds= 0.
A

OR by Green’s Theorem, §_V)f .ds= J.J._V’ x Vf-kdA=0 because V xVf=0 for any



13.

Gauss’ Theorem states m_V’ .FdV = ” F.ds

Compute either integral for the solid hemisphere, H, =
givenby x2+y?+2z2<4 with z>0
and the vector field  F = (x2,y2,0).

Notice that the boundary of the solid hemisphere oH consists of the hemisphere surface S
givenby x?+y?>+22=4 with z>0 andthedisk D givenby x2+y?<4 with z=0.

64r
a. -
b, 1287 Correct Choice
15
8. 2
c. g7
32 2
d. 3 T
64 >
e. Zm

The volume integral:  V+F = 22+ 22+ 0 = 222 = 2p?cos?p  dV = p2singdpddde

“H.J-_V) «Fdv = IZ/ZJ':T I;szcoszq)pzsin(odpdedq) = 27r|: 2’5) :|z|: _C%SSCD :|Z/2

- &( —3 =1 ) 12871

The surface integral over the disk:  R(r,0) = (rcos6,rsing,0)  F(R(r,0)) = (0,0,0)

N N 2r 2
ijF-dsz jo jOOdrdezo

The surface integral over the hemisphere: ﬁ(@,go) = (2singcosh,2sinp sing, 2cose)

T j k N = & x 8, = 1(-4sin2p cosh) — j(4sinZpsing)
€ = | (-2singsing, 2sing cosd, 0) + k(-4sing cosg sin20 — 4sing cosg cos29)
€, = | (2cospcosd, 2cospsing, -2sing) = (—4sin2p cosf, —4sin?p sinf, —4sing cose)

Reverse N = (4sin2pcosf,4sin?psing, 4sing cose)
ﬁ(ﬁ(r,@)) = (8sing cos?p cosh, 8sing cos?p sind, 0)
N N N /2 . /2 .
” F.dS= ” F.Ndpdo = _[ 32sinp cos?p dp df = ZnJ 32sing(1 — cos?¢p) cos?p do
0
S

S
Let u=cosp du=-sinepdp

jé[ﬁ-d =—2nI 32(1- u2)u2du__64,,[u_3 _5}0264,{%_%}:%



Work Out: (Part credit possible. Show all work.)

14. (25 points) Verify Stokes’ Theorem “‘_V' xF.dS= ¢ F.d
C C

(o))

for the cone C givenby z=2/x>+y?> for z<8

oriented up and in, and the vector field F= (yz—Xxz2).

Be sure to check and explain the orientations. Use the following steps:

a. Note: The cone may be parametrized as ﬁ(r,@) = (rcosf,rsing,2r)

Compute the surface integral by successively finding:

— -

e, &, N, _V)XF, _V'xl_:)<_R)(r,9)>, J-J._V'xl_:)d_s)
c

T j k
& =| (cosh  sné, 2)
€ =| (-rsinf, rcosh, 0)
N = & x & = 1(=2r cosf) — j(2rsind) + K(r cos?0 + rsin29) = (—2r cosd,—-2rsind,r)
oriented correctly

T 5 k

VxE=| 2 2 2 | _50--x)-j0-y)+k(-z-2) = (xY,-22)
ox oy oz J Y
yz, Xz z

V x ﬁ(ﬁ(r,@)) = (rcos6,rsing,—4r)

N N N N 5 2 p4
Hv xF.dS= Hv x F - Ndrdd = jo jo(—2r2cos,29— 2r2§in%0 — 4r2)drdo
C C

2n o4
- j (~6r2)drdg = 2x[-2r3]% = —2567
0 0



Recall F = (yz-xz2)

b. Compute the line integral by parametrizing the boundary curve and successively finding:
1), v, FE©), §F-d
oC

r(0) = (4cosh,4sinb,8)
V = (-4sinf,4cos6,0) oriented correctly

-

F(r(0)) = (yz—xzz) = (32sin6,-32cosb, 8)

N 2n 2r 2r
§F.as= | CF o = jo (~128sin%) — 128c0s%0) d = jo (~128)df = —256x
oC

15. (15 points) A rectangular solid sits on the xy-plane with
its top four vertices on the paraboloid z = 4 —x? — 4y?.
Find the dimensions and volume of the largest such box.

The dimensions are 2x, 2y and z
V = (2X)(2y)Z = 4xyz= 4xy(4 — X2 — 4y?) = 16xy— 4x3y — 16xy°

Vy = 16y — 12x%y — 16y® = 0 Vy = 16x — 4x3 - 48xy? = 0
x>0, y>0 and z> 0 togive positive, non-zero dimensions.
(1) 4-3x2-4y2=0 (2 4-x2-12y2=0

3x(1)-(2: 8-8*=0 x2=1 x=1
2 _ A_ a2 — 2 _ 1 _ 1
4yc = 4 - 3X 1 y 7 y 5
Z2=4-X2-4y2=4-1-1=2

The dimensionsare 2x=2, 2y=1 and z=2 V=(2X)(2y)z=4



