Name 1D
MATH 253 Exam 1 Fall 2006
Sections 201,202 Solutions P. Yasskin

Multiple Choice: (5 points each. No part credit.)

1. The vertices of a triangle are P =(3,4,-5), Q =(3,5-4) and R = (5,2,-5).

Find the angle at P.

a. 90°
b. 120°  Correct Choice
c. 135°
d. 150°
e. 180°

— —»
PO=Q-P=(0,1,1) PR=R-P =(2-20) ‘PQ‘=,/§

— —
PQ-PR _ -2 -1
Pe|fPR| 2

cosf =

2. Find the volume of the parallelepiped with edge vectors:
a=(412 b=(221 ©=(1,30)

a. -3
b. 0
c. /3
d. 3  Correct Choice
e. 9
4 1 2
V = |§.Bx_c'| =||l221]||=0+1+12-4-12-0| = |-3|

130

1-11 /55 14 /12
12 /12 15 /12
13 /12 16 /12

Total /103

‘ﬁi‘ = J§ P_Q> . ﬁi = =2
=3




3. Consider the set of all points P whose distance from (1,0,0) is 3 times its distance
from (-1,0,0). Thissetisa

a. sphere.  Correct Choice
b. ellipsoid.

c. hyperboloid.

d. elliptic paraboloid.

e. hyperbolic paraboloid.

JX=1)2+y?+22 =3 [(x+1)2+y? + 22 (x—1)% +y2 + 72 = 9(x + 1)? + 9y? + 972

— qy? 2 2 — 2.5 24 52 — 5.\ 2.2_9
0 =8x=+20x+ 8y~ +8z°+8 O—x+2x+y +z°+1 <x+4> ty“+2z 16 sphere

4. Forthe curve T(t) = (sin’t, cos’t, sin’t-cos’) which of the following is FALSE?

a. V=(2sintcost, - 2sintcost, 4sintcost)
b. V| = /24 sintcost

A

c. T= =2

(&

d. at =0 Correct Choice

e. aN=0

Vv, N, and T are correct by computation.

Since T is constant, its direction does not change and ay = 0.

_dv g,

Since [V| is not constant, ar = —

5. Forthe curve T(t) = (sin?t, cos’, sin’t—cos’t) compute the arc length

between F0)=(0, 1, -1) and ?(%) =1, 0 1)

a. %\/5
1
b. 2‘/6
c. /6  Correct Choice

d. 26
e. 4/6

7l2

L= _[;/ZMSintcostdt = «/ﬂ—ggzt = %m =6
0



6. The plot at the right represents which vector field?

-

a. A=(xy)

b. § - X ’ Yy
sz +y2 1/Xz +y?

c. C= Y, X)

1)

4 B= y X Correct
' X +y? ’ S +y? Choice

e. E=(Xx+y,x-Y)

oL

The vectors all have the same length. So it must be one of the unit vector fields: B or

B points radial. D s vertical on the x-axis and horizontal on the y-axis.

7. Describe the level surfaces of f(x,y,z) = x2 —y? — 2.

a. Elliptic Paraboloids

b. Elliptic and Hyperbolic Paraboloids
c. Hyperboloids of 1-sheet only

d. Hyperboloids of 2-sheets only

e. Hyperboloids of 1-sheet or 2-sheets Correct Choice

x2—y?—-22 = C is ahyperboloid with 2-sheetsif C >0, and 1-sheetif C <0,

andaconeif C=0.

8. Find the plane tangent to the graph of z = xe¥ atthe point (2,0). Its zinterceptis

a. 0 Correct Choice
b. 2
c. =2
d. 4
e. 4

f = xeV f(2,0) = 2 z = f(2,0) +x(2,0)(x - 2) + fy(2,0)(y - 0)
fx = e +xyev fx(2,0) = 1 =2+1(x-2) +4(y) = x+4y

fy = x2ev f,(2,0) = 4 The zinterceptis O.



9. Find the plane tangent to the surface xyz+z?> = 28 at the point (4,3,2).

10.

11.

Its z-intercept is

a. 0

b. 5 Correct Choice
c. 5

d. 80

e. —80

OF = (yz,xz,xy + 22) N = 0F(4,3,2) = (6,8,16) N-X=N-P

=6. . .2 = -8 _6, 8y-5-3,_1
6x+8y+16z2=6.-4+8-.3+16-2 =80 z= 36 " 16X 16V 5 gX~ %Y

The zinterceptis 5.

Find the line normal to the surface xyz+z? = 28 at the point (4,3,2).

It intersects the xy-plane at

a. (4,3,2)

b. (4,3,0)

C. (173,2,0) Correct Choice
d. (179,4,4)

e. (179,4,0)

OF = (yzxz Xy +22) N = £IF(4,3,2) = (6,8, 16) X = P+l
(X,y,2) = (4,3,2) +1(6,8,16) = (4 + 6t,3 + 8t,2 + 16t)

xy-planeisz=0 or 2+16t=0 or t=—%

(Xy,2) = (4—%,3—1,2—2) = (173,2,0)

The salt concentration in a region of sea wateris p = xy?z%. A swimmer is located at (3,2,1).

In what direction should the swimmer swim to increase the salt concentration as fast as possible?

a. (4,-12,36)

b. (-4,12,-36)

c. (4,12,36) Correct Choice
d. (-4,-12,-36)

e. (4,-12,-36)

Op = (y223, 2xy23, 3xy?22) = (4,12,36)



Work Out: (12 points each. Part credit possible. Show all work.)

Do 4 of the following 5 problems. Cross out the one you do not want graded, here and on page 1.

If you do not specify, #12 will be dropped.

12. Which of the following functions satisfy the Laplace equation fu + fyy, = 0?

Show your work!

a. f=x2+y> NO b. f=x2-y?> YES
fx+tfyy =2+2%0 fxt+tfyy =2-2=0
c. f=x3+3xy? NO d. f=x3-3xy> VYES
fox +fyy = Bx+6x # 0 fox +fyy = Bx—6x =0
e. f=eXcosy+eYcosx YES f. f=eXcosy-eYcosx YES
fx + fyy = (€7 cosy — €7 cosx) fxx + fyy = (€7*cosy + 7Y cosx)
+ (-e™cosy +eYcosx) =0 +(—e™cosy—eYcosx) =0

13. When two resistors with resistances R; and R; are connected in parallel,

the net resistance R is given by

1 -1, 1 - _RiR;

R R R or R=Ri+R
If R and R, aremeasuredas R; =2+0.0l1ohms and R, = 3% 0.04 ohms,
then R can be calculatedas R = % + AR ohms.

Use differentials to estimate the uncertainty AR in the computed value of R.

_ _ (Ri+R )Rz -RiR, (Rl + Rz)Rl -RiR,
AR = OR gRr, + OR gr, = (RitRe dR; + dR
0R; ! R, 2 (R + Rz)z ! (R + R2)2 ’

_ (R)? (Ry)? _ 9 4 _ 0.09+0.16 _
B (R + Ry)? R (R + Ry)? dRz = 25 (0.01)+ 25 (0.04) = 25 =001



14.

15.

16.

ey fd
The average of a function f onacurve T(t) is f,,. %

Find the average of f(x,y) = x?> on the circle x?>+y? = 0.

1 -cos(2A) COS?A = 1+ cos(2A)

HINTS: Parametrize the circle. SinA = 5 >

T(0) = (3cos0,3sind) V= (-3sinh,3cosf) V| = /9sin?0 + 9cos?h = 3
[ds=[23d0 = 6r f(r(t)) = (3cosh)?

i 2r
[fds = [ 9cos’93d0 = 27]5”“#8(29)% = 2—27[0+ w} = 27n
0
ave

f = 27r ZQ
61 2

A particle moves along the curve T(t) = (t3,t3,t) from (1,1,1) to (8,4,2)

under the action of the force F = (z,y,X). Find the work done.

V=(32,2t,1)  F@() = (123 13)

=

= "R . &8 = jiﬁ(?(t)) -Vt = [ j(3t3 + 23 + %) it

1,11)

:jj6t3dt:6%‘2

-3(16-1) = 45
=5ue-)=%

The pressure in an ideal gas is given by P = kpT where k is a constant,

p isthe densityand T is the temperature. At a certain instant, the measuring instruments are
located at r, = (1,2,3) and moving with velocity V = (4,5,6) and acceleration & = (7,8,9).
At that instant, the density and temperature are measuredtobe p =12 and T = 300

and their gradients are Cp = (0.6,0.4,0.2) and CT = (2,1,4).

Find % the time rate of change of the pressure as seen by the instruments.

Your answer may depend on k.

HINTS: The pressure, P is a function of density, p, andtemperature, T, which are functions of
the position coordinates, (x,y,z), which are functions of time, t. Use the chain rule.

a_P = = a—P = =
5o = KT = k300 P = kp = k12
dap

opP dp , oP dT _ aj(a_pg+6_pﬂ+0_pg)+aj(ﬂm+ﬂﬂ+ﬂz)
dt Jdp dt T dt Op\ Ox dt ody dt 0z dt OT\ ox dt ody dt 0z dt

= g—E(v. Op) + g—ﬁ(v. OT) = k300((4,5,6) - (0.6,0.4,0.2)) +k12((4,5,6) - (2,1,4))

= k300(2.4+2+1.2) +k12(8+5+24) = k(300 -5.6 + 12 - 37) = 2124k



