Name

MATH 251 Exam 2B Fall 2015

Sections 511/512 (circle one)  Solutions P. Yasskin

Multiple Choice: (5 points each. No part credit.)

1. Find the volume below the surface z = 3x + y above the region in the xy-plane
betweeny = x? and y = 2x.

a. —32
b. 32
32
15

92
d. 15

116
15

Correct

e.

Solution: Find the intersections:  x? = 2x = x=0,2
2 02X 2
_ _ y? _ 2 2 3,
V = IOIX2(3x+y)dde— IO[3xy+ 5 l/xzdx _[ (6x° + 2x%) (3x )dx

:[SX_S_?’X_A_X_S}Z:(S %_3 4_%>: 15

2. The temperature on a circular hot plate with radius 2is T = x? + 4.
Find the average temperature.

a. 10«
b. 20

c. 472+ 51

A +5
d. 1

e. 5 Correct

Solution: A = Iznlerdrde = [ar2]2 =
. 0 0 0
T=x2+4=r2cos?0+4

”TdA J' j(r cos?0 + 4)rdrdf = I[ C0329+4r2]rod0

_jz”( “LS(ZQ) )de_ [2(9+%29))+89T”=4n+16n=20n

0

Tave = KHTdA: % -5

1-9 145
10 /130
11 /15
12 /15
Total /105




3. Find the centroid of the region above y = 3x? below y = 12.

a (0.2)

b. (O&> Correct

C. (Oﬁ)
AED
- (o32)

Solution: 3x? =12 = X2 =4 = X =42

2 12 2 2 342
A= [ 1dn-= j j 1dydx= j (12 - 3x®)dx = [12x— x*]%, = 2(24 - 8) = 32
By symmetry, X =

Ay = [[yda= j j ydy dx= j [ 2} dx = 1] (122 — x4)dx—%[122x 9%]_2
(122 2 92 )_25(9 9) 3625
Ay _ 36.2°

yA5325

4. Find all critical pomts of the function f(x, y) = OX? + 4y? + 43y2 Select from:
=(2,3) = (-2,3) = (2,-3) = (-2,-3)
=32 F=(32 G=(3-2) H=(3-2
Note 432 = 2433

a. AB,C,D
b. E,F,G,H

c. A LD Correct
d. B,C

e. E,H
Solution:

- L (ocra2+ 432) - 125; (Cy—24) Xy =24
_ d(9x2+4y+43y2 32(xy3—54) xy® = 54

Multiply:  x%y* =24.54 = 243* = xy=16

vider X2 _ 24 _ 4 X _42
Divide: v BT 9 = y 5
Multiply results: xy§ =X?>=16- % =+4 Musthavex? =4 x=42

Divide results: xy% =y? =46 % =49 Musthavey?=9 y=+3
Looking at x3y = 24, x and y must be both positive or both negative. So (2,3), (-2,-3)



Select all of the following statements which
are consistent with this countour plot?

. There is a local maximum at (1,0).

. There is a local minimum at (1,0).

. There is a saddle point at (1,0).

. There is a local maximum at (0, 0).

. There is a local minimum at (0,0).

Mmoo w >

. There is a saddle point at (0,0).

A,B,D,E

C,F

A,B,F Correct
C,D,E

& o T o

Solution: A,B but not D,E because there should be circles around a local maximum or minimum.

. The function f = % + % + Xy has a critical point at (x,y) = (2,1).

Use the Second Derivative Test to classify this critical point.

a. Local Minimum Correct
b. Local Maximum

c. Inflection Point
d
e

. Saddle Point
. Test Fails
P __ 4 2
Solution: fx = —Z +y fy = _7 +X

1:)()(:)(;83 fyy:% fxy:].
fo21) =1 fy21) =4 fy21)=1 D=fufy-fo=4-1=3

Local Minimum



Find the mass of the region inside Y
the upper half of the cardioid

r =2+ 2cos6
if the surface density is 6 = .

x|

b. 32 Correct

Solution: The dezngityeis 0 =Yy=rsné. .
B [ [2recest (T3 +200S0 1" 3.
M= [[sda= fojo rsingrdrdo = jo[ § ]0 singdg - 1 j0(2+2cose) sin0.do

Letu = 2+ 2cosf du= -2sn6do _71du = snodo

-2 e L[5 ) - Fo-on - 2

. Find the x-component of the center of mass of the region inside the upper half of the cardioid
r=2+2cosf if the surface density is 6 =y.

a &
6

b. 5

C. % Correct
32

d. 3
256

e. —15

Solution: The density is 6 =y = rsing and x = r cos6.

2+2cos6

My = ” x6dA = _[Z jjzcosercosersinerdrde = IZ[%] cosfsingdo

0
-1 Iﬂ(2+2c030)4cosesin0d0
4 Jo
Letu=2+2cosf du=-2sn6do _71du = singdo cos = %(u— 2)

0 0
MX___l u4(u—2)du= —1|:U6 2%5:| _ 256 )_(Z&_ 256 3 _ 8

T 16 ), 16L 6 4+ 15 M ~ 15 32 5



40
Compute ” xdAover the “diamond” shaped y
301
region in the first quadrant bounded by 1

X2y =16 x?y=81 y=x* y=16x? 27

HINTS: Use the coordinates 10-
X=+ y=ud?2 1

Find the boundaries and Jacobian.

19In2
80In2
15In3
65In2 Correct
65In3

® 2 06 T o

Solution: Let (X,y) = (1,u?v?)
Boundaries: x?y = (%)zuzv2 = u* = 16,81 = u=23

Fouviir=vi-116 = v=12
v 2uv?
Jacobian:  J = ‘w = Vu ) = |2u? — —2u?| = 4u?
(u,v) - 2uv

Evaluate the integral:
23 U 4,2 413 2
ﬂdi: Hdeudv: jlj2v4u dudv= [u‘]3[Inv]? = (81 - 16)In2 = 65In2



Work Out: (Points indicated. Part credit possible. Show all work.)

10. (30 points) Consider the piece of the

paraboloid surface z = 12 — 3x? — 3y?
above the xy-plane.

@ Find the mass of the paraboloid if the surface mass density is § = z+ 3x? + 3y2.

® Find the flux of the electric field E = ( > X >3 y 5 ,0) down into the paraboloid.
X2 +Yy? Xe+y

Parametrize the surface as ﬁ(r,@) = (rcosf,rsing, 12 — 3r?) and follow these steps:

a. Find the coordinate tangent vectors:

A
A

) J k
€ =| (cosf snOe —6r
(-rsind rcosf O

o
I

b. Find the normal vector and check its orientation.

N = i(6r2cosf) — j(—6r2sind) + k(r cos?0 — —rsin9) = (62cosd, 6r2sind,r)
This is up and out. We need down and in. So reverse the normal.

N = (-6r2cosf,—6r2sing, -r)

c. Find the length of the normal vector.

|N| = /36r4cos?0 + 36r4sin20 +r2 = J36r4+r2 =rJ36r2+1



. Evaluate the density § = z+ 3x? + 3y? on the paraboloid.
5(R(r,0)) = (12-3r2) +3r% = 12
. Compute the mass.

Find the limitonr: z=12-3r2=0 = r=2
2r p2
= - 2 _ . 2 2 32
M = ”(sds_ jo jo 12r/36r2+ 1 drdd = 2 12[ 520 (3617 + 1) }
- 2L (14592 1)

2
0

. Evaluate the electric field E = ( 5 X 53 y > ,O) on the paraboloid.
X +Yye Xe+y

E(Re0)) - (1520 580 0) - (532, p.0)

. Compute the flux.
”E . dS= .[:T Izﬁ .Ndrdg = I;ﬂ Ij(—%SQGrzcose— ﬁ&zsinG) drdo

—2n js(—Gr)dr - —127:[% ]z — _24x



11. (15 points) Find the point in the first octant on the surface, z(x +y) = 2,/2, closest to the origin.

Solution: Minimize f = D? = x? + y? + 72 subject to the constraint g = z(x +y) = 2,/2.
Use Lagrange Multipliers
Vi = (2x,2y,22) _V)g = (2,2, X+Y) Vf = ﬁg 2X=2xz 2y=Aiz 22=A(X+Y)

,1:2_ZX:2_Zy:X%rZy = X=Y, 2—ZX=% = 2X2=2 = z=J2x

g=2z(x+y) = J2x(2x) = 2J/2x* =22 Sox=1 y=1 z=,2

4 02
12. (15points) Draw the region of integration and compute IO IJ; /y3 + 1dydx

Solution: To reverse the order of integration 2
plottheregion 0<x<4, /X <y<2
Include a vertical line to indicate the y limits.
Add a horizontal line to indicate the new x limits. o 1 2 5
Write the new integral and compute it.

4
X

[0, e iaxay= [ [eingg oy - [ ey 200 0™ - foon - 2



