Name 1D
MATH 253 Exam 2 Spring 2007
Sections 501-503 Solutions P. Yasskin

Multiple Choice: (5 points each. No part credit.)

1. Find the equation of the line perpendicular to the graph of
Xyz—x?-y?-2z? = -8 atthe point (1,2,3).

Where does this line intersect the xzplane?

a. (-7,0,-5)
b. (-7,0,11)
c. (9,0,-5) Correct Choice
d. (9,0,11)
e. (50,-1)

Let F=xyz-x2-y2-2z2.  Then OF = (yz—2x,xz— 2y,xy—

Then the normalat P = (1,2,3) is N = ﬁF|P = (4,-1,-4).

1-8 /40 | 11 /15
9 /5]12 /15
10 /15 | 13 /15

Total /105

22).

This is also the tangent vector to the perpendicular line. So V = (4,-1,-4).

So the perpendicular lineis X = P+tV = (1,2,3) + t(4,-1,-4)
X=1+4t y=2-t z=3-4

This intersects the xzplane when y=0 or t=2.

So x=1+4t=9 and z=3-4t=-5

2. The point (x,y) = (1,2) is a critical point of the function f(x,y) = (x*> +y? - 4)? - 4x - 8y.

Use the Second Derivative Test to classify it as a

local maximum

local minimum  Correct Choice
inflection point

saddle point

Test Fails

® 2 0 T 9

fx = 2(X2+y2_4)2X_4 fy = 2(X2 +y2_4)2y_8
fo = 202020+ 200+ 42 Ty, = 22Y)2y + 202 +y2 ~ 42

D = fufyy — fiy? = 12.36-162 = 176 >0  local minimum

or

fx(1,2) =f,(1,2) =0
fxy = 2(2y)2x
fx(1,2) =8+4=12>0 f,(1,2) =32+4=36>0 f(1,2) =16




3. Find the center of mass of the triangle
with vertices (0,0), (1,1) and (-1,1)
if the mass density is p =.
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4. Compute H(x2+y2)dA over the region bounded

by the polar curve r =6 andthe x-axis.

a. g—g Correct Choice
b. 7{—%
c. f—g
d. %3
e. %

by symmetry, Useay-integral. 0<y<1

X==-y X=Yy

y3

X
M= [[paa= [o[' yoxay=[\[w]_ dy=2],yiay=2 %
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5. Find the mass of the 1/8 of the solid sphere x2+y?+ 22 < 16 in the first octant
if the mass densityis 6 =z

64r

16z  Correct Choice

8

4

T

M = [[[6dv = [[[zdv = jg’zjg’zjzp(cos<p)p2(sjn<p)dpd<pd9

. 7l2 4 14
_(nl2 nl2 . 4 34y = I sin®gp p =13
_J'O dej'o cos¢sn¢d¢fop dp 2[ 2 L:o[ 4 } ) 2 24 16x

® 2 0 T o

6. Find the volume of the solid between the cone z = 2,/x?>+y? and the paraboloid z=8-x?-y?2.
HINT: Find the radius where the cone and paraboloid intersect.

a. 30«

80r
b. =5
40r
C. 3

20r
d. 5
10x
3

z=2r=8-r2 r2+2r-8=0 (r-2)r+4)=0 = 2sincer > 0.
V= [[[1dv = jf)”jf)jjr"zrdzdrcp = 2n [*[12]"7 dr = 2 [*r(8 - 12 - 2r)c

Correct Choice

e.

= 2nj§(8r —r3-2r2)dr = 27r[4r2 - % - %3120 = 27(16-4- %) = 40

7. Compute ” F.dS for the vector field F = (z.z,x+y) overthe surface S which is parametrized
by R(u V)= (u+v,u-v,uv) for 0su<2 and 0<v<3 andoriented along N =8, x &,

a. —60
b. -12
c. 0
d. 12  Correct Choice
e. 60
T 7 k
R(U,V) = (U+V,u—V,uv) é&=( 1 1, v)

é&=( 1 -1, u

N=8x8 =i(u+Vv)-ju-v)+Kk=1-1) = (U+v,v-u,-2)
F= (zzx+Yy) ﬁ(ﬁ(uv)):(uvuv2u) IE-N:uv(u+v)+uv(v—u)+2u(—2)=u(2v2—4)

[J.F-ds=[[F(Ruv)) -Ndudv= Hu(2v2 4)dudv= [2 }0[%3—4\/} = (2)(18-12) = 12



8. Compute HC F.dS for the vector field F = (xzyzz?) over the cylindrical surface x?>+y? =9 for
0 <z< 2 oriented outward.

a. 18r

62
b. 371

c. 21x

124
d. =3 T

e. 36r  Correct Choice
i j k
R(0,2) = (3cos0,3sinb,2) € = (-3sin6, 3cosh, 0)
&=( 0 0 1)
=8 x &, = 1(3cosh) - j(-3sin) + k(0) = (3cosh, 3sinv,0)
= (xzyz 2%) ﬁ(ﬁ(@,z)) = (3zcosh, 3zsing, z%) F.N = 9zc0s?0 + 9zsin%) = 9z

T 21

[ F-d8=[[F(R0.2) -Naodz= [* [~ ozctdz= 9(2”)[2_22}2 = 36

Work Out: (Points indicated. Part credit possible. Show all work.)
S Sy, S T
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9. (5 points) At the right is the contour 7 \\\\\§\>.:: jp—— M

plot of a function f(x,y). If you start et A
at the dot at (5,6) and move so that
your velocity is always in the direction 5 ‘ Y. -~

of OIf, the gradient of f, roughly
sketch your path on the plot.

NOTE : The numbers on the right are
the values of f on each level curve.

1 2 3 4 5 6 7 8

The curve starts at (5,6) goes down and curves to the right towards higher values of the function
f, always perpendicular to each level curve. It should not go up.



10. (15 points) An aquarium in the shape of a rectangular solid has a base made of marble which costs
6 cents per square inch, a back and sides made of mirrored glass which costs 2 cents per square
inch and a front made of clear glass which costs 1 cent per square inch. There is no top. If the
volume of the aquarium is 9000 cubic inches, what are the dimensions of the cheapest such

aquarium?

Let x be the length side to side, y be the width front to back, and z be the height.

The costis  C = 6xy+ 2(xz+ 2y2) + 1xz = 6xy + 3xz+ 4yz
V = xyz = 9000

C = bxy + 27000 4 36000

The volume constraint is which we solve for

So the cost becomes

We want to minimize C. So we set the partials equal to zero:
Cx = 6y - —3‘5)200 =0 Cy = 6x— —27;)200 =0
6000

(= 27000 _ 4500  _ _ 4500x* _ 1
X2

6y? (6000 )2 ~ 6000.6000 8000
X2

Cancelan x and solve for x then y and z

1= - 6000 - 6000 - g

X2 400
|x=20 y=15

X4

y:

X3 -
gooo’ X~0 Y
So the dimensions are:

z=30

11. (15 points) Compute nydA over the "diamond"

shaped region bounded by the curves

zZ=

, = 9000 _ 9000 _
Xy 300

y2_X2 =4
y?-2x> =1
HINT: Let u=y?-x?

U-Vv=y2-x?>-y?+2x% = x2
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y>-x> =16
y>—2x? =4
and v =y?-2x2

2u-Vv=2y2-2x2 -y +2x2 = y?
2/u=vV  2/2u-v
-1 -1
2JU=V  2J2u-v
-1 2

- -1

ou
ay

ov
_ 1

X =

_ 9000
Xy

30
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u-v y=4J2u-v

2/u=v
Xy= /u-vy2u-v

:‘1

[Poyans [ u=v =, 2

2/2u-v  2J2u-v 2Ju-V
4<u<l6 l<sv<4

4/U-VJ2u—-v

4/u=-v.,J2u-v

4 16
dudv= J.1J‘4 %dudv= %(16—4)(4—1) =9



12. (15 points) Find the average temperature on the hemisphere surface x?+y?+2z? =9, with z> 0,
if the temperatureis T =1z

fdS
NOTE : The average of a function f is f_ . = Hjﬁ HINT: Parametrize the hemisphere.
i j k
ﬁ((p,e) = (3singcosh,3singp sind,3cose) €, = (3cospcosh,3cospsingd,—3sing)

&y = (-3sinpsing,3sinpcosd, 0 )

—

N =&, x & = 1(9sin2p cosf) - j(-9sin2p sing) + k(9sing cosp cos?h + 9sing cosp sinZ0)
= (9sin?p cosh,9sin?p sinf,9sin¢ cose)

|KI| = /81sin*pcos?0 + 8Llsin*psin®0 + 81sinpcos’p = 9sing
2n rml2
Jas=["[;

[[Tds= J'EEJ'Z/22|RI| dpdo = J.EEJ.Z/Z\%COS(DQSin(pd(Dd@ =27- Zn[ sin‘p ]ﬂz = 27rn

Kl| dpdf = J‘sﬂ IZ/29§n¢d¢ do = 18r  (Area of hemisphere = %(471R2).)

2

=0

13. (15 points) Sketch the region of integration and then compute the integral j(l) J‘; x3 cos(y?) dy dx

%0 o5 10 %0 05 10
Reverse the order of integration:

1p1 4 3 S A 3 _ [ x4 1Y _ 1y_2 3
Ioszx cos(y®)dydx = _[OIO x> cos(y®)dxdy = _[0[ 7 cos(y )]Xzody— _[0 7 cos(y®) dy
Substitute: u=y® du=3y?dy ydy= %du

11 4 3 _ 1 _ 1 g :L'31:L'
] xecosty®)dydx= <L [ costu)du = - sin(w) 123m(y)|0 Lsin1



