Name ID
MATH 253 Final Exam
Sections 501-503 Solutions

1. Find the angle between the line 7(r) = (3 +2t,-2,4 - 2¢) and the normal to the plane
y—z =4

o 20009

0°
30°
45°
60°
90°

Multiple Choice: (5 points each)

correctchoice

—

¥=(2,0,-2) N=(0,1,-1) V.-N=2

— T/)'N 2 1 9:600

N B2 2

Section

Spring 2003 | 11

P. Yasskin

1-10 /50 | 13 /10
/10 | 14 /120
12 /10

Work Out: (points indicated)

V| =J4+4 = /8

7] = 2

2. Find the volume of the parallepiped with edges A= (1,2,0) B = (2,0,4) and C = (0,3,-1).

a. —16
b. -8
C.
d. 8 correctchoice
e. 16
1 2 0
0 4 2 4
20 4 | =1 -
3 -1 0 -1
0 3 -1

= -12-2(=2)=-8 ¥

8

3. Find the equation of the plane tangent to the graph of f(x,y) = x*y +xy? at (2,1).
z-intercept is

20 009

-38
-28
10
35
48

correctchoice

file,y) =3x%y+3*  filx,y) = x° + 2xy
f2,1)=8+2=10 f(2,1)=12+1=13

fan@) = A2, D) +£:2, D& =2) +£2, D —1) = 10+ 13(x—2) + 12(y— 1) = 13x + 12y — 28

£2,1)=8+4=12




4. You are standing at the airport facing North. You look up and see an airplane circling clockwise
above the airport. At the moment when the plane is heading due East, in what direction does
the plane’s binormal point?

Up correctchoice
Down
North
South
West

7’points East. Since the plane is circling clockwise, Kfpoints North. So B = T x Xfpoints Up.

20T o

5. Suppose z = % where x = x(r,s) and y = y(r,s) are functions satisfying
_ ox - ox -
x(1,2) =3 G (1,2) =5 5s (1,2) =7
_ @ _ o4 _
y(laz) - 4 ar (192) - 6 aS (132) - 8
. oz _
Find o at (r,s) =(1,2).
=1
a. ¢
b. % correctchoice
1
c. 43‘
d.-Z
e. 1
Q:QQJFG‘Z@/ 6‘2‘ 0Oz _‘ 0Oz oy
or ox or Oy or or (12) ox lagal or lap W laal Or 1y
0Oz -1 Q‘ -1 0z - =X 0Oz - =3
ox Y Ox lga 4 o y? W lgs 16
0z _ 1 =3 ._20—-18 _ 1
o lan 47 7670 16 8
6. Compute ” dxdy over thering 9 < x?+y? < 16.
a. 27[111%6
b. 47r1n176
c. ﬂln%
d. 27rln% correctchoice
e. 4rl %

»”x iy dxdy = Jzﬂj —rdrd@ 2xlnr 227'[11’1%



7. If F= (xy,yz,zx) then V.F=

y+z+x correctchoice
y—z+Xx

v+z—Xx

(=y,2,—x)

(=y,—2,—x)

® 2000

V.F= Ox(xy) +0,(yz) + 0:(zx) =y +z+x

8. Compute j§(3x +4y)dx + (2x — 3y)dy counterclockwise around the edge of the rectangle
1 <x<4, 2<y<6. HINT: Use Green’s Theorem.

-36

-24 correctchoice
12

24

36

20 009

P =(3x+4y) 0=(2x-3y)
§(3x +4y)dx+ (2x - 3y)dy = §de + Qdy = ” %—g - g—)}jdxdy
- jzjj(z — M) dvdy = —2(drea) = 2(3 - 4) = —24

9. Compute the line integral §ydx —xdy counterclockwise around the semicircle x?>+y? =4
from (2,0) to (-2,0). HINT: Parametrize the circle.

-8
—A4r correctchoice

T
dr
8

20T

—

7(0) = (2cos0,2sinf) V= (-2sinh,2cosd) F = (y,—x) = (2sinf,-2cosh)
fydx—xdy - ﬁ-?de - j —4sin%6 — 4cos?0dO = —4rn
0



10. Compute Iﬁ-a{? for the vector field F = (%%) along the curve #(t) = (e, es())
for 0<¢< /m. Note: F= _V’(lnx+ Iny).

-2 correctchoice

200w
N o

7,.’(0) — (ecos(O)’esin(O)) — (8,1) ?(ﬁ) — (eCOS(ﬂ)’eSin(ﬂ)) — (%’1)

- _(Webo _ (fel) 1 _
jF-dg_ j(e,l) V(inx + Iny) - d5 = |:1nx+lny:|(e,l) = (lnL +mn1) - (ne+m1) = -2

11. (10 points) Find 3 positive numbers x, y and z, whose sumis 120 such that
flx,y,z) = xp?z* is a maximum.
METHOD 1: Lagrange Multipliers:  x+y+z =120
f=xy*z _V'f: (0%z3,2xyz3, 3xy%z?) g=x+y+z _V'g: (1,1,1)
%f: /ﬁg = yz2P=A 2z =A 3xp2P=1 = ¥z =2yz, 2 =3x?%
= y=2x, z=3x = x+y+z=x+2x+3x=120 = 6x=120 = x=20
x=20, y=40, z=260

METHOD 2: Eliminate a Variable: x+y+z =120
x=120-y-z = f=(120-y-z)y?z® = 120y°z° -3z — 224
Sy =240yz° = 3y?23 —2yz* = 0 240-3y-2z=0

> = 3601222 = 3y322 —4y?z3 = 0 360-3y—4z=10
Subtract: 120-2z=0 = z=060

Substitute back:  240-3y-120=0 = y =40

Substitute back: x =120—-y -z = 120 -40 - 60 = 20



NN

12. (10 points) At the right is the contour 7 \ W s
. : \\ \__________'_'_'_"____... 4
plot of a function f(x,y). If you start 6- N\ "--u...____-.. o
atthe dotat (5,6) and move so that ] \

your velocity is always in the direction
of _V'f, the gradient of f, roughly
sketch your path on the plot.

1 2 3 4 5 6 7 8

You are to draw a curve which starts at the dot, comes down and curves to the right, always
perpendicular to each contour it crosses.

13. (10 points) Find the volume and
z-component of the centroid (center of

mass) of the solid between the surfaces

32

z=(x2+)?) and z=28.

V= jzjz [ rdzdrdo = 2 J‘zl:rzjlz_r3 dr = 21 jz(Sr— r*)dr

:27r|:4r2—i:|2 - 2n(16-32) =30n(1-2) - 2z

In cylindrical coordinates: 3 <z < 8. So 0<r<2.
8

5 1 5 5 5
z-mom= Jjn jz Ii zrdzdrdd = 2r Ji[r% :|j_r3 dr=r J.z(64r —rdr
- 7r|:32r2 - % }Z — 7(128 = 32) = 967
z= ZMOM g6, 5 _5

v 961



14. (20 points) Use 2 methods to compute ”17“ .dS for
C

—

F = (5xz,5yz,z*) over the conical surface C given by
z = Jx*+y* <3 with normal pointing down and out.

a. (7 pts) METHOD 1:  Compute ”7«* . dS directly as a surface integral using the

C
parametrization R(r,0) = (rcos6,rsinf,r).

HINT:Find 2. ¢, N and F on the cone.

f ik
¢, = (cosh sinf 1) N =3, x 8y = (-rcosf,—rsin6,7) N is up and in.
ég = (-rsin@ rcosf 0) Reverse it N = (rcos6,rsin,—r)

On the cone, F = (5xz,5yz,2z%) = (5r% cos6,5r%sin0,r?)

jcjz? . dS = jzﬂjZZ"-Tvdrde _ jz”ﬁ(sﬁ 0520 + 513 sin260 — 1) dr d) — jzjz 43 drdb
= 27|} = 1627

b. (13 pts) METHOD 2:  Compute ”17“ . dS by applying Gauss’ Theorem
C

”j% CFaV = ”77 .dS to the solid cone ¥ whose boundaryis oV =C+D
Vv oV
where C is the conical surface and D is the disk at the top of the cone.
For the volume use cylindrical coordinates. dV = rdrdfdz VeF=5:+52+2z =122

J.}U% CEdV = Izﬂ IZ Ij 12zrdzdrdf = 2r IZ[6zz]i rdr =2r IZ(54 —6r2)rdr

3 3
=2 [ Gar—6r3)dr = 27[ 272 — 6L |7 = 21 (35— 32} = 357 = 2431
4 2
0 0

Parametrize the disk as ﬁ(r,@) = (rcos6,rsinf,3).

A~

i J k
é, = (cos® sinf 0) N = é, x ég = (0,0,7) N is up as required.
eg = (-rsinf rcosf 0)

Onthe disk, F = (5xz,5yz,2) = (15rcos0, 15rsin6,9)

Lﬁ.d?s*: jj”ﬁﬁ.ﬁdrde - jjjz 9rdrdy = 22~ Z ~ 8ln

Apply Gauss’ Theorem: ”77 .dS = ”J_V) CEdV - ”17“ . dS = 2437 - 811 = 1627
C 14 D



