Name

MATH 251 Exam 2A  Fall 2015

Sections 511/512 (circle one)  Solutions P. Yasskin

Multiple Choice: (5 points each. No part credit.)

1. Find the volume below the surface z = x + 2y above the region in the xy-plane
betweeny = x? and y = 3x.

71
20
71
b. 50
972
5
783
d. 20 Correct

1944
5

a.

Solution: Find the intersections:  x2 = 3x — X = 0,3
V- [ andyaxs [ Doy ax= [+ 00) - 00 +xt) dx
0Yx2 0 yox? 0

2. The temperature on a hot plate with dimensions -47 < x <4z and 0 <y < 6is T = x?y + COS?Xx.

Find the average temperature.

245
76813
76873 + 247

1672+ + Correct

2
e. 1672

& o T o

4n 6
Solution: A= I I 1ldydx= 687 = 48n
-4 Y 0 6
4 6 Ar 2\/2
”TdAzI I (X?y + coszx)dydx=f [xzy +ycoszx} dx
—Ar Y0 ~4n

y=0

4Ar ; 4n
- (18x2 41T OO ) dx = [6x3 + 3(x 4 SN2 ) }
-4 2 2 —Ar

= 2(6 - 4373 + 3(4n + 0)) = 76873 + 241

_ 1 _ 7683+ 24rx 2, 1
Tave = = ”TdA— LBt 24T _ 1672+ 1

1-9 145
10 /130
11 /15
12 /15
Total /105




3. Find the centroid of the region above y = 2x? below y = 18.

a (020)
b. (0,38)

c. (O, ﬁ) Correct
0. (04%)
o (0352

Solution: 2x% = 18 = X2 =9 = X =3
A= [[1da= j:jildydx: j:(ls—zxZ)dx: [18x—2x—33]_3 2(18-3-23) = 72
By symmetry, x = 0.

Ay = [[yda= js jls ydydx= j:[y—ZTB dx = %j:(182—4x4)dx= %[182x—4x—55]:
- (182.3-4% ) -35(a-2) - L3
g = Ay 16.35 _
A 5.72 5
4. Find all critical points of the function f(x,y) = 4x? + 9y? + 4)23_3/2 Select from:
=(2,3) B =(-23) C=1(2-3 D = (-2,-3)
~(32 F=(32 G=(3-2 H=(3-2
Note 432 = 2433

a. AB,C,D
b. E,F,G,H

c. AD

d. B,C

e. E,H Correct

Solution:
- L (oo 432) - §y(x3y—54)=o X3y = 54

Xy
Multiply:  x*y* =54.24 = 243* = Xxy=16

- d<4x2+9y2+432 ;(xyt24)=o Xy = 24

vider X2 _ 54 _ 9 X _ 43
Divide: v " 244 = y =1 5
Multiply results: xy§ =X?>=16- % =+9 Musthavex?=9 x=43
Divide results: xy% =y? =46 2 _ 44  Must have y2=4 y=42

3
Looking at x3y = 54, x and y must be both positive or both negative. So (3,2), (-3,-2)



5. Select all of the following statements which
are consistent with this countour plot?

. There is a local maximum at (1,1).

. There is a local minimum at (1,1).

. There is a saddle point at (1,1).

. There is a local maximum at (0, 0). @
. There is a local minimum at (0,0). ;
. There is a saddle point at (0,0).

Mmoo w >

A,B,D,E

C,F

C,D,E

A,B,F Correct

& o T o

Solution: A,B but not D,E because there should be circles around a local maximum or minimum.

6. The function f = % - % — Xy has a critical point at (x,y) = (2,-1).

Use the Second Derivative Test to classify this critical point.

Local Minimum Correct
Local Maximum
Inflection Point

Saddle Point

Test Fails

® 2 0 T 9

Solution: f=-2%_y f=-2 _x

NG

fxx = X;83 fyy = — y3 fxy = _1
fo2-1) =1  fy2-1) =4 fy(2-1)=-1 D=folyy-fa=4-1=3

Local Minimum



Find the mass of the % of the circle y 2]

x2+y2<9 for 0<y<x 4
if the surface density is 6 = x.

o o
(o]
o 5

Correct

9
e. ——
2J2
Solution: In polar coordinates, the density is 6 = X = r cosé.

M = ”(SdAz IZ/4IZrcoserdrd0 = [r—;]z[sne}? = 9(%) = %

. Find the y-component of the center of mass of the 1 ofthecircle  x2+ y2<9 for

8
if the surface density is 6 = x.

9.2
a. 16 Correct

9/2
b. 8

8l
16

8l
d. 2
1

J2

Solution: In polar coordinates, the density is 6 = X = rcosf and y = rsiné.
wld 3 4 13 . o 74
- — - s sin<0 _81/1y_81
My = ”yédA— IO Iorsnercoserdrde = [ 7 ]O[ > ]0 4 <4) 16

My g1 42 _ 9/2

Y=M 169 ~ 16



15
Compute ”ydoner the “diamond” shaped y

region in the first quadrant bounded by 10
Xy>?=8 xy?=27 y=Xx y=8x
HINTS: Use the coordinates °
__u _
=y YW 0o+t

Find the boundaries and Jacobian.

19In2 Correct
80In2
15In3
65In2
65In3

® 2 0 T 9

Solution: Let (xy) = (v ,uv)

Boundaries: xy? = %uzv2 —u¥=827 = u=23

%:UVVTZZVSZJ.,S = v=12
T _ | oxy) ‘____ _a U
Jacobian: J= ‘—a(u,v) A y 2 = 3V2

Evaluate the integral:
2 03 u 313 5
[[yda=[[yidudv= jljz w34 dudv=[W3Invi = (27 - 8)In2 = 19In2



Work Out: (Points indicated. Part credit possible. Show all work.)

10. (30 points) Consider the piece of the

paraboloid surface z = 2x? + 2y?
forz < 18.

® Find the mass of the paraboloid if the surface mass density is § =

3z
X2 +y?’
® Find the flux of the electric field E = X y ,0 | down and out of the paraboloid.
X2+y2 X2+y2

Parametrize the surface as ﬁ(r,@) = (rcosf,rsing, 2r?) and follow these steps:
a. Find the coordinate tangent vectors:

A
~ A~

J k
& (cos® sinf 4r
€ =|(-rsinf rcosf O

b. Find the normal vector and check its orientation.

N = i(~4r2cos0) — j(4r2sin@) + K(r cos?0 — —r sin20) = (-4r2cosf,—4r2sind,r)
This is up and in. We need down and out. So reverse the normal.

N = (4r2cosf,4r2sing,—r)

c. Find the length of the normal vector.

|N| = J16r4cos?0 + 16r4sin?0 + r2 = J16r4 +r2 =r16r2+1



. Evaluate the density 6 = Xz‘izyz on the paraboloid.

5(Rr.0)) = 3r—§r2 _6

. Compute the mass.

Find the limit on r: z=2r2=18 = r=3

M= [[sds= jz”jZGr,/16r2+ 1drdo = 2r - 6 52 (1612 + 1) ]
= Z(145% - 1)

3
0

. Evaluate the electric field E = x__ Y _ 0] on the paraboloid.
X2+y2 X2+y2

E(ﬁ(r,@)) = (rcr%@,rsri_gle,o) _ (@’%’@

. Compute the flux.

[[&-ds= IZISE -Ndrdg = jz jz(%sewcosm SN0 4r2ing ) drdo

_ znjz(4r)dr _ sn[%]z _ 367



11. (15 points) Find the volume of the largest rectangular solid which sits on the xy-plane and has its

12.

upper 4 vertices on the paraboloid z+ x? + 4y? = 64.

Solution: Minimize V = 4xyzsubject to the constraint g = z+ x? + 4y? = 64.
Use Lagrange Multipliers

VV = (dyzdxz4xy) Vg = (2x,8y,1) Vi=AVg 4dyz=A2x 4xz=A8y 4xy= A

lz%z%zmy or £ =x and ézy o x¥=% and y=Z
g=z+x2+4y2=z+%+%=22=64 = z=32 x2=16 x=4 y’=4 y=2

V=4xyz=4.4.2.32 =1024

4 2
(15 points) Draw the region of integration and compute IO I[ /@ + 1dxdy
y

Solution: To reverse the order of integration y 4T
plotthe region 0<y<4, [y <x<2 3T
Include a horizontal line to indicate the x limits. 2—“—
Add a vertical line to indicate the new y limits. 1-"-
Write the new integral and compute it. oLl

0o 1 Xz

2 ox? 2 2 ,
J I, e taydx= [ i ax= [ S Txdx= S0+ 0| = By - 2



