Name ID 1-13 /52

MATH 251 Exam 2 Version A Spring 2013 14 /12
Sections 506 Solutions P. Yasskin 15 /28
16 /112

Multiple Choice: (4 points each. No part credit.)

Total /104

1. Compute ” xydA over the region R between the parabola y = x? and the line y = 2x.
R

a 4
b. % Correct Choice
32
C. 15
10
d. 3
e. 2

SOLUTION: x2=2x x=0,2
2 p2x 2 2 2 2
_ _ y _ 1 2 _ 4 _ 1 3 _ y5
InydA— Ionz xy dy dx= on[ 5 l(zdx— 5 on(4x X*)dx = 5 IO(4X X>) dx

I JREICS IR

3 ¢/92
2. Compute _[0 I—JW xdydx by converting to polar coordinates.
a. 3
b. 9
c. 18 Correct Choice
d. 27
e. 36

SOLUTION:  The region is a semicircle in the right half plane.

jzji_ x dy dx= jf/zjzrcoserdrde - [sme]i[%}z — (1--1)(9-0) = 18



3. Find the mass of the triangular plate with vertices (0,0), (2,-6) and (2,6) if the surface density
is p=x

. 16

a.
b
c. 12
d
e. 24  Correct Choice

SOLUTION: Edges: y=-3x and y= 3x
M = ”pdAz J.zf:xxzdydx= J.z[xzy]zxdx= IZGx3dx= [%x“}z =24

4. Find the center of mass of the triangular plate with vertices (0,0), (2,-6) and (2,6) if the surface
density is p = x2.

a (8,0) cormect Choice
b (29
(39
o (39
- (89

SOLUTION:  y=0 by symmetry.
My = [[xpda= [ xdydx= [ Txy]” dx= [ oxiax= [ 8" = 192

0
My _ 102 _ 8

X=M °5.24°5

. N . . 44z fy L
5. Which of the following integrals is NOT equivalent to IO IO IO f(x,y,z)dxdyd? The regionis
shown.

a. I;I:E I:zf(x,y,z)dydxdz
b. _[ z _[ :y sz f(x,y,2)dxdzdy Correct Choice
C. I;If I:yf(x,y,z)dzdxdy

d. Iz I:XZ I:Zf(x,y,z) dydzdx

e. I;I; I:yf(x,y,z)dzdydx

4 04
SOLUTION: (b) should be IO IO yjf f(x,y,2z)dxdzdy



6. Find the area of one petal of the 8 petaled daisy r = sin(40).

a. %
b. %
c. %
d. 1L6 Correct Choice
e. %

SOLUTION: r=0 when 49 =0,r or 0=0,7/4

A= J-J- 1dA — J-Z/4J-(s)in(49)rdrd9 _ J-Z/4|:r_22:|zin(49)d0 _ %J'stinz(%)de _ %J‘me(w
_ l[e— sin(8h) TM _
4 8 |, 16

7. Find the mass of the solid between the paraboloids z= x*>+y? and z=8-x%-y? if the volume
densityis p ==z

64r  Correct Choice
32z

16

8r

4

® 20 T

SOLUTION: z=r2=8-r2 202-8 =2
- ffoov- (2L oo ax (05 |- o[l

0 z=r

2
- nj 64r — 16r3dr = £[32r2 — 4r4]2 = 64r
0

8. Compute [[[(x2+y?)zdV over the solid hemisphere 0< [x®+y?+27% <2.

a.
b.

wlo @
N

C. b4 Correct Choice

d.

(o] =
©[R w5
N

e 2r

SOLUTION: (X2 +y2)z= ((psinpcosh)® + (psingsind)?) pcosp = p3sin®pcosp dV = p?sing
/2

2n 2 7l2 2
[[fe +y?)zdv= IO IO Iop sin’p cospp?sinp dpde dh = 27rJ.0 sin goCOS(pngJ.Op dp

o [sin'e 7T 0472, 132 16
—2”[ 2 l [? i T




9. Which integral gives the arclength of the ellipse T(#) = (6 cos,3sind, 3sink)?

2r
a. IO 3J/2+2sirf0 dd  Correct Choice
2r
. jo 3/4+ 2cog0 do
2r
. jo 3/2+ 2cog0 do

. jz J2 (3+ 3sirt0) do

o

(9]

o

D

.jZ”,/ﬁde

SOLUTION: V= (-6sind,3cod,3cod) || = /365sirt + 9cogd + 9cogh
2r 2 2
L =§ds- jo |do = jo 3,/45sirf0 + 2006 df = jo 3/2+ 2sir9 do

10. A helical thermocouple whose shape is the curve T(t) = (3cog,3sint,4t) for 0<t < 4r is placed
in a pot of water where the temperature is T = (41+x%+Yy? +2)°C. Find the average temperature of
the water as measured by the thermocouple.

[fds
HINT: fave = E

173
) +8

b. 50+ 16n
c. 10007 + 16072
d. 250+ 40

e. 50+ 87 Correct Choice

T

SOLUTION: V= (-3sint,3cog,4) || = +/9sirt+9cost+16 =5
4r

jds=j 5dt=20r T =41+x2+y2+z=41+9+4t=50+4t
0

A
[Tds= j (50+ 4t)5dt = 5[50t + 2t2]2* = 1000r + 160r?
0

Toe = 2000160 _ 50, gy




11. Find a scalar potential, f(x,y,z), for F(XV,z) = (2Xy? + 2X + 2xz, 2x2y — 3z,x2 + 322 — 3y).
Then compute f(2,2,2 —1(1,1, 1.

a. 0

b. 1

c. 7

d. 23  Correct Choice

e. 25

SOLUTION:

Of = 2xXy2 + 2x+ 2xz = f=x?y? + X2 +X°2+Q(Y,2)
oyf = 2x%y — 3z = f=x2%2-3yz+h(x,2)

0f=x2+322-3y = f=x%z+72%-3yz+kxy)
f(X,y,2) = X2y? + x?> + x°z—- 3yz+ 22+ C
f(2,2,2 —f(1,1,1) = (16+4+8-12+8) - (1+1+1-3+1) = 23

12. If f=x2+y2-222 and F = (xzyz-2z2), which of the following is false?

a. VxVi=0
b. V-Vf=0
c. V.VxE =0
4. (3 .E) =8

e. None of the above. They are all true.  Correct Choice

SOLUTION:  V x Vf F=0 are always true.

V= (2x2y,~42) V-Vi=2+2
V-F=2z+z-22=0 _V'(V'-IE) z_V'(O) -0

13. Compute J.J.J._V' .GdV for G= (xzyzz?) over the solid cylinder x?+y? <25 with 0<z<4.
C

a. 800r  Correct Choice
b. 400z
c. 200z
d. 80r
e. 40r

SOLUTION: V.G=z+2z+2z=4z
v.3av= [ [ [ azrdrapdz= 22[ 2]"[r2]° = 216+ 25 = 800¢
J.J(.:J. J.o 0 0 0 0



Work Out: (Points indicated. Part credit possible. Show all work.)

14. (12points) Compute ”szdA over the "diamond"

shaped region bounded by the curves
y=1+x3 y=3+x3 y=4-x3 y=7-x3
HINT: Define curvilinear coordinates (u,v) so that
y=u+x3 and y=v-x

a. (2pts) What are the boundaries in terms of u and v?
SOLUTION: u=1 u=3 v=4, v=7
b. (3pts) Findformulasfor x and y intermsof u and v.

SOLUTION:  Addthe formulas: 2y=u+v y= 4tV

2
1/3
Subtract the formulas: O0=u-v+2x3 x= (v;zu
c. (4pts) Find the Jacobian factor J = ‘M
o(u,v)
ox ;(V—uym(_;) 1
SOLUTION: _g(x,y) | w3y 2/ A 202
ENFEINECOROR!
ov oV 3 2 2 2
__L vV—u _2/3_i V—u —2/3__; vV—u -2/3
_12(2 12<2>_6(2>
:‘a(x,y) :;<v—u -213
V) | -6\ 2

d. (1pts) Express the integrand intermsof u and v.
2/3
. 2_ (v-u
SOLUTION:  x2 = (Y5

e. (2pts) Compute the integral.

SOLUTION:
”szdAz ”szJdudv= I:Ij(véu )2/3%("5“ >_2/3dudv= %(2)(3) =1




15. (28 points) Consider the elliptical region, E, inthe plane z=2+x+y above the circle
X2 +y? < 4 oriented upwards.

HINT: This ellipse may be parametrized by ﬁ(r,@) = (rcosd,rsinf,2+rcosd + rsind).

a. (10 pts) Find the normal vector N to the ellipse and its length |Kl|

Note: N starts hard but simplifies!

SOLUTION:
7 J k [sinf(—r sinf + r cosh) — r cosH(cosh + sind) |
& = | (cos sing cosh +sind ) N = —j[cosh(-r sind + r cosh) + r sinf(cosh + sinb) |
€ = | (-rsinf rcosh —rsind +rcosh) +K[r co=0 + rsin®6]

N = (-r,—r,r)  Oriented correctly because Nz =r > 0. |KI| = Jr2+r2+12 = 3y
b. (3pts) Find the surface area of the ellipse.
SOLUTION: 0<r<?2 0<0<2r
N 2r 02 2
A=[]_ds=[] [Njdrao = ["[ y3rdrdo = 2y3[ 5 | = 4n/3
C. (3 pts) Find the mass of the ellipse if the surface density is p = x? + y2.

SOLUTION: p =x2+y?=r2
M = ”Epd5= fzﬂjzﬁr3drd9 - 2n,/§[%}2 _81/3

—

d. (12pts) If F = (-yzxzz?), compute the surface integral ”E_V' xF . dS

A

T 5 k
SOLUTION: VxF=| 8¢ &y 0; | =100-%) = j(O0—--y) +k@z—-2) = (-X,-y,22)
-yz xz 2

X

(V' ﬁ) (ﬁ(r,@)) = (-rcosf,-rsind,4 + 2r cosd + 2rsinfd) Recall: N = (=r,-r,r)
VxF «N = r2cos) + r2sinf + 4r + 2r2cosf + 2r2sind = 4r + 3r2cosd + 3r2sing

[ VxP.ds= jz jj% « B - Ndrdo = jjjjﬂ(m + 3r2cos) + 3r2sing) dodr

<!

—

u 2
4r(9+3rzsin(9—3r2(:os(9]2 dr = I 42 dr = [47”’2]2 = 16rn
0 0 0

0=

N
| —

;



16. (12 points) Compute ”é .dS for G = (xzyzz2) over the cylinder x2 +y?>=25 for 0<z<4
C

with outward normal.

SOLUTION: R(0,2) = (5co9), 5sind, 2)

' 7ok . o .
& — | (-5sind 5co® 0 ) N : i(5co9) — j(-5sinf) + k(0) = (5cod,5sinb, 0)
&=|(o0 0 1) Oriented correctly

(R0.2)) = (5zcos,5zsin0,72) G - N = 252c08 + 25zsin) = 252

G
jc G.dS= jcjé-ﬁdedz: jzjz”zszopdzz 27125[2—22}2 — 400r



