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MATH 253 Final Exam Fall 2003
Sections 504-506 Solutions P. Yasskin
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Multiple Choice: (5 points each)  Work Out: (points indicated)
1. Find a parametric equation of the line tangent to the curve #(0) = (2cos6,2sin6,0) at the point
(-2,0,7).
a. X(t) = (-2¢,-2,1 + 1)
b. X(¢) = (-2,2t,m+1) correctchoice
c. X(¢t) =(2t-2,0,r+1)
d. X(#) = (0,-2t-2,m+1¢)
e. X(t) = (-2t-2,0,1+ mt)
7(0) = (2¢0s0,2sin6,0) = (-2,0,7) at 0 = x.

v(0) = (-2sinf,2co0sH,1)  V(x) = (0,-2,1)
X(1) = (<2,0,7) + 10,-2,1) = (=2,2t,7 + 1)

2. The density of the fog is given by p = 30 —x2 —y? —z. If an airplane is at the position
(x,y,z) = (2, ﬁ,4), in what unit vector direction should the airplane initially travel to get out of

the fog as quickly as possible?

- (T 707
710 10

e. (i, 2y2 %) correctchoice

m‘

Vp = (-26,-2p,-1)  Vp(2,42,4) = (-4,-2/2,-1)
To decrease the density, the airplane should travel in the direction

Vp(2,42,4) = (4,242,1).

Since |—§p| = J16+8+1 =5, the unit vector direction is (%,%, %)




3. Find a parametric equation of the plane tangent to the surface ?e(r,e) = (rcos6,rsinf,0) atthe
point where (r,0) = (2,7).

X(s,t) = (-1,0,0) + s(-2,0,7) + #(0,-2,1)

X(s,t) = (1,0,0) + s(2,0,7) + #(0,2,1)

X(s,t) = (0,-2,1) +s(-1,0,0) + #(-2,0,7)

X(s,t) = (-2,0,7) +s(-1,0,0) + £#0,-2,1) correctchoice

e. X(s,1) = (2,0,7) +s5(1,0,0) +1(0,2,1)

2 o T o

R(2,7) = (2cosx,2sinm, 1) = (-2,0,7)

e, =( cosh, sinb,0) ¢e.2,m)=( cosm sinz,0) = (-1,0,0)

ég = (-rsinf,rcosh,1)  €p(2,7) = (2sinm,2cosm, 1) = (0,-2,1)
X(s,t) = Zé(Z,n) +se.(2,m)+tee(2, ) = (-2,0,7) +s(=1,0,0) + #(0,-2,1)

4. Find the non-parametric equation of the plane tangent to the surface ?e(r,e) = (rcos6,rsinf,0)
at the point where (»,0) = (2,7).

a. y+2z=2n correctchoice
X =-2y+z

xX+2y-z=-2+nm
Xx-2y—-z=-2+n1

® &2 06 T

—-v+2z=2n
From#3, P=R2,7)=(-2,0,1), & =(~1,0,0) and & = (0,-2,1). So
PGk
N=2é xé=|-1 0 0|=0i0)-j-)+k2)=(0,1,2) N-X=N-P y+2z=2x
0 21
5. Find the non-parametric equation of the plane tangent to the surface x?y? +x2z2 +y%z> = 49 at
the point (1,2,3).

13x+ 10y + 5z = 48

13x - 10y +5z =8

13x + 20y + 15z = 98 correctchoice
13x — 20y + 15z = 18

39x + 20y + 5z = 94

2 0 T o

f=x?+x222+y*22 P=(1,2,3)
%f: (Qxy? + 2xz2,2yx? + 2yz2,22x% + 2zy?) N = _V'f(P) = (26,40,30)
N-X=N-P 26x+40y+30z=26-1+40-2+30+3 =196  13x+20y+ 15z = 98



6. Find the non-parametric equation of the plane tangent to the graph of the function z = x?y + x?
at the point (2,1).

o

z=5x+8y+6

b. z=-5x-8+6

C. z=5x+8y—-12 correctchoice
d z=-5x-8y+24

e. z=5x+8y—-6

fx,y) = x%y +xp? felx,y) = 2xy + 2 fr(x,y) = x* + 2xy
f2,1) =6 £i2,1) =5 £,02,1) =8
2=, D) +£2, D=2 +£2, 1D -1)=6+5x—-2)+83—1) = 5x+8y— 12

7. The point (1,1) is a critical point of the function 7= 4xy—x*—y*. Using the Second
Derivative Test, we find

a. (1,1) is a local maximum. correctchoice
b. (1,1) is a local minimum.

. (1,1) is an inflection point.

(2]

o

. (1,1) is a saddle point.

e. the test fails.
fi=4y—-4x  f,=4x-43 fou=-12x> f,=-122 fy, =4 D= 144x>?-16
D(1,1) =144-16 =128 >0 f(1,1)=-12<0 So (1,1) isalocal maximum.

0
8. Compute I 2xdx +2ydy + 2zdz along the straight line from P = (1,2,2) to QO = (3,4,12).
P

a. —-10
b. /10
10

d. 108

o

e. 160 correctchoice

Let F = (2x,2y,2z). Then F = 3/ where f=x?>+y?+2z%2. So bythe FTCC,

jgzxdx+2ydy+2zdz - jfﬁa?: jf‘v'fﬁ:ﬂg) _AP) = (9+ 16+ 144) — (1 +4+4) = 160
.



9. Compute §2xdx + 2xydy counterclockwise around the boundary of the rectangle 1 <x < 4,

2<y<4
a. 6
b. 18
c. 24

d. 36 correctchoice

e. 72

By Green’s Theorem:

§2xdx+ 2xydy = J’j j?@x(2xy) - 0,(2x)dxdy = Jj J’j 2ydxdy = j? 1 dx Jj 2ydy = 3|:y2:|2 =36

10. Find the area of one petal of the 4 leaf rose r = sin(46).
The petal in the first quadrant.is shown.

a. L6 correctchoice

[S—

o c
NS

o
NN

e.

r=sin(40) =0 at 40=r71 or 9:%

sin(460)

4=([1a4 = IZMJ:H(M)rdrdO _ j;ﬂ[%]o do = 1 jZM sin®(40) do

_ ljm 1 — cos(80) o — L|:9_ sin(86) :|”/4 _
2 Jy

2 4 g ], 16




11. (10 points)) Find the point in the first octant on the graph of xy?z* = 32 which is closest to

the origin.
HINTS: What is the square of the distance from a point to the origin? Lagrange multipliers are

easier.
Minimize f=x?+3%+z> subjectto g=xp’z*=32.

Method 1: Lagrange multipliers:
%f: (2x,2y,2z) _V)g = (y?z*,2xyz*, 4xy*z3)
Vif=WVg = 2x=217%% 2p=220z% 2z=24q2

_ 2x _ _1 _ 1 2 _ .2 2 _ .2 _ _
)“_y224 R _2xy222 = 2x° =y, 4x” =z = J/—ﬁxa z=2x

32 = xy’z4 = x(ﬁx>2(2x)4 =327 = x=1 y=J2 z=2

Method 2: Eliminate a variable:

o 32 f= 210 £ )2 422

1224 3478
fy:—y251228 +2y =0 fz:—y241239 +2z2=0 = pb2% =21 yiz10 =212
4,10 ) g
= 22—);6228 Z;—z = z=J2y = y6<ﬁy> =211 = =727
_ _ _ 32 _ 25
= y—ﬁ z=72 x—y224—2.24—1

12. (20 points) Verify Gauss’ Theorem ”j% LFdV = ”17" .dS
14 ov

for the vector field F = (xy%,yx%,z%) and the volume
above the cone z = /x> +3?> and below the plane z = 2.

Use the following steps:

a. Compute the volume integral:
_V)-I_*L:y2+x2+3zz = r? + 322

2
dr = 277.'j 2r3 +8r) — 2r*) dr
0

z=r

_ fad 2_2_r5}2_5 1 .1 4N _ s (5+10-8Y\ _ 7-2% _ 112
—27r|:2+4r L 0—27r<2+1 5)_27:( 1o S

I}U% CEdV = Jjn Jj jj(rz +3z%)rdzdrdd = 21 jj[ﬁz +z3r:|2




b. Compute the surface integral over the cone using the parametrization
??(r,@) =( rcos@ , rsinf , r ).
e, =( cosh |, sin@ , 1 )

ég=( —rsind , rcosd , 0 )

N = i(-rcos@) — j(rsinf) + l}(rcosze +rsin?0) = (-rcos@,-rsind,r)
Reverse orientation

N = (rcos6,rsinf,—r)

ﬁ(fé(r,@)) = (xy2,yx2,2%) = (¥ cosOsin?0,r* sinh cos?0,r>)

- — - o 2z 02 . .
”F - dS = ”FoNdrdO = j j (r* cos?0sin%0 + r*sin%0 cos?0 — r*) dr d
. k 0 Jo

2 2 5 72
_ 4 2 29 _ | I _ __43
= Ior drjo (2sin“fcos“0 —1)db |: 3 :|0<24 27[) 5T

c. Compute the surface integral over the disk using the parametrization
?3(1/,9)2( rcos@ , rsinf , 2 ).

e, =( cosh sinf , 0 )
ég=( —rsin@ , rcosd , 0 )
N = #(0) = (0) + k(rcos?0 + rsin29) = (0,0,r)

?’(fé(r,@)) = (xy2,yx2,2%) = (r* cosfsin?0, 7> sinf cos?0, 8)
— — - o 2r 02 2
. = . = = 2 =
J[Feds=[[F-Ndrdo = [ [ 8rdrdo = 2n[4r ] = 32n
D C
d. Compute the surface integral over the total boundary:

J‘J.??-dgz ”?’d§+”ﬁ’d§= —45—87r+327r = lsﬁﬂ
ov C D



13. (20 points) Verify Stokes’ Theorem H_V> x F+dS = f#; F-ds
H oH
for the vector field F = (y,—x,xz + yz)

and the hemisphere z = ,/9 —x?—)?.

Use the following steps:

a. Parametrize the boundary curve and compute the line integral:

7(0) = (3cos@,3sinh,0)
V(0) = (-3sinb,3cosh,0)

FG(0)) = (35in0, -3 cosh,0)

§F i = jz”?-we _ jz”—9sin29— 9c0s20d — —9]? do = —187
OH

b. Parametrize the surface and compute the surface integral:

72((,),9) = ( 3singpcosf, 3singsinf, 3cose )

é, = ( 3cospcosf, 3cospsing, —3sing )

ég = ( —3singsind, 3singcosd, 0 )

N = i(9sinpcosf) — j(~9sin2@sin6) + k(9sin @ cos ¢ cos? + 9sin @ cos ¢ sin20)

= (9sin?¢pcosf,9sin’psind,9sinpcos @)

ik
VxF=|0o, 8, & = i(z) = j(2) + k(=1 = 1) = (z,-2,~2) = (3cos,~3 cosp,~2)

Yy =X xz+)yz
— - — - - 2w pm/2 . . . .
”VxF-dSz”F-Ndrd@zj I (27sin?¢p cos ¢ cos O — 27 sin’p cos @ sinf — 18sin @ cos @) dp do
0o
H H

2r pw/2 2r 2
= j (—18sin¢@cos @) dp do becausej’ cosfdo = I sinfdf = 0
0 Yo 0 0

2 ) /2
= 27tj (—18sinpcos)dp = 361 S =—18n
0 2,



sin(20) = 2sinfcosd cos(20) = cos?0 —sin?0 = 2cos?0 — 1 = 1 —25sin’6

Sin’Ad — 1 —cos(24) cos?A — 1 + cos(24)
2 2
2r 2
j sin20d0 = j cos20d = 1
0 0

2 . 3 2 3 2 .
jo sin*0do = I jo cos*0do = I jo sin20cos20dl = —rn

Bf—



