Name

MATH 253 Exam 2 Fall 2014
Sections 201,202 Solutions P. Yasskin

Multiple Choice: (5 points each. No part credit.)

1. Compute IZ I; I: p?dpdfde.

a. %77:5
b. 1—127r5 Correct Choice
c. 2—](')715
d. %n“
e. 1—12714

Solution: [" [ [* p2dpdode = j:jg[’;}izoded(p - njg"’gdgp - [n‘f—;}ﬂ - I

2. Which of the following is the polar plot of r = 2—-3cos(f) ?

a. b.
> 4
X
Correct Choice ()
d. e.

Solution: c is the rectangular plot not the polar plot. Notice when 6 = 0, r = —1, which starts the inner
loop at x = 1.



3. A plate fills the region between the graphs of x=|y| and x = 4. Find its mass if its surface density
is p=x

256
" 3
b. =3~
c. 256
d. 128 Correct Choice
e. 64

Solution: M = _deA I I_szdydx I [X%y dex—_[ (x3——x3)dx = [2’21r ] =128

4. A plate fills the region between the graphs of x =|y| and x = 4. Findthe x-component of its
center of mass if its surface density is p = x2.

a. % Correct Choice
32

b. 5

i

d. ?

€ 2048

Solution: My = Hx,;dA: I;IX xx2dydx= Iz[xsy];_xdxz Iz(x4——x4)dx= [2%5];‘ _ L.ég
-X

g My 2048 1 _ 16
M 5 128 5

5. Find the area of one leaf of the rose

r = 2cos36.

T

a 73
g

b. 6

C. % Correct Choice
21

d. 3
Ar

€ 3

Solution: Find where the radius is zero: 2cos30 =0 cos30=0 39 = J_r% 0= i%

A= ”1dA jﬂle Izcoswrdr do = jﬂle [r—z]zcoswdﬁ = % Ijﬁ(ZcosB@)zde

/6 a6l 2 1o

- 2j_ cos230.df = 2[_/ 1600560 g9 — [+ %}’1 -z



6. Set up, but do not compute, the integral ”_[ FdV over the solid region between the paraboloid
\

S

z=2x?+2y? andthe plane z=18 where F = (x3y3,2(x?+y?)).

a I:I;I:r24r2dzdrc9
b. Izﬂjzjjr24r2dzdrc9

2t 02 8 ]
C. J' _[ 4r3dzdrdd  Correct Choice
0 Jo9J2r2
2n 8 22
2
d. IO IOIO 4redrdzd)

2r 8 22
. 4r3drdzd)
© J'O J‘0 J‘0
Solution: Take the divergence in rectangluar coordinates, then use cylindrical coordinates.
VeF =32 +3y2+ (x2+y2) = 402 +y?) = 4r2

mv%-ﬁdvzjjﬂjzj:r24r2rdzdro|9

7. Find the average value of f =z on the solid hemisphere 0<z< /9-x?-y2.
Note: The average value of a function on a solid is f,,, = % I], fav.

b. %
c. 3
d. %
e. % Correct Choice

Solution: V = %%nﬁ = §7r33 = 18z. In spherical coordinates, f =z = pcose.

2n onl2 nl2 4 13
m fdv = I I Ipcosgop snpdpdpdd = 2ﬂ|:sr12(0:| |:p7:| :3?1T”

0 0
4
we = Il 1OV = g7 -3 - §

8. Compute the line integral J'_V’ « F-d$ counterclockwise around one loop of the helix
F(0) = (4cosh,4sind,39) for the vector field F = (xzyz 2?).
Hint: Compute VxF in rectangular coordinates before integrating.

f

a. 16

b. 32r  Correct Choice

c. 64r

d. 1287

e. 0
T 5 k

Solution: V xF = Ox Oy 0 = 1(0-y) — J(0—-X) + k(0) = (-y,x,0) = (-4sin6,4cosb,0)
Xz yz ?

2 - -

N N 2r 2r
V = (~4sin6,4cosb, 3) jv xF.dd= [ VxE.vdo = j 16sin20 + 16c0s%0d = j 16d9 = 321
0 0 0



Work Out: (Points indicated. Part credit possible. Show all work.)

. (20 points) A rectangular solid box is sitting on the xy-plane with its upper 4 vertices on the
ellipsoid x2 + 4y? + 972 = 108. Find the dimensions and volume of the largest such box.

Full credit for solving by Lagrange multipliers.
Half credit for solving by Eliminating a Variable.
50% extra credit for solving both ways.

Solution: Maximize: V =4xyz Note:x+0 y=+0 z=+ 0 so the volume will not be zero.

Method 1: Lagrange Multipliers:

The constraintis g = x? + 4y? + 922 = 108

VV = (dyz4xz,4xy) Vg = (2x,8y,182) VV = AVg
dyz = A2x  4xz= A8y  4xy= A18z

l=¥=ﬂ=& = 4y?=x2 972=x

2y 9z
g=X>+x?+x2=108 = x2=36 x=6
442=36 y=3 92°=36 z=2

L =12, W = 6, H=2 V =4xyz=LWH=4.6-3-2=144

Method 2: Eliminate a Variable:

V = 4xyz= 4yz,/108 — 4y? — 972

- 108 — 4y? — 922
Vy = 4z,/108 — 4y? — 922 + 4y2-8y) x J Y

2/108— 42972 4z

. 108 — 4y? — 972
V, =4y f108- 4707 + A8  _, i y
2,/108 — 4y? — 972 4y

(108—4y? - 922) +y(-4y) =0 = 108-8y2-922=0 = 216-16y2—182=0
(108—4y? - 922) +2(-92) =0 = 108-4y?— 1822 =0

108-12y2 =0 y=3 972-=108-82=108-72=36 z=2

x2 = 108—4y? - 922 = 108-36-36=36 X=6

L=12, W=6, H=2  V=4xyz=LWH=4.6-.3.2= 144



10.

(20 points) Compute the integral ”ydA over y T
2__

the region in the first quadrant bounded by
y=x2, y=8x? yz%, and yzé. T

Use the following steps: 0 ——————F

. . . 3
a. Define the curvilinear coordinates uand v by y=ux? and y= %.
Express the coordinate system as a position vector.
3 2
=Y x=% y=u3x2=u3#=uv2
F(U,v) = (X(U,V),y(u,v)) = (. uv?)

b. Find the coordinate tangent vectors:

2 _ O _(=v 2
S ( wV )
- _(1
e = v (u,2uv>
c. Compute the Jacobian factor:

oY) | _ | =2v2 V2| _ 32

_‘a(u,v)_‘u U‘_U

d. Compute the integral:

”ydAz I;zjiuvz%‘ﬂ dudv= I:lduj]lj2 3vidv = [u]i[%"s];z = %(1— 3—12

-3
160



11. (20 points) Compute the flux fIH F.dS of the vector field

ﬁ:

x Y _z outward through the upper half of the sphere
JXE+y? o xe+y? o X +y?

x2+y?+27%> =9. Use the following steps:

a.

Parametrize the hemisphere:

ﬁ(@,go) = (3sinpcosh, 3sinpsing, 3cose)

Find the tangent vectors:

& = (-3singsing, 3singcoso, 0)

€, = (3cospcosf, 3cospsing, —3sing)

Find the normal vector:

N = 7(=9sin%p cosf) — j(9sin2p Sind) + K(-9sing cose sin20 — 9sing cose sin20)
= (-9sin?¢p cosh,-9sin?p sinf,-9sing cosy)

Fix the orientation of the normal (if necessary):

N = (9sin2pcosf, 9sin2psing, 9singcose)

Evaluate the vector field on the cylinder:

S¥2+y? = [9sin?pcos?d + 9sinZpsin?0 = 3sing

F(RO.9)) = (35"3”5?”ncq‘359, 35‘5”3?”%“9, g‘;.or?g) - (cose, sing, ‘;.‘f;”)

Evaluate the dot product:

F « N = 9s5in2p cos?) + 95in2p sin?0 + 9cos?p = 9sin2p + 9cos?p = 9

. Calculate the flux:

J.J.Hﬁ-d_észﬁ-ﬁdedwnglzj.zngd@dgo:9-%.2ﬂ:9ﬂ2



