Name ID Section

MATH 253 Final Exam Spring 2004
Sections 504-506 Solutions P. Yasskin

On the front of the Blue Book, on the Scantron and on this sheet

write your Name, your University ID, your Section and "Final Exam."
On the front of the Blue Book copy the Grading Grid shown at the right.
Enter your Multiple Choice answers on the Scantron

and CIRCLE them on this sheet.

Multiple Choice: (5 points each. No part credit.)

1-10 /50
11 /5
12 /15
13 /130

Total /100

1. Find the area of the parallelogram with vertices (0,0,0), (4,2,3), (5,4,3) and (1,2,0).

a. J8
b. 8
c. 3

d. 9 correctchoice

e. 81
7

WxV=(4,2,3)x(1,2,0) = | 4
1

AT NS I
S WO

i xV)=J36+9+36 =81 =9

= 1(=6) — 3(=3) + k(6) = (-6,3,6)

2. Find the equation of the line perpendicular to the hyperboloid xyz = 6 at the point (1,2,3).

a. 6x+3y+2z=18

b. x+2y+3z=14

(2]

. (e,y,z) = (1 +61,2—-31,3+2¢)

o

. (ey,z) =(6+1,3+2t,2+3¢)

. (p,z) = (1+61,2+3t,3+2t) correctchoice

o

P=(1,23) F=xyz VF=(zxzxp) N:‘V’F|(123):(6,3,2)

X=P+N=(1,2,3)+1(6,3,2) = (1 + 66,2+ 32,3 +21)



3. Find 22 , giventhat z=x?y2-x3y where x=x(u,v) and y=y(u,v) satisfy

5\/ (374)
— Ox _ ox -
X(3,4) = 1 & ‘(3’4) o], =6
Oy Oy
3,4) =2 = =7 = =5
y( ) al/l (3.4) 5\/ (3.4)
a. -3

b. 3

c. 27 correctchoice

d. 27

e. 153

oz _ 2 _ 1,2 _Q_f — 0Oz — 992y — 3 —4_1=
o (1’2)—2xy 3xy|(1,2)—8 6=2 o - 2x°y x|(l,2) 4-1=3
&‘ :i‘ ﬂ‘ Loz D L9.643.5=27

v lea Oxlazovice 0 luy v iga

4. At +=0 abikerisat 7= (2,5) and has velocity v = (2,1) where distances are measured
in meters and time is measured in seconds. The biker measures thatat =0 the temperature
is T(2,5) = 60° and the gradient of the temperature is _V'T(2,5) = (3,4)°/meter. What is the
rate of change of the temperature at r = 0 seen by the biker?

HINT: T(x,») gives the temperature as a function of position and 7#(¢) = (x(¢),y(t)) gives the

position of the bike as a function of time. So the composition T(#(¢)) gives the temperature as
a function of time.

a. 10 correctchoice

b. 5

c. V5

d. 300

e. 12

dTCO) _Gr. & _ 3.4y 2.1) = 10

dt dt



5. The function #Ax,y) = x*>y?> —8x—4y has a critical pointat (x,y) = (1,2) which, according to
the Second Derivative Test, is

a. alocal minimum.

b. alocal maximum.

c. a saddle point. correctchoice

d. an inflection point.

e. The Second Derivative Test FAILS.

fi=2x°2-8 f,=2xy—4
S = 2)’2 Sy = 2x? Sy = 4xy D = fufyy _fxy2
fu(1,2)=8  fu(1,2)=2 f,(1,2)=8 D=8.2-8=-48 saddle

6. Compute jsz dA over the region between the parabolas y =4-x?> and y=8-2x2.

a.

(=2
—|— — O\ —
Y SR R
o0

cC. correctchoice
256

d. 5
_ 256

e. —15

Find where the parabolas intersect: 4-x>=8-2x? = x?=4 = x=%2

J.J.xz dA = Izz IS_ZX2 x> dydx = J~22|:x2y:|82x2 dx = J~22 x2[(8 —2x2) — (4 —x2)]dx = .[22 x2(4 — x*)dx

4-x2 y=4—x?

[Leeema- (A5 -] o[- R ]eit - B



. _ [[Ta4
7. Find the average temperature 7 = ~———
[[ a4

hottest in the center and the temperature decreases toward the edge according to
T = 133°-3r.

of a frying pan which is 4 inches in radius if it is

a. 58.5°
b. 125° correctchoice

c. 127°
d. 141°

e. 20007°
ad =" rardo = 22[ 21 —16x  OR 4= R = 74* = 161
0o Jo 2 o
[[Tda = jz’rr(m _3r)rdrd) = 2n[133ﬁ —r3:|4 = 27(133 - 8 — 64) = 27(1064 — 64) = 20007
0 0 0

2

= _ 2000 _ qrco
T = 20T _ 125

(e1n32)_,
8. Compute j(llnm .ds where F = (vz,xz,xy) along the curve 7(t) = (e*',In(1 +¢),1).

HINT: Find a scalar potential for F and use the Fundamental Theorem of Calculus for
Curves.

a. 2eln3

b. 2¢ln3 —1n2 correctchoice

c. 2¢ln2 —In3
d. In2
e. In2 —2¢eln3

;!‘:(yzxzxy)zef for f=xyz. So

j(c In3,2) ? (e,In3,2) v

vds = | feds = fle,In3,2) —f(1,In2,1) = 2¢ln3 — In2

(1,1n2,1) (1,In2 1)



9. Use Green’s Theorem to compute §(xy2 +e¥¥ ) dx + (3x%y + cos(y*))dy counterclockwise
around the boundary of the region between the parabolas y = x> and x = 2.

=2

a. 3
=1

b. 3

c. 0

d. % correctchoice
2

e. 3

By Green’s Theorem,
§v? + e v + (337 + cos(p?) ) dy = H(%@xzy +cos(y?)) — a—ay(xy2 +edF )) dx dy
1o/ 1 - 1
= jj(6xy— 2xy)dxdy = j j dxydydx = j |:2xy2:|f2dx = j (2x? — 2x%) dx
09 x? 0 y=x 0

:|:2x3_£:|1 _ 2 1 _1
x=0

1
3 3 3 3 3
10. Use Gauss’ Theorem to compute ”17“ .dS for F= (x3z,13z,x%> +y?) over the total surface
of the cylinder x*>+3y> <4 for 0 Sag < 3.

a. 36m
b. 4871
c. I2x
d. 96r

e. 108z correctchoice

By Gauss’ Theorem, ”7«* .dS = J.”_V' .FdV. Use cylindrical coordinates.
oc C

—

V.F=3x22+ 3y%z = 3r’z

j{j‘v’ BV = jz”jjjz 312z rdedrdd = 67{%}2[%}2 — 6x(4)(2) = 1087



11.

Work Out: (15 points each. Part credit possible.)

Start each problem on a new page of the Blue Book. Number the problem. Show all work.

(5 points) At the right is the contour
plot of a function fx,y). The contours
are labeled by the function values. If you
start at the cross at (-6,4) and move
so that your velocity is always in the
direction of _V)f, the gradient of f,
roughly sketch your path on the plot.

You are to draw a curve which starts at
the cross, comes down and curves to
the right, always perpendicular to each
contour it crosses.




12. (15 points) A church window will have the shape of a rectangle
with an isosceles right triangle on top. The area of the window is
tobe 4=1+2y2. Since the window frame will be gold plated,
we want to minimize the perimeter of the window. What are the
dimensions of the rectangular part of the window which minimize
the perimeter of the whole window?

You MUST use the method of Lagrange multipliers.

HINT: If a isthe height of the rectangle and 5 is its width,

then -2 isthe length of each slanted side of the triangular top.

J2
Let a be the heightand 5 be the width of the rectangle.
The area is constrainedtobe 4 = ab + %2 =1+2/2

and we wish to minimize the perimeter P = 2a+ b +2b/\/2 = 2a+ b+ J2b.
- B - B Q
VP = (21+42) VA= (ba+d)

The Lagrange equations are: VP =AVA = 2=2b and 1+ 42 = l(a+ %

ﬂ,zlzﬂ = 2(a+%>:<l+ﬁ>b = 2a+b=b+2bh = azi

b an b o

2

2
Substitute into the constraint: b b+b—2:l+2ﬁ = 2J2b +b—2:1+2ﬁ
2 4 4 4
= L@r+)=1+22 = p-4 = b-2 = azﬁzﬁ



(30 points) Verify Stokes’ Theorem ”_Vb xFedS = ff F-ds
¢ oc

for the vector field F = (=y,x,x>+1?) and

the cone z=3- /x*+)* >0 oriented up and out.

Use the following steps:

a. Parametrize the boundary curve and compute the line integral.

Successively find: 70), ¥(©0), FG®O)), fff?-d?
oC

#0) = (3cosh,35sin6,0)
V(0) = (-35sin6,3cos6,0)
F(#©0)) = (=35in6,3¢c0s0,9)

N 2w - R 2 . 2
§F.d§:j F.vdezj 9sm20+9cos20d9=j 9d0 = 187
o 0 0 0

b. The cone may be parametrized by 73(;30) = (rcosf,rsinf,3 — r). Compute the surface
integral:

Successively find: ¢,, ¢, N, VxF, _V’xﬁ@(r,e)) Hexﬁ-dg
C

i j k
e, = ( cosh, sinh, -1)
ep = (—rsinf, rcos6, 0)
N =3, x 8 = i(rcosd) j(—rsinB) + k(rcos20 + rsin0) = (rcos0,rsin6, r)

Xf has the correct orientation.

P k
VxF=| 2 2 2 |0 -j20) +k(1+1) = (21,-2x,2)
ox Oy 0z >
-y, X, x2+)?
V< F(R(r,0)) = (2rsin6,—2rcos0,2)

-

x F+ N = 2r2sin0cos0 — 22 cosOsin6 + 2r = 2r

—

v
.[C VxF-dS=— J.CJ.% x F+ Ndrdf = J'z”J'erdrde _ 27r[r2]j:0 _ 187



