Name

MATH 251 Exam 3 Version B Fall 2018 1-10 /70 12 /20

Sections 504/505 Solutions P. Yasskin
11 /20 | Total /110

Multiple Choice: (7 points each. No part credit.)

1. Find the mass of a triangular plate with vertices

(0,0), (2,0) and (2,4) ifthe densityis ¢ = x. y4“

a M=2 T

b. M=4 2T

c. M=28 1T

_ 8 .

d M= 3 0 0 1 2
X

e. M= 13—6 Correct Choice

Solution: 0<x<2 0<y<2x Typexintegral:

M = HSdA - J'ij';xxdydx = Iz[xy]jxodx = Iz2x2dx _ [2Tx3}z _ 13_6

2. Find the x-component of the center of mass of a triangular plate with vertices (0,0), (2,0) and
(2,4) ifthe densityis o = x.

a. xz%
b. x = % Correct Choice
c. x=8
d x=4
e. x=2

Solution: We continue the solution to problem 1. The x-moment is:

2

M, = “xédA = le szx2dydx = J';[ﬁy]jfodx = I§2x3dx = [ZTXA‘]O =8

e M. _ 83 _ 3
Sot ¥=3F =776~



Find the area of the upper half of
the limacon r =3 —2cosé.

a. A=11xn
b. 4=9x
C. A=1

3
2

d 4= UT” Correct Choice
T

_ 9n
e. A= 5

Solution: We use polar coordinates 0<6 <~ 0<r<3-2cosf

4=[[1a4= j:j:2°°serdrde _ j:[rz—z]”mede _ %f;r(s —2c0s0)%dO =

1 Jﬂ(9 —12cos0 + 4cos?0) do
=0 2 0
Ir

b4
0

_1("0_ _ 1 ERL I sin26 _ 1
- 2jo(9 120080+ 2(1 +c0s20)) o = L[ 90 12sm0+2(0+ L )] - Uz

Given: The area of the upper half of the

cardioid r=3-3cosf is 4= %n

Find the y-component of its centroid.

- _ 16 .
a. y= 3 Correct Choice
5 _ 3m
b. y= 16
= _ 16
€ V=9
d 5=36
e. =12
Solution: The areais 4 = ” 1d4 = I”IB_3COSG rdrdd = 21
090 4

You did not need to compute this, but the form of the integral is useful.
The y-moment of the area is:

A, = [[yaa [’ IZ_3COSB(rsin9)rdrd9 -5 }:mesmede = 1 ["3-3c0s0)sin0ap

Let u=3-3cosf. Then du = 3sinfd6 and

N U AU N R7Al A __ A4
Ay—9J.0udu—9|:4:|o—36—36 So y=



Given: The solid between the paraboloid z = x? +?
and the plane z =4 has volume V = 8x.
Find the z-component of its centroid.

a. y:#

b. y=64T”

c. y:% Correct Choice
d y-4%

e. y=1&

Solution: In cylindrical coordinates, the volume is

V= ”J. 1dV = J-(jﬂ Iz I: rdzdrdd = 2n J.z[rz]jrz dr =2n Iz(4r— ) dr = 27r|:2r2 — 2—4]2 =8n

You did not need to compute this, but the form of the integral is useful. The z-moment is:

V, = I”Zde Ijﬂ J.j J.i zrdzdrdf = 21 Ij[%rr 2a’r =2r Ij(&’— ”2—5>dr = 27r|:4r2 - %}Z

_ _ 16 _ 64rn =_V: _64mr 1 _ 8
_2”(16 3 3 So z=7 3 87 3

Given: The solid between the paraboloid z = x? +y?
and the plane z =9 has centroid (0,0,6).

If the temperature of the solidis T =4+z

find the average temperature.

HINT: You don’t need to compute any integral.

a. T,,=13

b. 7,. =10 Correct Choice
C. Tape= 12_7

d T,.=7

e. T,.=4

) [[[rav ) [[[4+zar ) a([frav+{[fzav .

Solution: 7, = = ”jldV = ”jldV z=4+6=10




7. Find the volume of an ice cream cone between the cone z = /x?+)? and the upper piece of the

sphere x*+y?+z?=09.

a. %nz

b. 9775

d. 9%1—%)

e. 1871(1 - %) Correct Choice

Solution: In spherical coordinates, z = pcose¢ and J/x*+)? =r = psing. So the cone is

pcosp = psing Or tang =1

V= J.J.J. 1dV = J;ﬂ J.:M J: p’sinpdpdodl = 27r|:—c0sq):|g/4|:

1 1 N
8. Compute I I xe’ dydx.
0Yx

or (pz%.

HINT: Reverse the order of integration.

3e
a. 5

3e _ 3
b. > >

e
c <

e _ 1 i
d. A Correct Choice
Solution: Here is a plot of the region:
Original: 0<x<1 x<y<l1
Reversed: 0<y<1 0<x<y

J.; J.;xey3 dydx = J.; J.zxey3 dxdy

[

y 3
:| e’ dy
x=0

u=1y>  du=32dy Ldu

1 1Jcey3a’ycz’)c -1 1e”afu =
), 5,

Further, the sphereis p = 3. So the volume is

P
3

]+

1

2

o

1

J2

1.0

05T

0.0
0.0

)



9. Find the work done to push a bead along a wire in the shape of the twisted cubic #(¢) = (t,£2, %)
from (1,1,1) to (2,4,8) ifthe forceis F= (z,2y,x).

a. 15

45
b.2

c. 30 Correct Choice
d. 45
e. 56

Solution: The velocity is v = (1,2¢,3¢2). On the curve, the force is F= (£3,262,1).
So F.V=0+48+3 = 8. So the work is
(2.4.8) > 2, 2 b
W= Feds=| F-vVdt=| 83dt=[2*] =30
J.(1,1,1) s J.l Y Jl [ ]1
10. Find the mass of the conical surface z = /x> +)? for z <4 if the surface density is
8 =z /x* +y*. The surface may be parametrized by R(r,0) = (rcos0,rsind,r).
SUGGESTION: Do problem 11 first.

a. M=128/2n  Correct Choice

b. M=64/27
c. M=128xn
d. M= 64r
e. M=82x

Solution: Onthe surface, z=r and Jx>+y> =r. So & =z /x*+y? =712

From problem 11, |K7| = Jr2cos20 + r2sin20 + 12 = r2.

The surfaceis z=r and z<4 So r<4.

So the mass is: M = ”chS - ”5|Xf| drdf = j;ﬂj:ﬂrﬁdrde - 2nﬁ[ ’ T - 128427
S

Jad
4 1o



Work Out: (Points indicated. Part credit possible. Show all work.)

11. (20 points) Find the flux “17" .dS of the vector field F = (11xz%,11yz%,z*) down and out through
the conical surface z = /x> +)? for z <4. Follow these steps:

Paramertize the surface as 73(1*,0) = (rcos@,rsinf,r).

a. Compute the tangent vectors:

i j k
5 _ 0R _ :
ér =5, ( cosf , sin@ , 1 )
5 _ R _ o
€= "2p ( rsinf , rcos6 , 0 N

b. Compute the normal vector and check, explain and fix the orientation:
N =3, x 8y = i(0 — rcosf) — j(— —rsinf) + k(rcos0 — —rsin20)
N = ( —rcosf —rsinf rooo)

This is in (x and y are negative in the first quadrant) and up (z is positive). We want down and out.
So we reverse it:

N= ( rcosf rsinf -r )
c. Evaluate the vector field on the surface:

F(R(r,0)) =( 11r°cosd , 117sing , r* )
d. Compute the dot product:

F+N = 11r*cos20 + 11/4sin%0 — 14 = 10r*

e. Compute the flux integral:

[[-dS = [[F-Ndras = jz jz 104 drdf = 27[2r5] = 457 = 40967



12. (20 points) Compute the integral _nydA over the

region in the first quadrant bounded by

y=1+x} y=3+x% y=4-x2 and y=6-x2

a. Define the curvilinear coordinates « and v by y=u+x*> and y=v-x2.
What are the 4 boundaries in terms of » and v?

u=1 u=23 v=4 v==6

b. Solvefor x and y intermsof u and v. Express the results as a position vector.

Add: y=u+x’+v-xZ=u+v y:uTJrv
Subtract: 0 =u+x2—vixl=u-v+2x? 22=v-u x=31Y
J2
> VVoUu yyy
R(u,v) = (x(u,v),y(u,v)) = | ——,—=—
(u,v) = (x(u,v),y(u,v)) ( 7 >
c. Find the coordinate tangent vectors:
2 —©OrR _(_1 -1 1
“ Ou 2/2 Jv—u 2
2. = OR _ 1 1 1
Yo 2/2 Jv—u’ 2
d. Compute the Jacobian determinant:
1 -1 1
oy) _| 22 vmw 20
o(u,v) 1 1 1 42 Jv—u 402 Jv—u 22 Jv—u
2/2 Jv—u 2

e. Compute the Jacobian factor:

L —
o(u,v) 22 v—u

f. Compute the integrand:

xy = SYou gy (u+v) v—u
2 2 2/2

g. Compute the integral:

”xydA J Js (u+v)évT 2ﬁ}m dudv = %J‘jjj(quv)dudv

—l u_Z : —L 6 _L 216 _l B _ _ 1
- 1 L[ L +uvL:1dV— ! j4(4+2v)dv_ Lavr)l, = L@4+36-16-16) =




