Name

MATH 251 Exam 2 Fall 2014

Sections 508 Solutions P. Yasskin
Multiple Choice: (5 points each. No part credit.)

1. Compute IZ Iz r2drdo.

a. %71’93
b. %n3
C. 1—12714 Correct Choice
d. 2_](-)”5
e. %77:4

Solution: ijzrzdrde — jo[g]e @ - jo 9—33d0 _ H—;]O _ 7{_;

2. Which of the following is the polar plot of r = 2+ 3cos(0) ?

d. Correct

Choice

Solution: c is the rectangular plot not the polar plot. Notice when 6 = 0, r = 1, which starts the inner
loop at x = 1.



3. A plate has the shape between the parabola y = x?> andtheline y=4.
Find its mass if its surface densityis p =.

a. % Correct Choice

64
b. 5
d. 5

e. 8
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4. A plate has the shape between the parabola y = x?> and the line y = 4.
Find the y-component of its center of mass if its surface densityis p =y.

o
b. ==
7

512

d. 2—70 Correct Choice

10
7

Solution: M, = J.J.ypdAz J.: J:: yydydx= J.:|:y_33:|4 de: % J.:(64—x6)dx = %[64X— X—77:|:
y=x
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5. Find the mass of the region outside the circle r =3

and inside the cardioid r = 2+ 2cosO if the linear y
mass density is p = 1
r
; } }
a. 2+ 3 T
_2
b. 2 3 s
c. 2J/3 - ZT’T Correct Choice
d. 3/3+2rx
e. 3/3-2r

Solution: Find the intersection points: 2+ 2cosf = 3 cosf = % 0= i%

M = .”-pdA= J-n/s J-§+2cose%rdrd9 _ J-7r/3 [r]i;cosede _ J”_TSS(2+2COSG—3)d9

-r/3 -rl3

- [2sin0-0]7 - 2(2snZ - L) - 2/3 - 2=



6. If F= (Xyz 2xyz 3xy2), then VxF =
a. (3xz— 2xy,xy— 3yz 2yz— xz) Correct Choice
b. (3xz—- 2xy,3yz— Xy, 2yz— Xz)

. YZ+ 2XZ+ 3xy

(9]

d. yz— 2xz+ 3xy
e. 0
T 57 k
Solution: VxF = Ox Oy 0z = 1(3xz— 2xy) — j(3yz—xy) + R(Zyz— X2)

Xyz 2xyz 3Xxyz

7.1f E= (Xyz 2xyz 3xy2), then V-F =

a. (3xz— 2xy,xy— 3yz 2yz—- x2)

b. (3xz— 2xy,3yz— Xy, 2yz— Xz)

c. yz+2xz+3xy  Correct Choice
d. yz— 2xz+ 3xy

e. 0

Solution: V - F = 6xF1 + OyF2 + 0,F3 = yz+ 2xz+ 3xy

8. Find the average value of f =z on the solid hemisphere 0<z< /9-x2-y2.
Note: The average value of a function on a solid is f,,, = % I], fav.

b. %
c. 3
d. 4
e. % Correct Choice

Solution: V=21473- 2,33_ 187 In spherical coordinates, f= z= pcoso.
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Work Out: (Points indicated. Part credit possible. Show all work.)

. (20 points) A rectangular solid box is sitting on the xy-plane with its upper 4 vertices on the
paraboloid z = 16 — x? — 4y?. Find the dimensions and volume of the largest such box.

Full credit for solving by Lagrange multipliers.
Half credit for solving by Eliminating a Variable.
50% extra credit for solving both ways.

Solution: Maximize: V = 4xyz Note:x+0 y+0 z=+ 0 so the volume will not be zero.

Method 1: Lagrange Multipliers:

The constraintis g = z+ x? + 4y? = 16

WV = (4yz4xz 4xy) Vg =(2x,8y,1) VV = AVg
dyz= 12X  4xz= A8y 4dxy= 1

= dyz=4xy2x = z=2¢ = x2=%

= 4xz=4xy8y = z=8y? = yzzé
g=2+%+%-16 = 22-16 = z-8

=4 x=2, y*=1 y=1

L =4, W=2, H =8, V=4xyz=1WH=4.2.1.-8=64

Method 2: Eliminate a Variable:

V = 4xyz = 4xy(16 — x? — 4y?) = 64xy — 4x3y — 16xy*
Vi=064y—12x2y-16y° =0 = 3x°+4y?=16 = Ox?>+12y*> =148
Vy=64x—4x3-48xy? =0 = x%2+12y?> =16

= 82=32 = x=2, 4+12y?=16 = y=1
z=16-x2-4y>=16-4-4=38

L =4, W=2, H =8, V=4xyz=1WH=4.2.1.-8=64



10. (20 points) Compute the integral ”ydA over

the region in the first quadrant bounded by

y=X y=4x, yz%, and yz%.

Use the following steps:

. - . 2
a. Define the curvilinear coordinates u and v by y=u?x and y= Y.
Express the coordinate system as a position vector.

uZX:V—X2 X:% y:uzxzuz%:uv
T(U,Vv) = (X(U,V),¥(U,V)) = (F,uv)

b. Find the coordinate tangent vectors:
g - O° _ (—_v )
€u ou u? v
g - _(1
& =<0 = (Fou)

c. Compute the Jacobian factor:

_ ‘ 0XY) | _|_v _ v - 22| - 2
a(u’v) u u u u

d. Compute the integral:

IJ.ydAz J.zj.iuv%dudv= IjlduIEZVZdv= [u]f[z%]z - 3—3?



11. (20 points) Compute the flux IIC F.dS of the vector field F = (xz )+( 7 Iyz '3z f v )
outward through the piece of the cylinder x?+y? =9 between the planes z=-3 and z=x.
Use the following steps:

a. Parametrize the cylinder:
R(z,0) = (3cosf, 3sind, 2)
b. Find the tangent vectors:
é,=( 0 0, 1)
& = (-3sing, 3cosh, 0)
c. Find the normal vector:
N = 7(=3c0sf) - j(- —3sind) + k(0) = (-3cosh,-3siné,0)
d. Fix the orientation of the normal (if necessary):
N = (3cosf,3sing,0)

e. Evaluate the vector field on the cylinder:

F(R(z@)) (30050 35|n0 ) (cose’¥’é>

f. Evaluate the boundaries on the cylinder:

Z=X: Z = 3cos6

g. Calculate the flux:

3 cose

II F.dS= _HF Ndzd) = J.Zﬂfscose(cosze+sn20)dzc9 I I 1dzd

z=-3

_ jZ”[z]S“’SBde - jz”(scose——s) do = [3sin6 + 301> = 6x



