Name ID Section 1-5 /40 | 8 120
MATH 253 Honors Final Exam Fall 2002 | 6 /10| 9 /10
Sections 201-202 Solutions P. Yasskin 7 /10 | 10 /10

Multiple Choice: (8 points each)  Work Out: (points indicated)

1. Find the volume of the parallelepiped with edges # = (1,0,3), v = (0,2,-1) and
W= (2,0,2).

a. &

b. 4

c.

d. 8 correctchoice

e. 16
1 0 3

V=[i-vxw =102 -1 ||=]8=8
2 0 2

2. Duke Skywater is flying the Millenium Eagle through a polaron field. His galactic coordinates
are (2300,4200,1600) measured in lightseconds and his velocity is v = (.2,.3,.4) measured
in lightseconds per second. He measures the strength of the polaron field is p = 274
milliwookies and its gradientis Vp = (3,2,2) milliwookies per lightsecond. Assuming a linear
approximation for the polaron field and that his velocity is constant, how many seconds will
Duke need to wait until the polaron field has grown to 286 milliwookies?

2

3

4

6 correctchoice
12

® 200y

The derivative along Duke’s path is

dap _ > -_V'p _(2..3.4) lightseconds (3.2.2) rT1|II|wook|es 64648 =2 milliwookies
dt second lightsecond second

So the polaron field increases 2 milliwookies each second.
To increase 12 milliwookies, it will take 6 seconds.



3. Find the plane tangent to the hyperbolic paraboloid x = yz atthe point P = (6,3,2). Which
of the following points does not lie on this plane?

(-6,0,0)

(0,3,0)

(0,0,2)

-1,1,1)

(1,-1,-1) correctchoice

o 20009

Let fiy,z) =yz. Then f,=z and f.=y

Atthe point (1,z) = (3,2), we have f(3,2) =6,£(3,2) =2 and f.(3,2) =3.

So the plane tangentto x = fly,z) at (y,z) = (3,2) is

x = fin(,2) = f3,2) +£,3,2) (0 =3) +£:(3,2)(z—2) = 6 +2(y = 3) +3(z—2) or x=2y+3z-6
Plugging in each point, we find (1,-1,—1) is not a solution.

4. A airplane is circling with constant speed above Kyle Field along the curve
7(t) = (cos(8xt),sin(8x¢),2) where distances are in miles and time is in hours.

Find the tangential acceleration a7, where the accelerationis a = arT + ayN.

a. 0 correctchoice
b. 87

c. 8«

d. 64r?

e. —64r?

V = (-87sin(8xt),8mcos(871),0)  a = (—64n2cos(8mt),—64r2sin(8xt),0)
V| = J64r2 = 8 T = (-sin(8xr),cos(87¢),0)  ar = % =0
OR ar = a - T = 64rn2 cos(8x1)sin(87t) — 6472 cos(871) sin(87t) = 0

5. Find the volume below the plane z = 6 —2y above the triangle with vertices (0,0,0), (1,0,0)
and (0,3,0).

3

. 6 correctchoice
9

12

15

® Q20 T w

V= j; jz3x(6 —2y)dydx = j;[6y—y2]g‘3xdx = j;[6(3 —3x) - (3-3x)*]dx = j;(9 — 9x2) dx

= [9x-3x*],=9-3=6



6. (10 points) Find the location and value of the minimum of the function
fx,y,z) = x> +2y* +3z> ontheplane x+y+z=11.

METHOD 1: Lagrange Multipliers:
f=x*+2y* + 322 %f: (2x,4y,6z) g=x+y+z _V)gz(l,l,l)

%f:/ﬁg = 2x=A4 4dy=14 6z=1 = xz%, yz%, z:%

—+—+%=11 = 6A+3A+2A=11-12 = A=12
x=6, y=3, z=2 f6,3,2) =36+2-9+3+4 = 66

METHOD 2: Eliminate a Variable:

z=1l-x-y = f=x2+22+3(11-x—-y)?

fi=2x-6(11-x—-y) =8x+6y—-66 =0 fr=4-6(11-x-y) =6x+10y-66 =0
Cross multiply: ~ 80x+ 60y = 660  36x+60y =396 = 44x =264 = x=6
Substitute back into f,: 36+ 10y-66=0 = y=3

Substitute back: z=11-6-3=2 f6,3,2) =36+2:9+3.4 =066

7. (10 points) Consider the region between the curves ’

y=2x|-2 and y = |x|.

If the density is 6 = 2 + 2y compute the mass and
y-component of the center of mass of this region.
(7 points for setup. 3 points for evaluation.)

Find positive intersection: 2x-2=x = x=2
Use symmetry to double the integral for positive x.

2 px 2 2
M= 2j0 jzx_z(z +2y)dydy = 2]0[2y 2] dx = 2.[0[2x+x2] —[2x-2)+ (2x—2)*]dx

2
- 2_[0(6x— 3x2)dx = 2[3x2 —x*]% = 2(12 - 8) = 8

2 ox 2 3 X
y-mom= 2‘[ J. y(2 +2y)dydx = 2J. v+ Ei dx
09 2x-2 0 3 2x-2

:2J.z|:x2+2Tx3:|—|:(2x—2)2+2(2+_2)3:|dx

2 2
—2[ (4 -svs 30— Lo )ac - o[ $a-a 132 - L an ]
0 0
_7(8 _ 104 _ 56 ) _ 16 | _ _7y= 16
_2(3 16+ 19 3) S-6+13-7) = X

J_/:y-mom _ 16 _2
M 3.8 3



8. (20 points) Stokes’ Theorem states thatif S is a nice surfacein R* and oS isits

boundary curve traversed counterclockwise as seen from the tip of the normalto § and F is
a nice vector field on S then

J.J._V)x]?-dg: i;ﬁdg
S os

Verify Stokes’ Theorem if

F=@,-x,x*+y?%)
and S isthe paraboloid z=x?>+y)? for z<4
with normal pointing up and in.

Remember to check the orientations.

The paraboloid may be parametrized by:
R(r,0) = (rcosf,rsind,r?)

a. (10) Compute |f Vx F-dS using the following steps:
S

ik

VxF=1]0, 8, 8 |=i@y-0)—j@x=0)+k(=1-1)=(2y,-2x,-2)
Yy —x x?+)?

(6’ X Z*) (R(,0)) = (2rsin6,~2rcos6,-2)

1?3, = (cos#6,sin6,2r)

]_ég = (-rsin6,rcos6,0)

N = i(=2r% cos0) — j(2r? sin@) + k(rcos?0 + rsin?0) = (-2r% cosH,—2r?sinb, r)

This is oriented correctly as up and in.

J[VxF-dS=[[VxF-Ndrdo = [ [(-4r*sin6cost + 4 sin0cosd — 2r) dr

s
2r 2 2
= jo jo(—Zr) drdd = 27r|:—r2:|0 = -8

b. (10) Recall F = (y,—x,x>+y?) and S isthe paraboloid z=x?>+3? for z<4 with
normal pointing up and in. Compute :f F-ds using the following steps:

oS

7(0) = (2cos6,25sin0,4)
V(0) = (-2sinf,2cosH,0)  which is correctly counterclockwise.
FGFO)) = (25in0,-2c0s0,4)
N 21 R 2r 2r
§ Fods = j Fvdo = j (—45in%6 — 4c0s20) d = j (—4)do = —8x
0 0 0

oS



10.

(10 points ) The paraboloid at the right is
the graph of the equation z = x? +?2.
It may be parametrized as

R(r,0) = (rcosd,rsind,r?).
Find the area of the paraboloid for z < 4.
HINT: Use results from #8.

I_é, = (cos6,sin6,2r)

?39 = (—rsinf,rcos0,0)

N = i(=2r% cos0) — j(2r? sin@) + k(rcos?0 + rsin?0) = (-2r% cosH,-2r?sinb, r)
|]_\7| = J4r*cos?0 + 44 sin20 + 12 = 4t 112 = r 4 + 1

2
4= II|]_\7|drd9 - Izﬂjz’”v4’”2+ 1 drdf = 277[%} - %(173/2_ 1)

0
(10 points) A paraboloid in R* with coordinates (w,x,y,z), may be parametrized by
(w,x,9,2) = R(r,0) = (rcosf,rsinf,r2,72) for 0<r<3 and 0<6<2n.

Compute 7= ”(xzdwdy —wydxdz) over the surface.

w=rcos, x=rsind, y=r} @ z=1r?
o(w,y) cos® —rsind 5 o(x,z) sinf rcosf 5

= = 2r-sin6 = = —2r-cosf
o(r,0) 2r 0 a(r,0) 2r 0

2r 3 21 3 6 13
1= [ [ (7sin0@r*sin0) - r* cosb(-2r>cos0))drdd = | [ 2% drdb = 27{?—} — 4867
0o Jo 0o Jo 3 Jo



